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Abstract
In many application areas, the dynamics of a system is described by a harmonic oscillator with quadratic
damping. In particular, this equation describes the flapping of the insect wings and is, thus, used in the
design of very-small-size unmanned aerial vehicles. The fact that the same equation appears in many
application areas, from stability of large structures to insect flight, seems to indicate that this equation
follows from some fundamental principles. In this paper, we show that this is indeed the case: this equation
can be derived from natural invariance requirements.
c 2019 World Academic Press, UK. All rights reserved.
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1

Formulation of the Problem

Quadratic damping is ubiquitous. The dynamics of an ideal harmonic oscillator, without damping, is
described by the following differential equation:
ẍ = −f (x) + F (t),

(1)

where F (t) is the acceleration caused by an outside force applied to this oscillator, and f (x) is an acceleration
caused by the deviation x from the stable state. In the first approximation, we have Hooke’s law f (x) =
k1 · x/M for some coefficient k1 , where M is the object’s mass. A more accurate description requires the use of
higher order terms. For example, in many practical situations, it is efficient to use f (x) = (k1 · x + k3 · x3 )/M .
In reality, there is damping. In many cases, damping is linear (proportional to the velocity). For this type
of damping, the differential equation describing the dynamics of the oscillators takes the following form:
ẍ = −b · ẋ − f (x) + F (t),

(2)

for some value b > 0.
In other cases, however, the damping is a quadratic function of velocity:
ẍ = −b · ẋ · |ẋ| − f (x) + F (t).

(3)

Such cases are ubiquitous in mechanics; see, e.g., [1, 2, 3, 4, 5, 13, 18, 19]. In particular, the equation (3)
describes how, when the insect flies, the angle x between the insect’s wing surface and the horizontal plane
changes with time; see, e.g., [6, 8, 12, 14, 15, 17]. This equation is also used in the design of very-small-size
unmanned aerial vehicles (UAV) patterned after the insect wings; see, e.g., [9, 10, 11, 12, 14, 15, 17, 20, 21].
Why quadratic damping. The fact that the same quadratic damping equation appears in many different
situations, from stability of large-scale structures to insect flight and nano size UAVs seems to indicate there
should be a fundamental explanation for this equation, an explanation not depending on the specifics of the
corresponding dynamical situation.
In this paper, we show that indeed, this equation can be derived from the natural invariance requirements.
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Main Result: Scale Invariance Explains Quadratic Damping

Scale invariance: a brief reminder. In describing the physical world, we want to describe how physical
quantities change. The way we describe this change is by describing these quantities in terms of numbers.
However, the corresponding number depends on what measuring unit we use. For example, if we previously
measured time in hours and then switch to seconds, then all numerical values describing time will multiply
by 60. In general, if we replace the original measuring unit with a unit which is λ > 0 times smaller than the
previous one, then each numerical value t is replaced by a new value e
t = λ · t.
The selection of a measuring unit is purely a matter of convenience, so it makes sense to require that
the physical formula do not change if we simply change the corresponding measuring unit. Of course, if we
change the unit for one quantity – e.g., time – we should also appropriately change a measuring unit for
related quantities – e.g., for velocity, otherwise, e.g., the formula v = d/t that describe the average velocity
v as ratio of distance d and time t will stop working if we only change the unit for time but not for velocity.
The corresponding invariance is known as scale invariance.
Comment. While many physical processes are scale invariant, there are certain cases where
q there is a preferred

unit of time. For example, in quantum field theory, there is a so-called Planck time ~ · G/c5 ≈ 5.4 · 10−44
sec, where ~ is the Planck’s constant (the main constant in quantum physics), G is the gravitational constant
(that describes the strength of the gravitational interaction), and c is the speed of light; see, e.g., [7, 16].
However, this time interval is so much smaller than time intervals in which we are interested that we can
safely ignore the existence of this unit and assume that all the equations are indeed scale-invariant.
What does scale invariance mean for the damping formula. Let us consider the general case of
possible dampings, i.e., the formula
ẍ = −D(ẋ) − f (x) + F (t),
(4)
for some function D(v).
The values f (x) and F (t) are beyond our control, so we will be dealing only with the acceleration and
with the damping terms. In effect, for the purpose of finding out which dampings are physically reasonable,
we will be thus considering the following simplified equation:
ẍ = −D(ẋ).

(5)

This equation contains two physical quantities: angle and time. For angles, there is a fixed unit – e.g., a
radian, so scaling does not make physical sense. The only quantity to which it makes sense to apply scaling
is time t. It is therefore reasonable to require that the equation (5) not change if we re-scale time, i.e., if, for
some positive constant λ > 0, we replace t with e
t = λ · t.
The angular velocity ẋ is, in effect, the ratio of changes in angle ∆x and time ∆t: ẋ = ∆x/∆t. When we
replace t with e
t = λ · t and thus, replace ∆t with ∆e
t = λ · ∆t, we thus get a re-scaled value of the velocity
ė = ∆x/∆e
x
t which is related to the original value by the formula
ė = ∆x = ∆x = 1 · ∆x = 1 · ẋ.
x
λ · ∆t
λ ∆t
λ
∆e
t

(6)

Similarly, the second derivative ẍ – which is, in effect, the ratio between changes in velocity ∆ẋ and in time
∆t – gets transformed into
1
· ∆ẋ
ė
∆
x
1 ∆ẋ
1
ë =
= λ
= 2·
= 2 · ẍ.
x
(7)
e
λ
·
∆t
λ
∆t
λ
∆t
Scale invariance means that if the formula (5) was true in the original time scale, then it will be true in
the new time scale, i.e., that we will have
 
ë = −D x
ė .
x
(8)
Substituting expressions (6) and (7) into the formula (8), we conclude that for all λ > 0, we have:
 
1
1
· ẍ = −D
ẋ .
2
λ
λ

(9)
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Substituting the expression (5) for ẍ into this formula, we conclude that for all ẋ and for all λ, we have
 
1
1
− 2 · D(ẋ) = −D
ẋ .
(10)
λ
λ
In particular, for every positive real number v, we can take ẋ = 1 and λ = 1/v. In this case, 1/λ = v,
1/λ2 = v 2 , and thus, the formula (10) takes the form
D(v) = b+ · v 2 ,

(11)

def

where we denoted b+ = D(1).
Similarly, for every negative real number v < 0, we can take ẋ = −1 and λ = −1/v. In this case, 1/λ = −v,
1/λ2 = v 2 , and thus, the formula (10) takes the form
D(v) = b− · v 2 ,

(12)

def

where we denoted b+ = D(−1).
Additional symmetry. The formulas (11) and (12) almost explain the formula for quadratic damping –
except that in that formula, there is only one parameter b while here, we have two different parameters b+
and b− . To finalize the derivation of the quadratic damping formula, we need to take into account one more
physical invariance – related to the fact that, in general, while the absolute value of the angle is absolute
and cannot be meaningfully changed by scaling, the sign of the angle is rather arbitrary: it depends on what
direction we select. It is therefore reasonable to require that the general formula (5) not change if we simply
change the sign of the angle.
If we change the sign of the angle, i.e., multiply all the angle values by −1, then all the values of the
angular difference ∆x will also be multiplied by −1 and thus, the numerical value of the angular velocity
ẋ = ∆x/∆t will be multiplied by −1. Similarly, since all the values of the difference in velocities ∆ẋ will be
multiplied by −1, the numerical value of the angular acceleration ẍ = ∆ẋ/∆t will also be multiplied by −1.
So, this invariance means that if the formula (5) was true, then it should remain true if we replace ẋ with
−ẋ and ẍ and −ẍ, i.e., we should have
−ẍ = −D(−ẋ).
(13)
Substituting the expression (5) for ẍ into this formula, we conclude that
D(ẋ) = −D(−ẋ),
i.e., equivalently, that
D(−ẋ) = −D(ẋ).

(14)

In particular, for each ẋ = v > 0, from using the expression (11) for D(v), we conclude that
D(−v) = −D(v) = −b+ · v 2 ,

(15)

i.e., by comparing with the formula (12), that b− = −b+ .
The formulas (11) and (15) can be combined into a single formula
D(ẋ) = b+ · ẋ · |ẋ|,

(16)

which is exactly the damping formula that we wanted to explain. Thus, the quadratic damping formula can
indeed by derived from scale invariance, with b = b+ .
Comment. The only minor thing that we are missing in this derivation is the requirement that b = b+ > 0.
This requirement is easy to explain: if we have b < 0, then an object moving with some velocity v > 0 will
start accelerating in the same direction, thus increasing its kinetic energy. Such a self-acceleration contradicts
the energy conservation law. In contrast, when b < 0, the object decelerates and loses kinetic energy – which
is exactly what damping is about.
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