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Abstract

In many practical situations, we know the exact form of the objective function, and we know the
optimal decision corresponding to each values of the corresponding parameters x;. What should we do if
we do not know the exact values of x;, and instead, we only know each x; with uncertainty — e.g., with
interval uncertainty? In this case, one of the most widely used approaches is to select, for each i, one
value from the corresponding interval — usually, a midpoint — and to use the exact-case optimal decision
corresponding to the selected values. Does this approach lead to the optimal solution to the interval-
uncertainty problem? If yes, is selecting the midpoints the best idea? In this paper, we provide answers
to these questions. It turns out that the selecting-a-valued-from-each-interval approach can indeed lead
us to the optimal solution for the interval problem — but not if we select midpoints.
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1 Formulation of the Practical Problem

Often, we know the ideal-case solution. One of the main objectives of science and engineering is to
provide an optimal decision in different situations. In many practical situations, we have an algorithm that
provides an optimal decision based under the condition that we know the exact values of the corresponding
parameters i, ...,Ty.

In practice, we need to take uncertainty into account. In practice, we usually know z; with some
uncertainty. For example, often, for each ¢, we only know an interval [z, Z;] that contains the actual (unknown)
value z;; see, e.g., [7].

A problem. In the presence of such interval uncertainty, how can we find the optimal solution?

One of the most widely used approaches uses the fact that under interval uncertainty, we can implement
decisions corresponding to different combinations of values z; € [z;,Z;]. Is this indeed a way to the solution
which is optimal under interval uncertainty? If yes, which values should we choose?

Often, practitioners select the midpoints, but is this selection the best choice? These are the questions
that we answer in this paper.

2 Formulation of the Problem in Precise Terms

Decision making: a general description. In general, we need to make a decision u = (ug,- - , u,) based
on the state = (x1, - ,x,) of the system. According to decision theory, a rational person selects a decision
that maximizes the value of an appropriate function known as utility; see, e.g., [I, [, 5 [§].

We will consider situations when or each state x and for each decision u, we know the value of the utility
f(z,u) corresponding to us choosing u. Then, when we know the exact state z of the system, the optimal
decision u®P*(x) is the decision for which this utility is the largest possible:

fa,u () = max f(x, u). (1)
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Decision making under interval uncertainty. In practice, we rarely know the exact state of the system,
we usually know this state with some uncertainty. Often, we do not know the probabilities of different possible
states x, we only know the bounds on different parameters describing the state.

The bounds mean that for each 4, instead of knowing the exact values of z;, we only know the bounds z;
and Z; on this quantity, i.e., we only know that the actual (unknown) value x; belongs to the interval [z;, Z;].
The question is: what decision u« should we make in this case?

We also assume that the uncertainty with which we know x is relatively small, so in the corresponding
Taylor series, we can only keep the first few terms in terms of this uncertainty.

Decision making under interval uncertainty: towards a precise formulation of the problem.
Because of the uncertainty with which we know the state x, for each possible decision u, we do not know the
exact value of the utility, we only know that this utility is equal to f(z,u) for some z; € [z;,T;]. Thus, all we
know is that this utility value belongs to the interval

minﬁ f(xlv"' ,xn,u), max f(xlv"' 7:rn,u) : (2)

According to decision theory (see, e.g., [2, B, [4]), if for every action a, we only know the interval
[f~(a), f*(a)] of possible values of utility, then we should select the action for which the following com-
bination takes the largest possible value:

a-fHa)+(1-a) f(a), (3)
where the parameter « € [0, 1] describes the decision maker’s degree of optimism-pessimism:

e the value & = 1 means that the decision maker is a complete optimist, only taking into account the
best-case situations,

e the value a = 0 means that the decision maker is a complete pessimist, only taking into account the
worst-case situations, and

e intermediate value o € (0,1) means that the decision maker takes into account both worst-case and
best-case scenarios.
Resulting formulation of the problem. In these terms our goal is:
e given the function f(z,u) and the bounds z and Z,

e to find the value u for which the following objective function takes the largest possible value:

a- rr[lax ]f(x1,~-- ST, u) + (1 —a) - n[lin }f(x1,~-~ , Ty, W) — MAX . (4)
T €|X,;,T5 Ti€lX,;,T; u

Comment. The simplest case when the state x is characterized by a single parameter and when a decision u
is also described by a single number, was analyzed in [6].

3 Analysis of the Problem

We assumed that the uncertainty is small, and that in the corresponding Taylor expansions, we can keep only
a few first terms corresponding to this uncertainty. Therefore, it is convenient to describe this uncertainty
explicitly.

Let us denote the midpoint (z; + Z;)/2 of the interval [z, T;] by ;. Then, each value z; from this interval

can be represented as x; = T; + Ax;, where we denoted Ax; def x; — ;. The range of possible values of Ax; is
[z, — %5, T — @] = [-Aq, A,

where we denoted B
A, déf XTi — lq
2
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The differences Az; are small, so we should be able to keep only the few first terms in Ax;.
When all the values x; are known exactly, the exact-case optimal decision is u°P*(z). Since uncertainty is

assumed to be small, the optimal decision v = (uq, -+ ,u,,) under interval uncertainty should be close to the
exact-case optimal decision & = (uy, -, Up) et u®Pt(Z) corresponding to the midpoints of all the intervals.

So, the difference Au; def u; — u; should also be small. In terms of Awu;, the interval-case optimal value u;
has the form w; = w; + Au;. Substituting z; = z; + Az; and u; = u; + Au; into the expression f(x,u) for
the utility, and keeping only linear and quadratic terms in this expansion, we conclude that

flzyu) = f(T 4+ Az, u+ Au)

= FED Y fu A+ Y fuy Byt 23D foue, - A A
i=1 j=1

i=14'=1

+ZZ fnuj . AﬂCl . Au]' + % . Z Z fujuj, . Au]‘ . AU]‘/, (5)

=1 j=1 j=1j'=1
where we denoted of of 5
def Of ~ -~ def OJ ~ ~ def -~
faci - 8.%1 (I, uj)? fuj an (I7 u)v szxL/ 8@03@/ (35, U)7
det 02 - def 02 o
.fIq‘,Uj < f (I? u)? f“juj’ = f ('T7 U)

- 8.’1%81@ - 8uj8ujf

To find an explicit expression for the objective function (4), we need to find the maximum and the minimum
of this objective function when w is fixed and z; € [z;,7;], i.e., when Ax; € [-A;, A;]. To find the maximum
and the minimum of a function of an interval, it is useful to compute its derivative. For the objective function
(5), we have

of

oz,

=1 j=1

In general, the value f,, is different from 0; possible degenerate cases when f,, = 0 seem to be rare. On a
simple example — when the state is described by a single quantity x = x; and the decision w is also described
by a single quantity © = u; — let us explain why we believe that this degenerate case can be ignored.

4 Explaining Why, in General, We Have f,. # 0

Simple case. Let us assume that the state z is the difference x = T — Tiqea1 between the actual temperature
T and the ideal temperature Tigea. In this case, T' = Tigeal + .

Let u be the amount of degree by which we cool down the room. Then, the resulting temperature in the
room is 7/ =T — u = Tigeal + * — u. The difference 77 — Tigear between the resulting temperature 77 and the
ideal temperature Tigea) is thus equal to x — u.

It is reasonable to assume that the discomfort D depends on this difference d: D = D(d). The discomfort is
0 when the difference is 0, and is positive when the difference is non-zero. Thus, if we expand the dependence
D(d) in Taylor series and keep only quadratic terms in this expansion D(d) = do + dy - d + dg - d?, we
conclude that dg = 0, that dy = 0 (since the function D(d) has a minimum at d = 0), and thus, that
D(d) =dy - d?> = da - (x — u)?, for some dy > 0.

So the utility — which is negative this discomfort — is equal to f(z,u) = —ds - (v — u)?.

In this case, for each state x, the exact-case optimal decision is u°P*(z) = x. Thus, at the point where
z =z and u = ug = u°P*(z) = o, we have

_of

fx—%=—2d2'($o—UQ):O.

So, we have exactly the degenerate case that we were trying to avoid.

Let us make the description of this case slightly more realistic. Let us show that if we make the
description more realistic, the derivative f, is no longer equal to 0.
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Indeed, in the above simplified description, we only took into account the discomfort of the user when the
temperature in the room is different from the ideal. To be realistic, we need to also take into account that
there is a cost C(u) associated with cooling (or heating).

This cost is 0 when v = 0 and is non-negative when u # 0, so in the first approximation, similarly to how
we described D(d), we conclude that C'(u) = k - u?, for some k > 0. The need to pay this cost decreases the
utility function which now takes the form

flz,u) = —ds - (. —u)? — k- u?.

For this more realistic utility function, the value u°P*(z) that maximizes the utility for a given x can be found
if we differentiate the utility function with respect to w and equate the derivative to 0. Thus, we get

2dy - (u—z)+2k-u=0,

hence (d2 + k) -u—dy -2 =0, and

do
opt — .
uP(x) s x
For z = zg and u = ug = u°P*(x0) = x¢ - da/(d2 + k), we thus get
of da 2k
T = —_—— 2 — = 2 —_— — = - 0
fo = g = Hro—w) (mo dy + x0> hik 7

So, if we make the model more realistic, we indeed get a non-degenerate case f, # 0 that we consider in
our paper.
5 Analysis of the Problem (continued)

We consider the non-degenerate case, when f,, # 0. Since we assumed that all the differences Az; and Awu;
are small, a linear combination of these differences is smaller than |f,,|. Thus, for all values Az; from the

corresponding intervals Ax; € [—A;, A;], the sign of the derivative is the same as the sign s, def sign(fz,)

8$i

of the midpoint value f,.
Hence:

e when f,, > 0and s,, = +1, the function f(z,u) is an increasing function of z;; its maximum is attained
when z; is attained its largest possible values Z;, i.e., when Az; = A;, and its minimum is attained
when Az; = —A;

e when f;, < 0and s, = —1, the function f(x,u) is an decreasing function of x;; its maximum is attained
when z; is attained its smallest possible values z,, i.e., when Az; = —A;, and its minimum is attained
when Ax; = A;.

In both cases, the maximum of the utility function f(x,u) is attained when Az; = s, - A; and its minimum
is attained when Az; = —s,, - A;. Thus,

max  f(x1, -+ xp,u) = f(T1+ Sgy - A1, Ty + Sa, - Apy 0+ Au)

I’ie[ﬂivfi]

= FED D e e DD fuy Bty LSS ey s, e, D A
i=1

j=1 i=14'=1

n m 1 m m
+Z_mej s, i A o Z Z Fuyuy - Duj - A, (7)
i=1 j=1 Jj=14'=1
and

min  f(z1, -, @0, u) = f(T1 — Say - A1, T — Su,, - D, U+ Au)
€[z, ,Ts)
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n m 1 n n
U _z;fJ,lSIZAz‘i‘Z;fujAu]‘f'izz,lea:l/ 'Swi'scvi/ 'Ai'Ai’
i= j=

=1 4'=1

I fauy 5w A Auj+f Zqu]u,. N ()

i=1 j=1 Jj=15'=1
Therefore, our objective function (4) takes the form

Q- Imax f(xla"'vxnvu)—’_(l_a) min f(l'lv"'axnvu)
€[z, ,Ts] €[z, , T3]

:f(iaa)+(2a_1)'z.fm' Sx; A +quJ Auy""* Zz.fmiw/' Sx; wi/'Ai'Ai’
i=1

i=11¢'=1
n m
F2a—=1) > > foru, - Sa, - A - Auy + ZZfW,- uj - Auy. (9)
i=1 j=1 j=1j5'=1
To find the interval-case optimal value Au;“ax = u; —u, for which the objective function (4) attains its largest
possible value, we differentiate the expression (9) for the objective function (4) with respect to Au; and equate
the derivative to 0. As a result, we get:

n m
fu, + Qo =1 fau,  So, Di+ Y fuju,, - AU = 0. (10)
i=1 §'=1
To simplify this expression, let us now take into account that for each = = (z1,---,x,), the function

f(z,u) attains its maximum at the known value u°P*(z). Differentiating expression (5) with respect to Au;
and equating the derivative to 0, we get:

+ ZfMJ Az + Z Fuyu, - APy = 0, (11)
=1 J =
where we denoted AP, def u?pt — u;.

For ¢ =z, i.e., when Ax; = 0 for all 4, this maximum is attained when u = %, i.e., when Au; = 0 for all
j. Substituting Az; = 0 and Au; = 0 into the formula (11), we conclude that f,; = 0 for all j. Thus, the
formula (10) takes a simplified form

n
2a—1) " foru, -5, - A+ Z Fuyu, - Auls™ = (12)
i=1 j'=1
In general, we can similarly expand u;pt (x) in Taylor series and keep only a few first terms in this expansion:
n
opt =u @ + A Tn+ Az,) =1 A 13
(1, ) = ug (T 4+ Az, T + Ay) = U —I—Zuin <Az, (13)
i=1
where we denoted
ouP
def “j
u]nTz - ax
K3
Thus, for the exact-case optimal decision,
n
AuSPt = P (x) — 1 = Z W)z, - A (14)

opt

Substituting this expression for Au}"" into the formula (11), we conclude that

Zfr u; Al‘v+zz.fu]u/ uj’,aci'A‘Ti:()a

1=1j'=1
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i.e., that

n m
E Axi . fa:iuj + E fujuj/ C Uty =0
=1

=1

for all possible combinations of Az;. Thus, for each i, the coefficient at Ax; is equal to 0, i.e.,

m
fwiu- + fuu/ c UG = 0
J I

=
for all 7 and j, so

m
fa:iuj = - E fujuj/ c UG-
i'=1

Substituting the expression (15) into the formula (12), we conclude that

n

_(Qa - 1) ’ Z Z fujuj, c UGy (sL Az) + Z fu]-uj, .A?}ax =0,

im1 =1 =1

i.e., that

S fupuy (Au;s‘a* —(2a—=1)- ujg, - (sa - A») =0.
=1 i=1

This equality is achieved when
n
Au?’lax = (2a - 1) ’ Zuj',ﬂ ’ (Swz‘ ’ Al)
i=1

for all /. So, the interval-case optimal values
uP = Uy + Aup™

can be described as

u;nax = ﬂj + (20( - 1) : Zu.j7wi : (SL ’ AZ)
=1

In general, as we have mentioned earlier (formula (13)), we have

J
i=1

max

opt
3 .

is equal to u;

By comparing the formulas (17) and (18), we can see that u
Sj ij—F(ZCM—l)'SW -Ai,

i.e., that

J
Here, s, is the sign of the derivative f;,. We have two options:

o If f,, > 0, ie., if the objective function increases with z;, then s,, = 1, and the expression

5i YT+ (20— 1) - sq, - A

in the formula (19) takes the form

- z, +;

i =~ +2a—-1)-

n
U Ty 4 Az, T + Ay = u; + Z“Jm - Az,

(s) when we take

WP = uP (T 4 (20— 1) - sp, - Ay, T+ (20— 1) - 5p, - Ag).
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(15)

(16)

(17)
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o If f, <O, ie., if the objective function decreases with x;, then s,, = —1, and the expression
si:fi+(2a—1)~smi WAV
in the formula (19) takes the form

T, +T;

. —(2a-1)- 2% _ g+ (1-a) T (21)

2

S; =

So, we arrive at the following recommendation.

6 Solution to the Problem

Formulation of the problem: reminder. We assume that we know the objective function f(z,u) that
characterizes our gain in a situation when the actual values of the parameters are = (1, ,x,) and we
select an alternative u = (uy, -+, Up).

We also assume that for every state z, we know the exact-case optimal decision u°P!(z) for which the
objective function attains its largest possible value.

In a practical situation in which we only know that each value z; is contained in an interval [z, Z;], we need
to find the alternative u™®* = (u{*®* ... 428) that maximizes the Hurwicz combination of the best-case and
worst-case values of the objective function.

Description of the solution. The solution to our problem is to use the exact-case optimal solution u°P!(s)
corresponding to an appropriate state s = (s1,--- , Sp)-
Here, for the variables x; for which the objective function is an increasing function of x;, we should select

si=a- T+ (1—a)- gz, (22)

where « is the optimism-pessimism parameter that characterizes the decision maker.
For the variables x; for which the objective function is a decreasing function of z;, we should select

si=a-z;+ (1 —a)- T (23)

Comment. Thus, the usual selection of the midpoint s is only interval-case optimal for decision makers for
which a = 0.5; in all other cases, this selection is not interval-case optimal.

Discussion. Intuitively, the above solution is in good accordance with the Hurwicz criterion:

e when the objective function increases with x;, the best possible situation corresponds to Z;, and the worst
possible situation corresponds to z;; thus, the Hurwicz combination corresponds to the formula (22);

L

e when the objective function decreases with x, the best possible situation corresponds to z;, and the worst
possible situation corresponds to Z;; thus, the Hurwicz combination corresponds to the formula (23).

This intuitive understanding is, however, not a proof — Hurwicz formula combines utilities, not parameter
values.
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