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Abstract
This paper extends fuzzy beta-ideal into intuitionistic fuzzy beta-ideal of a beta-algebra. The notion
of bi-normed intuitionistic fuzzy beta-ideal has been discussed by coupling triangular norm and triangular

conorm. Further some realted results using cartesion product and level subsets are also studied.
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1 Introduction

Schweizer and Sklar [I7, [I8] were first presented Triangular norms and triangular conorms with the improve-
ment of T'—norms in statistical metric spaces. Also they dealt about the concept of associative functions and
statistical triangle inequalities. Menger [I3] has analysed the idea of probabilistic metric spaces which leads to
additional input into the decision making concepts and theories of corporative recreations.Specifically, in the
framework of hypotheses of fuzzy sets, the T'—norms have been broadly used for fuzzy operations, fuzzy logics
and fuzzy connection conditions. In probabilistic metric spaces, T—norms are utilized by Hadzic [7] et al. to
generalize triangle inequality of common metric spaces. Individual T'—norms most of the times apply in fur-
ther disciplines of mathematics, since the class contains numerous recognizable functions. In [T} [12], a precise
study concerning the properties and the related parts of t-norms have been considered by Klement et al.

After Zadeh’s [24] presentation of fuzzy sets, there have been various speculations of this crucial idea. In [25]
likewise they presented the idea of interval valued fuzzy subsets where the estimations of the membership
functions are intervals of numbers rather than the numbers. Shieh [21I] introduced the notion of infinite
fuzzy relations equations with continuous t-norms. The thought of intuitionstic fuzzy set was characterized
by Atanassov [2] and he portrayed the arrangement of all intuitionistic fuzzy sets in which two modal logic
operators (¢ and O ) are also focused.

The fuzzy sets have been connected in algebraic structures begins from Rosenfeld [I6]. Triangular normed
fuzzy subalgebras of BC K —algebras was developed by Young Bae Jun et al. [9]. Kim [10] proposed intu-
itionistic (T,S) normed fuzzy subalgebras of BC K —algebras and Tapan senapati et al. [19] 20] started the
concept of intuitionistic fuzzy bi-normed KU —subalgebra of KU —algebra and KU —ideal of a KU —algebra .
Dutta et al. [6] introduced the concept of direct product of general doubt IF ideals of BCK/BCI—algebras
with respect to triangular Bi-norm. Intuitionistic (S,7T)— fuzzy Lie ideals of lie algebras was extended by
Muhammed Akram [I]. Hedayati [§] proposed the idea of interval valued intuitionstic fuzzy subsemi module
of a semimodule as for t-norm T and s-norm S. Specifically, by the assistance of the harmoniousness relations
on semimodules, build another interval valued intuitionistic (S, T')-fuzzy subsemi modules on semi module of
quotient.
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B—algebra is another algebraic structre consturucted with two opeartions. The thought of f—algebras was
started by Neggers [I5]. Later various studies have been carried out on S—algebra using fuzzy. In [3, [l
5] the authors talked about the idea of fuzzy f—subalgebras, fuzzy S—ideals of S—algebras and T fuzzy
B—subalgebras of S—algebra. Sujatha et al. [22] 23] depicted the idea of intuitionistic fuzzy S—subalgebras
of f—algebras and product on intuitionstic fuzzy S—subalgebras of S—algebras. Muralikrishna et al. [I4]
proposed the notion of (S,T)— normed intuitionistic fuzzy S—subalgebras.

With all these inspiration, this paper intenns to study about the bi-normed intuitionistic fuzzy S—ideal.
The paper is sorted out as pursue: Section 1 shows the introduction and section 2 gives some basic definitions
and properties of S—algebra, fuzzy S—ideal, T-norm, S—norm and so on. Section 3 deals the concept and
operations of bi-normed intuitionistic fuzzy S—ideals of S—algebra and discussed their properties. Then, the
characterization based on the modal operators [JA and (A have been applied. Following that the behaviour
of this structure under homomorphisms is investigated. Section 4, focuses the Cartesion product of bi-normed
intuitionistic fuzzy S—ideals. section 5, is dedicated for the level subset of bi-normed intuitionistic fuzzy
B—ideals and section 6 gives the conclusion.

2 Preliminaries

This section reveals the necessary definitions required for the work.

Definition 1 ([I5]) A S— algebra is non-empty set X with a constant 0 and two binary operations + and —
are satisfying the following axioms:

(i) z—0=u,

() (0—z)+x=0,

(#it) (x—y)—z=z—(2+y) YVa,yzelX.

Example 2 The set X = {0,1,2,3,4,5} is a S-algebra with constant 0 and two binary operation + and —
are defined on X by the following Cayley’s table.

Table 1: S-algebra

+(0(1]23(4]|5 —10]1]2]3[4|5
0(0|1]2[3|4|5 00123 |5|4
111]0|14|5(2]|3 111|0]4]5(3]2
2121501431 212(5(0(4|1]3
31314(5(0(1]2 313145021
414131112510 414(13]1(2]0(5
515(213|1]0|4 5151231 (4|0

Example 3 Consider Set of all integers Z. (Z,+, —,0) is an infinite S—algebra where 0 , + and — have usual
meanings.

Definition 4 ([3]) A non-empty subset I of a B—algebra (X, +,—,0) is called a B—ideal of X, if
(i) 0el,

(i) x+yel,

(iti) x—y Hyelthenzel VryelX.

Example 5 Consider the f—algebra (X, +,—,0) in the following Cayley’s table.
Table 2: ([-algebra for p-ideal

+(0]1]2|3 —10(1]2]3
00123 00123
111(0]3|2 111]10]3]2
21213101 2121301
3131210 3131210

The subset I; = {0,1} is a f—ideal of X.
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Definition 6 In a 8—algebra (X, 4+, —,0), a partial ordering < can be defined as, Vr,y € X,z <y & x—y = 0.

Definition 7 ([24]) A fuzzy set in X is represented by A = {{z,pa(z))/x € X} defined as a function
p:X —[0,1]. i.e, for each element in the universal set X, pa(x) is called the membership value of x € X.

Definition 8 ([2]) An Intuitionistic fuzzy set in a nonempty set X is defined by A = {{x, pa(z),va(x))/z € X}
where pa 2 X — [0,1] is a membership function of A and v : X — [0,1] is a non membership function of A
satisfying 0 < pa(z) +va(z) <1 Ve X.

Definition 9 ([5]) Let p be a fuzzy set in a f—algebra. Then u is called a fuzzy f—ideal of X, if
(i) 1(0) > p(a),

(if) 1@ + y) = min{p(), u(y)},
(@1) p(x) = min{uw(z —y), u(y)} Vao,y e X.

Example 10 Let X = {0,1,2,3} be a -algebra with constant 0 and two binary operation + and — are
defined on X by the following Cayley’s table.

Table 3: [-algebra for fuzzy [S-ideal

+10(1]2]3 —]10]1]2]3
0(0]1]2|3 00123
111|10]3]2 111|10]3]2
2(1213(0]1 2(1213(0]1
313|2]1|0 313[2|1/0
Then the following fuzzy set A in X defined as
08: z=
pa(z)=406: z=1
04: ==2,3

Then A is clearly fuzzy S—ideal of X.

Definition 11 ([5]) Let p be a fuzzy set in a B—algebra. Then p is called an anti fuzzy f—ideal of X, if
(1) p(0) < (),

(i) plo + ) < maz{p(e), m(y)},

(iid) p(x) < maz{u(z - ), w(y)} Yo,y € X.

Definition 12 ([111 12]) A function T : [0,1] x [0,1] — [0,1] is called a triangular norm (T—norm), if
i) T(T(z,y), 2) = T(2,T(y, 2)),
w) T(z,y) <T(z,2) if y<z Va,y,2€[0,1].

The minimum ([7,[10,12]) T (x, y) = min(z,y), the product Tp(x,y) = z.y and the Lukasiewicz T—norm
Tr(z,y) = mazx(x +y—1,0) V z,y € [0, 1] are some of the T—norms.

Definition 13 ([I1]) A function S : [0,1] x [0,1] — [0,1] is called a traingular conorm (T'—conorm), if

The maximum Sy (z,y) = max(z,y), the probabilistic sum Sp(z,y) = ¢ + y — x.y and the Lukasiewicz
T—conorm Sp,(z,y) = min(z +y,1) ¥V 2,y € [0, 1] are some of the T—norms.
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3 Bi-Normed Intuitionistic Fuzzy S—Ideals

This section starts with the definitions of T'—fuzzy and S—fuzzy S—ideals of a f—algebra. Further the notion
of intutionistic fuzzy S—ideals on S—algebras were introduced. Then the concept has been extended to bi-
normed intutionistic fuzzy S—ideals of S—algebras using the (T, S)—norm(both T—norm and T'—conorm are
coupled together) and studied the related results. Here after X is a f—algebra unless otherwise specified.

Definition 14 Let A = {z,pa(z) : * € X} be an fuzzy set in a f—algebra of X. A is called an T—fuzzy
B—ideal [T-norm fuzzy f—ideal] of X, if

(i) 14(0) > pua(e),

(i) pa(x+y) = T{pa(x), pa(y)},

(i1i) pa(z) > T{palz —y), paly)t Va,yeX.

Definition 15 Let A = {x,ua(z) : * € X} be an fuzzy set in a B—algebra of X. A is called an S—fuzzy
B—ideal [T-conorm fuzzy f—ideal] of X, if

(1) 1a(0) < pa(z),

(1) pa(z +y) < S{pa(@), pa(y)},

(iii) pa(x) < S{pa(r —y), paly)} vo,y e X.

Example 16 Let X = {0,1,2,3} be a f—algebra with constant 0 and binary operations + and — are defined
on X as in the following cayley’s table.

Table 4: (S-algebra for T—fuzzy and S—fuzzy [-ideal

+(0]1]2|3 —10]1]2]3
00123 0(0]3[2]1
1111230 111|0]3]2
21213]0]1 2121|103
313]0(1(2 313[2(1(0

Let T, Sar : [0,1] x [0,1] — [0,1] be functions defined by Tas(x,y) = maxz(z +y — 1,0) and Sy (z,y) =
min(x +y,1) Va,y € [0,1]. Here Ty is a T—norm and Sy is a S—norm. Define an fuzzy set A in X by

0.7: =0
pa(z)=<05: =1
04: z=23.

A is clearly T'—fuzzy f—ideal and S— fuzzy f—ideal of X.

Definition 17 Let A = {{z, pa(x),va(z))/x € X} be an intutionistic fuzzy set in a f—algebra X. A is called
intuitionistic fuzzy B— ideal of X, if

(i) pa(0) 2 pa(x) & va(0) <va(z),

(i) pa(x+y) = min{pa(@), pa(y)} & valz+y) < maz{va(x),va(y)},

(@1i) pa(z) = min{pa(e —y), pa(y)} & valz) <maz{vale —y),valy)} vo,ye X.

Example 18 Let X = {0,1,2,3} be a S—algebra with a constant 0 and the binary operations + and — are
defined on X which is presented in the following cayley’s table.

Table 5: S-algebra for IF S-ideal

+(0]1]2|3 —10]1]2]3
0101123 00213
111(3]0(2 111(0]|3|2
21210131 21213101
31312(1(0 313[1(2(0
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The intuitionistic fuzzy set A in X defined as

0.8: z=0,1 01: z=0,1
= 17 =
HAZY05: 2=23, A 3

is an intuitionistic fuzzy f—ideal of X.

Theorem 19 Let A be an intuitionistic fuzzy S— ideal of a B—algebra X. If x <y then pa(x) > pa(y) and
va(z) <wvaly) Vao,y € X.
Proof: Forz,y € X,z <y=xz—1y=0,now

pa(x) = min{pa(x —y), pa(y)}
=min{pa(0), pa(y)}
= NA(?J)7

and
va(z) < maz{va(r —y),va(y)}

= max{va(0),va(y)}
=VA (y)

Theorem 20 Let A be a subset of X. Define an intuitionistic fuzzy set xa = {z, iy, (2),Vx . (x) 1 z € X}
such that

(Jj)— to ’Lf.TE A and v (J,‘)— S0 ZfZEE A
Pl =% ifag A AT ifag A

where to,t1,80 and s1 € [0,1] with to > t1 > s1 > So. XA 1S an intuitionistic fuzzy B—ideal of X if and only
if Ais a B—ideal of X.
Proof: Suppose x4 is an intuitionistic fuzzy set on X.

(1) g (0) > iy, (2) Vo € X.
g FLXA(O) =tp or t; with ty > ti. (1)

If piy 4 (0) = o, then 0 € A.
= x4 (0) = 1. (2)

(1) and (2)= t1 > py,(x) = to, Which is a contradiction. Hence p,,(0) = to gives 0 € A.
(12) Forz,y € A = piy,(x) =to = piy, (y). Now,

Hxa (l‘ + y) > min{:uXA (l‘)7 Hxa (y)} = min{t07 tO} =to.

Therefore py ,(x +y) =ty =z +y € A
(i90) Foranyz,y€ X, ife —y &y €A = py,(x —y) =t = py,(y). Now

oo @) = min{iy (@ — 9, s (0)} = minfto,to} =t = x € A,
Similarly, it can be proved for non membership function. Hence A is a B—ideal of X.
Conversely, assume A is a f—ideal of X .
S.0e A= py,(0) =to.
Also Im(py ) = {to,t1} and to > t1 = pa(0) > py,(z) Ve € X. Forz,y € A,z +y € A.

= Hxa (:E) = Hxa (y) = Hxa (x + y) =10 > min{/u'x;; (:L’), Hxa (y)}
Hence puiy (z+y) > min{lLLXA (z), Hx a (y)}
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Forz,ye X, ifcr—yandy € A=z € A, then

Hxa (.’L‘) =tp = min{to, tO} = min{ﬂXA (.1‘ - y)v Hxa (y)}

For somexz e X, ifx —ye Aandy ¢ A= x € A, then
Hxa (z) = t1 = min{to, t1} > min{:uXA (z — y)aNXA (y)}-

Similarly, it can be proved for non membership function.
L XA 18 an intuitionistic fuzzy f—ideal of X.

Theorem 21 Let A = {(z,pa(x),va(z))/x € X} be an intuitionistic fuzzy set in a f—algebra. A =
{{z,pa(x),va(x))/z € X} is an intuitionistic fuzzy f—ideal if and only if pa(x) is fuzzy B—ideal and v (x)
18 anti fuzzy f—ideal of X.

Definition 22 Let A = {{x, pa(x),va(x))/x € X} be an intutionistic fuzzy set in a B—algebra X. A is called
a Bi-normed intuitionistic fuzzy B— ideal of f—algebra X, if

(i) pa(0) = pa(z) & va(0) <va(z),

(i) pa(@+y) = T{pa(@), pa(y)} & valz+y) < S{valx),va(y)},

(i1i) pa(x) = T{palz —y), pa(y)} & va(@) <S{vale —y),valy)} Vo,yeX.

Example 23 Consider the f—algebra X = {0,1,2,3} with a constant 0 and binary operations + and — are
defined on X as in the following cayley’s table.

Table 6: -algebra for Binormed IF S-ideal

+(0]1]2|3 —10]1]2]3
0101123 00132
111(0]3|2 111(0]2(3
21213110 21213]0]1
3131201 3131210

Let Tar, Sar ¢ [0,1] x [0,1] — [0,1] be the functions defined by
T (2,y) = maz(z +y —1,0)

and
Sy (x,y) =min(r +y,1) Y,y € [0, 1].

Here Ty is a T—norm and Sy, is a S—norm.
Define an intuitionistic fuzzy set A = {x, pa(x),va(z) : x € X} in X by

06: z=0,1 02: z=0,1
= vV =
pa 0.5: otherwise A 0.4: otherwise.

Clearly, A is a bi-normed intuitionistic fuzzy f—ideal with respect to the norms defined.

Example 24 Consider the f—algebra X = {Z, 4, —,0}. The intuitionistic fuzzy set A = {x, pa(x),va(x) :
z € X} in X defined by

0.7: z=0 02: =0
pa(z)=406: <0 va(z)=<03: <0
05: >0 04: >0

is a Bi-normed intuitionistic fuzzy S—ideal of X.
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Theorem 25 Let A = {(z, pa(x),va(x))/z € X} be a Bi-normed intuitionistic fuzzy B— ideal of a f—algebra
X. Ifx <y then pa(z) > pa(y) and va(z) <wva(y) Va,y € X.
Proof: Forx,ye X,z <y=x—y=0. Then

pa(z) > T{pa(r —y), na(y)}
=T{pa(0), na(y)}
pa(z) = paly)

and

va(z) < S{valz —y),valy)}
= S{ra(0),va(y)}
=va(y)-

Theorem 26 Let A = {{(z,pa(x),va(x))/xz € X} be an Bi-normed intuitionstic fuzzy B—ideal of a f—algebra

X. Ifv+y < z then, pa(x) > T{pa(2), pa(y)} & va(z) < S{va(z),valy)} Va,y,2 € X.
Proof: For x,y,z € X,

pa(x) > T{pa(z —y),paly)}
=T{T{pa((z —y) — 2), pa(2)}, pa(y)}
=T{T{pa((x — (2 +y)), na(2)}, na(y)}
=T{T{pa(0), pa(2)}, na(y)}
=T{pa(2),pa(y)},

va(r) < S{valr —y),valy)}
= S{S{va((z —y) — 2),va(2)},va(y)}
= S{S{va((z — (¢ +y)),va(2)},va(y)}
= S{S{va(0),va(2)},va(y)}
= S{va(2),va(y)}-

Theorem 27 Let A and B be Bi-normed intuitionistic fuzzy B—ideals of X. Then AN B is also a Bi-
normed intuitionistic fuzzy B—ideal of X. It can be gemeralised to the intersection of a family of Bi-normed
intuitionistic fuzzy B—ideal of X.

Theorem 28 Let A = {{x,ua(z),va(z))/x € X} be an intuitionistic fuzzy set in a f—algebra. A is a Bi-
normed intuitionistic fuzzy B—ideal if and only if pa(x) is T—norm fuzzy B—ideal and va(zx) is a S—norm

fuzzy B—ideal of X.

Remark 29 Atanassov [2] characterized the set of all intuitionistic fuzzy sets with two operators which will
transform each intuitionistic fuzzy set into fuzzy set. They are identical to the operators necessity and possi-
bility defined in some modal logics. For every intuitionistic fuzzy set A, the modal operators [JA and QA are
defined as

04 = {(z,1a(2)) /2 € B} = {{z, pa(w), 1 — pa(@))/z € B},

0A = {{z,1 —va(@))/x € B} = {(x,1 — va(x),va(x))/z € E}.

The following deals the model operators applied on Binormed intuitionistic fuzzy S—ideal.

Theorem 30 Let A = {{x, pa(x),va(x)) : © € X} be an intuitionistic fuzzy set of X. A= {(x, pa(z),va(z)) :
x € X} is a Bi-normed intuitionistic fuzzy B—ideal of X if and only if OA = {X, pua, (14)°} is a Bi-normed
intuitionistic fuzzy B—ideal of X.
Proof: Let A= {{x,ua(x),va(z)): x € X} be an intuitionistic fuzzy set of X.

To complete the proof it is enough to prove the following claims.
Claim (i) (15)(0) < (15) ()
For,

(1a)(0) > (pa)(z)
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1= (1a)0) < 1—(na)(x)
& (1)) < (ua)(@).
glaim (1) pi (@ +y) < S{pG (@), nG(y)}
(na)(x+y) = T{(pa)(x),(pa)(y)}
S1—(ua)z+y) > 1-=T{(na)(z),(pa)(y)}
Spi+y) < S{(1—pal@)), (1 —paly)}
epiz+y) < S{pi), i)}
glaim (iii) pé(z) < S{ps(x —y), n5 ()}
(na)(x) > T{(pa)(z—y), (na)(y)}
S 1= (ua)x) > 1=T{(pa)(x —y), (na)(y)}
S ph(x) < S{(1—palz—y)), (1 —pnaly)}
S ph(r) < S{ph(x —vy), pi(y)}

Theorem 31 Let A = {{z, pa(x),va(x)) : z € X} be an intuitionistic fuzzy set of X. A = {(x, pa(z),va(z))
x € X} is an Bi-normed intuitionistic fuzzy f—ideal of X if and only if 0A = (x,v5,v4) is a Bi-normed
intuitionistic fuzzy B—ideal of X.
Proof: Let A= {(x,ua(z),va(z)): x € X} be an Bi-normed intuitionistic fuzzy set of X.

To complete the proof it is enough to prove the following claims.

Claim(i) — (v5)(0) > (v5)(x)

For,
(ra)(0) < (va)(z)
©1-(wa)0) < 1-(va)z).
< (a)0) = (va)().
glaim (it) vi(e +y) = T{vi(x),vi(y)}
(a)z+y) < S{(va)(@), (va)y)}
<:>1—( Az+y) < 1=5{wa)@), (va)(y)}
valz+y) = T{(l —va(z)), (1 —va(y))}
@VA(w+y) > T{va(z),va(y)}-
glaim (iii) vi(z) = T{v5(z —y), vi(y)}
(va)(@) < S{(wa)(z—y), (va)(y)}
S 1=(a)(@) < 1-=5{(wa)l@—y),(va)(y)}
e viz) > T{1-valz—y)), (1 —valy)}
evie) = T{vilz-y),vay)}

Theorem 32 Let A = {{(z,pa(x),va(z)): = € X} be an Bi-normed intuitionistic fuzzy f—ideal of X. If
xa={z€ X /pa(x)=pa(0) & va(zx) =va(0)} then xa is a B—ideal of X.
Proof: Since pua(y) = pa(0) and va(x) =va(0) =0€ xa. Let x —y,y € xa. Hence,

pa(x) > T{pa(x —y), naly)}
=T{pa(0), na(y)}
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But 114 (0) = pa(x) = pa(x) = pa(0).
Similarly it can be observed that pa(z) = pa(0), i.ex —y,y € xa = € xA-
. XA s an B—ideal of X.

Theorem 33 Let f : X — X be an endomorphism on X and A = {x, pua(x),va(z) : x € X} be a Bi-normed
intuitionistic fuzzy B—ideal of X. Then Ay = {f(x),us(x),vs(zx) : * € X} where puy : X — [0,1] and
vy X — [0,1] are defined by py(x) = p(f(z)) and vy(z) = v(f(z)) Yo € X, is a Bi-normed intuitionistic
fuzzy B—ideal of X.

Proof: Let A be a Bi-normed intuitionistic fuzzy f—ideal of X. For z € X,

pp(0) = p(f(0)) = p(0) < p(x),
ve(0) =v(f(0)) =v(0) > v(z) VrelX.
Then
pp(x+y) = pl(f(z+y))
> p(f(z) + f(y
)

)
=T{p(f(x)), u(f(y))}
=T{ps(x), ps(y)}

and

vi(z +y) =v(f(z+vy)

)
S(() I

~—

Y)

Also,

Simalarly,

Hence Ay is a Bi-normed intuitionistic fuzzy B—ideal of X.

Theorem 34 Let f : X — Y be an onto homomorphism of S—algebras X and Y. If A is a Bi-normed
intuitionistic fuzzy B—ideal of Y, then the preimage of f~1(A) is a Bi-normed intuitionistic fuzzy f—ideal of
X.

Proof: Let A be a Bi-normed intuitionistic fuzzy B—ideal of Y. For x € X,

FH(1a(0)) = pa(£(0)) = pa(0) = pa(z) and f~(va(0)) = va(f(0)) = va(0) < va(w).
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Forzxz,y e X,

Tl ua)z+y) = palflz+y)

FH(pa)(x)

v
~
—
=
h S

|
N
e
~
—
—
—
=
S
~—
8
|
<
i
—
=
kS
<
=
-

Similarly,

fTlwa)z+y) = valfla+y

T wa) (@)

| VANI|
wn
<
N

I
n
iy
-

Hence f~1(A) is a Bi-normed intuitionistic fuzzy B—ideal of X.

4 Product of Bi-Normed Intuitionistic Fuzzy S—Ideals

This section presents the notion of the cartesion product of two Bi-normed intuitionistic fuzzy B—ideals of
Xand Y.

Definition 35 Consider the intuitionistic fuzzy subset A = {(x,pa(z),va(x)) : x € X} of X and B =
{ly,eB(Y),ve(Y)) :y € Y} of Y. The Bi-normed Cartesian product of A and B is defined as

A X B={paxp(x,y) & vaxp(z,y):z,y e X xY},
where paxp(z,y) = T{pa(x), np(y)} and vaxp(z,y) = S{valz), ve(y)}-

Theorem 36 If A and B be two Bi-normed intuitionistic fuzzy S—ideal of X and Y respectively, then A x B
1s also a Bi-normed intuitionistic fuzzy f—ideal of X X Y.

Proof: Let A = {{z,pa(x),va(z)) : v € X} and B = {{y,up(y),ve(y)) : vy € Y} be the Bi-normed
intuitionistic fuzzy ideals in X and Y respectively. Take (x,y) € X x Y,

MAXB(O)

MAXB(O7O) > T{MAXB(O
(), paxs(y)

), }
= T{NAXB x)v }
= paxs(z,9),
vaxB(0,0) < S{raxp(0),vax5(0)}

= S{vaxp(®),vaxs(y)}

=vaxp(z,y).
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Now take a,b € X xY, where a = (x1,y1) & b = (x2,y2). Then, paxp(a+b) > T{uaxp(a), paxp(b)} and
also vaxp(a+b) < S{vaxp(a),vaxs(b)}. Now

paxp(a) = paxs(T1,y1)
=T{paxp(x1), paxs(y1)}
> T{T{pa(z1 — x2), pa(z2) }, T{ps(y1 — y2), n5(y2) }}
> T{T{pa(r1 — 22), p5(y1 — y2)}, T{, pa(z2), p5(y2)}}
=T{paxs((r1,y1) — (v2,y2)), pax (2, y2)}
=T{paxp(a—"0b),paxp(b)}.

Similarly,

vaxp(a) =vaxp(ri,y1)
= S{vaxp(r1),vaxs(y1)}
< S{S{va(z1 — z2),valz2)}, S{ve(v1 — ¥2), vB(y2) }}
< S{S{va(z1 — z2),vp(y1 — y2)}, S{, va(22), ve(y2) }}
= S{vaxs((z1,y1) — (22,92)), vaxB(T2,¥2)}
= S{vaxp(a—"0b),vaxp(b)}.

A X B is a Bi-normed intuitionistic fuzzy B—ideal of X x Y.

Corollary 37 If Ay, A, ..., A, be the Bi-normed intuitionistic fuzzy f—ideals of X1, Xa, ..., X, respectively,

n n
then [[ A; is also a Bi-normed intuitionistic fuzzy f—ideal of ] X;.
i=1 i=1

Lemma 38 Let A and B be the two intuitionistic fuzzy sets of X and 'Y respectively. If A x B is a Bi-normed
intuitionistic fuzzy B— ideal of X XY then pa(0) > pa(z),va(0) < va(z) and pup(0) > up(y),ve(0) <
vp(yy Vee X and y € Y.
Proof: Let A and B be the two intuitionistic fuzzy sets of X and Y respectively and A x B be a Bi-normed
intuitionistic fuzzy B— ideal of X X Y.

Suppose pa(0) < pa(x),va(0) > va(y) and pp(0) < pp(y),v(0) > vp(x) for somex € X and y € Y.
Then

paxs(@,y) > T{pa(x), ps(y)}
=T{up(0),na(0)}
= qug(0,0).

(=)

Similarly,

vaxp(z,y) < S{va(z),ve(y)}
= S{vp(0),v4(0)}
= VAxB(O,O).

which is a contradiction, proving the result.

Theorem 39 If A and B are two intuitionistic fuzzy sets of X and Y such that A x B is also a Bi-normed
intuitionistic fuzzy S— ideal of X XY, then either A is a Bi-normed intuitionistic fuzzy f—ideal of X or B
18 a Bi-normed intuitionistic fuzzy f—ideal of Y .

Proof: Let A and B be the two intuitionistic fuzzy sets of X and Y such that A x B is also a Bi-normed
intuitionistic fuzzy B— ideal of X X Y. Hence

pe(0) > pp(y),ve(0) <vp(y) VyeY (3)

by the Lemma 4.4. Then paxp(0,y) = T{ua(0),us(y)} and vaxp(0,y) = S{ra(0),vp(y)}.
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Since A X B is a Bi-normed intuitionistic fuzzy S—ideals of X XY, for (x1,y1) & (x2,y2) € X XY,
Then,

paxs((z1,91) + (22,92)) = T{paxp(z1,91), paxs(T2,y2)}
and

vaxs((z1,y1) + (22,92))) < S{vaxs(x1,y1), vaxs(r2,92)},

=>d paxs((1+x2), (y1 +y2)) = T{pax((x1,y1), paxs(x2,y2)} @
an 4
vaxp((x1 + x2), (y1 + 12)) < S{vaxs((@1,y1), vaxB(z2,92)}

By putting x1 = x2 =0 in (4),

taxs(0,(y1 +vy2)) > T{paxs(0,y1), paxs(0,y2)}

and
vaxB(0, (y1 +v2)) < S{vaxs(0,y1),vaxB(0,y2)}.
Hence
pB(Y1 +y2) = T{ps(1), ka(y2)} and ve(yr +y2) < S{ve(y1),ve(y2)} Vyi,y2 €Y. (5)
Also
paxp(@1,y1) = T{paxs((z1,y1) — (x2,42)), paxB(T2,92)},
and
vaxB(1,y1) < S{vaxs((z1,y1) — (22,92)), vaxB(®2,¥2)} V(z1,91), (x2,y2) € X X Y.
Hence
paxp(@,y1) > T{paxs((®1 —22), (Y1 — Y2)), haxB(T2,y2)}
and

vaxp(@1,y1) < S{vaxs((x1 —x2), (y1 — v2)), vaxs(x2,y2)} Y(x1,91), (T2,92) € X X Y.

Put x1 = 29 = 0 in the above equations,

ps(y1) > T{{ps(y1 — y2), e (y2) andvp(y1) < S{{ve(y1 — ¥2),vB(Y2)} Y y1,42 €Y. (6)

Hence, from (3), (5) and (6), B is a Bi-normed intuitionistic fuzzy S—ideal of Y.

5 Level Subset of Bi-Normed Intuitionistic Fuzzy f—Ideals

This section discusses the level subset of Bi-normed intuitionistic fuzzy S—ideals.

Definition 40 Let A be an intuitionistic fuzzy set of X. For s,t € [0,1], the set Asy = {x, pa(x) > s,va(z) <
t:x e X} is called a intuitionistic level subset of X.

Theorem 41 If A = {pa(x),va(x) : x € X be a Bi-normed intuitionistic fuzzy B—ideal of X, then the set
Asi={r € X :palx) > s,va(z) <t} is an B—ideal of X, Vs,t € [0,1].
Proof: If A is a Bi-normed intuitionistic fuzzy B—ideal of X. Now pa(0) > pa(x) Ve € X = pua(0) > s for
any s € [0,1] = 0 € ps.

Forz,y € ps, = pa(z) > s, and pa(y) > s. Now pa(x +y) > T{pa(x),paly)} > s, hence v+ y € ps.

Leta,y € X be such that z—y,y € pa, = pa(r—y) > s& pay) > 5. Now pua(z) > T{pa(—y). paly)} >
T{s,s} =s. Hence x € ua,. Therefore us is a f—ideal of X.

Similarly, it can be proved that vy is also a f—ideal of X. Hence A, ; is a B—ideal of X.

This B—ideal is called intuitionistic level B—ideal of X .

The converse of the above theorem is also true as seen from the following.

Theorem 42 If A = {pa(z),va(x): x € X be an intuitionistic fuzzy set in X such that As . is f—ideal of X
for every s,t € [0,1], then A is Bi- normed intuitionistic fuzzy B—ideal of X.



54 A.B. Saeid et al.: Bi-Normed Intuitionistic Fuzzy —Ideals of B— Algebras

Combining the above two results, it can be observed that

Theorem 43 Any f—ideal of X can be realized as a intuitionistic level S—ideal for some Bi-normed intu-
itionistic fuzzy B—ideal of X.

Theorem 44  Let A be a Bi-normed intuitionistic fuzzy f—ideal of X, s € [0,1] then,
(1) If s = 1 then upper-level set U(ua, ) is either empty or f—ideal of X.

(@) If t = 0 then lower-level set L(va,t) is either empty or f—ideal of X.

(#i7) If T = min then upper-level set U(pa, s) is either empty or B—ideal of X.

() If S = max then lower-level set L(va,t) is either empty or f—ideal of X.

Definition 45 For the intuitionistic fuzzy subsets
A= {(z,pa(x),va(2)) : ¥ € X}

of X and
B={(y,uB(y),valy)) :y €Y}

of Y with A x B as the Bi-normed Cartesian product of A and B, the level subset of Bi-normed Cartesian
product A X B of X XY is defined as

(Ax B)gt ={z,paxp(z,y) > s,vaxp(r,y) <t:z e X xY}
where paxp(x,y) = T{na(x), up(y)} and vaxp(z,y) = S{va(z),vp(y)}.

Theorem 46 If A,; and Bs: are the two intuitionstic level B—ideal of the Bi-normed intuitionistic fuzzy
B—ideals A and B of X and Y respectively, then (A x B)s is an intuitionistic level B—ideal of A x B of
X xY.

Proof: Let As; and Bs ¢ be the two intuitionistic level f—ideals of the Bi-normed intuitionistic fuzzy B—ideals
A and B of X and Y respectively.

Take z,y € X X Y. Now puaxp(0,0) > T{ua(0),up(0)} > T{s,s} > s for any s € [0,1]. Therefore
(0,0) S (A X B)s,t-
Take © = (z1,22),y = (y1,y2) € X X Y, then

paxs(® +y) = paxp((T1,22) +y = (Y1, 92)
= paxs((r1 +y1), (22 +12))
=T{pa(x1+y1), uB(T2 +y2)}
> T{T{pa(z1), pa(yr)}, T{up(z2), np(y2)}}
=T{T{pa(z1), np(z2)}, T{palyr), ns(y2)}}
= T{paxp(x1,72), paxBY1,Y2)}
= T{/’LAXB(:E)?MAXB(y)}
=T{s,s}
> s.

Also for x —y,y € (A X B)s, paxp(x) > T{paxp(® —y), paxp(y)} > T{s,s} =s =2 € (A X B)ss.
Similarly, the same arguments can be observed for vaxp.
Hence (A x B)s; is an intuitionistic level —ideal of Ax B of X x Y.

6 Conclusion

This paper introduces bi-normed intuitionistic fuzzy S—ideal of a S—algebra. In deapth, the study analysed
the bi-normed intuitionistic fuzzy S—ideal using modal operators, homomorphic image, cartesion product and
level subset of an intuitionistic fuzzy set. One can extend these ideas to the other substructures like H—ideals
and filters of a S—algebra.
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