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Abstract

This paper draws attention on the problem formulation and solution procedure of a bi-objective trans-
portation problem(TP). In this TP, one objective is to minimize the total transportation cost and other
is to minimize the time for completion of the transportation. In this TP, the transportation cost is not
constant; it varies by depending on the capacity of vehicles as well as amount of transport quantity. An
algorithm is used to determine unit transportation costs which deals this TP in a bi-level bi-objective math-
ematical model of mixed-integer type. To solve this model, use an initial allocation procedure like Modified
Vogels Approximation Method(MVAM) and then find optimal solution by well known UV-method. After
that find out the total elapsed time. This model suggests several cost-time pairs which is more realistic
today. Numerical examples is presented to support this model.
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1 Introduction

Transportation problem is famous in operation research for its wide application in real life. This is a special
kind of the network optimization problems in which goods are transported from a set of sources to a set of
destinations subject to the supply and demand of the source and destination, respectively, such that the total
cost of transportation is minimized. The basic transportation problem was originally developed by Hitchcock
in 1941 [7]. The first solution procedure of TP was developed by G. B. Dantzig [B] and referred as North
West Corner Method (NWCM) by Charnes and Cooper [4]. This is the method of finding an IBFS of TP
which consider the north-west-corner cost cell at every stage of allocation. Then the Least Cost Method
(LCM) [1, 8] consists in allocating as much as possible in the lowest cost cell of the Transportation Table
(TT) in making allocation in every stage. Vogels Approximation Method (VAM) [24], 12, 8 T1] and Extremum
Difference Method (EDM) [9] provides comparatively better Initial Basic Feasible Solution. The problem of
minimizing transportation cost has been studied since long and is well known [24, [9, 3, 23| [I1]. TP in general
are concerned with distributing any single commodity from any group of supply centre, called sources, to any
group of receiving centre, called destinations. A destination can receive its demand from one or more sources.
Each source has a fixed supply of units, where the entire supply must be distributed to the destinations.
Similarly, each destination has fixed demand of units, where the entire demand must be received from the
sources.

In TP the following information are to be needed:

(P1) Available amount of the commodity at different origins.
(P2) Amounts demanded at different destinations.
(P3) The transportation cost of one unit of commodity from various origin to various destination.

In [20] Panda and Das considered that "the transportation cost of one unit of commodity from various
origin to various destination” is not constant and it is varied by depending on capacity of vehicles. This
type of transportation problem is named by us as cost varying transportation problem (CVTP). In [I3] 14}
15l [I7, [16, 18, 19] Panda and Das introduced some multi-objective CVTP models,but these objectives are
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homogeneous type(i.e. directly related to quantity). This paper represents a bi-objective CVTP where one
objective is cost minimization and other is time minimization. The cost is directly related to quantity but
time is not. The solution is made through proposed MVAM to allocate the initial basic feasible solution and
optimality test.

In Classical TP is a single/multi objective problem where objective(s) is minimize total transportation cost
or minimize to total time or both. But in proposed model not only variable cost is consider but maximum
time taken for transporting the quantities is determined. This time is not total time of transportation.
This time is obtained after determining the optimal allocation for cost i.e. after determining minimum
transportation cost. Proposed model suggests trade pairs that means if any one need very urgent to fulfill his
demands(requirements) he will have to pay more. The initial allocation and optimal techniques are similar.
The mathematical model of a classical TP is LPP where as in proposed TP is a bi-level model.

Section 1 represents brief introduction. Section 2 presents basic model, some definitions, theorems, proce-
dure of initial allocations and determination of optimal solution of classical TP. In subsection 2.2, proposed
CVTP model with bi-objective is builded by determining unit transportation cost through an algorithm. Sec-
tion 3 discusses the similar methodologies of initial allocation like North West Corner Rule(NWCR), Modified
Matrix Minimum Method(MMMM),Modified Row Minimum Method(MRMM), Modified Column Minimum
Method(MVAM), Modified Vogel’s Approximation Method(MVAM) etc. and Solution procedure of proposed
model. Lastly in this section give little discussion about proposed model. In section 4 numerical examples are
presented which support the discission of proposed model. Finally in section 5, some conclusions are given.

2 Mathematical Description and Model Formulation

2.1 Classical Transportation Problem

Transportation problem is a special type of networks problems that for shipping a commodity from source
(e.g., factories) to destinations (e.g., warehouse). Transportation model deal with get the minimum-cost plan
to transport a commodity from a number of sources (m) to number of destination (n). Let a; is the number
of supply units required at source i(i = 1,2,...,m), b; is the number of demand units required at destination
J (7 =1,2,...,n) and ¢;; represent the unit transportation cost for transporting the units from sources i to
destination j. Using linear programming method to solve transportation problem, we determine the value of
objective function which minimize the cost for transporting and also determine the number of unit can be
transported from source i to destination j.

If ;; is number of units shipped from source i to destination j; the equivalent linear programming model
will be Model 1 as follows:
Model 1

m n
min E E CijTij,

i=1j=1

n

subject to inj =aqa;, i=1,...,m (1)
j=1
m
inj:bj7 j:l,...,n (2)
i=1

D =2 b
i=1 j=1

A transportation problem can be represent in the following tabulated form.
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Table: Tabular representation of a multi-objective transportation problem

Dy | Dy .. D, stock
O c11 | C1z, | o [ Ciny | @
0, C21 | C22, | ..o | C2ny | A2
Om Cnl Cn2, Cnn, (%)
Demand | by by R
where a; is the quantity of material available at source O;,¢ = 1,...,m, b; is the quantity of material required
at destination Dj,j =1,...,n, ¢;; is the unit cost of transportation from st source O; to destination D).

The following terms are to be defined with reference to the transportation problems.
Definition 1: Feasible Solution (F.S.):
A set of non-negative allocations x;; > 0 which satisfies (1), (2) is known as feasible solution.
Definition 2: Basic Feasible Solution (B.F.S.):
A feasible solution to a m-origin and n-destination problem is said to be basic feasible solution if number of
positive allocations are (m +n — 1).

If the number of allocations in a basic feasible solutions are less than (m+n-1), it is called degenerate basic
feasible solution (DBFS) otherwise non-degenerate basic feasible solution (NDBFS).
Definition 3: Optimal Solution:
A feasible solution (not necessarily basic) is said to be optimal if it minimizes the total transportation cost.
Theorem 2.1: The number of basic variables in a Transportation Problem(T.P.) is at most (m +n — 1).
Theorem 2.2: There exits a F.S. in each Transportation Problem(T.P.).
Theorem 2.3: In each T.P. there exits at least one B.F.S. which makes the objective function a minimum.
Theorem 2.4: The solution of a T.P. is never unbounded.
Definition 4: Loop:
In the Transportation table, a sequence of cells is said to form a loop, if
(i) each adjacent pair of cells either lies in the same column or in the same row;
(ii) not more than two consecutive cells in the sequence lie in the same row or in the same column;
(iii) the first and the last cells in the sequence lie either in the same row or in the same column;
(iv) the sequence must involve at least two rows or two columns of the table.
Theorem 2.5: A sub-set of the columns of the coefficient matriz of a T.P. are linearly dependent, iff, the
corresponding cells or a sub-set of them can be sequenced to form a loop.

There are many procedures to determine initial basic feasible solution like North West Corner Rule, Row
minimum method, Column minimum method, VAM method etc. In the following subsection,VAM method is
depicted.

2.1.1 Vogel’s Approximation Method(VAM)

In this method the allocation is made on the basis of the opportunity (or penalty or extra) cost that would
be incurred if allocation in certain cells with minimum unit transportation cost were missed. The steps in
Vogel’s approximation method(VAM) are as follows:

Step i. Calculate the penalties for each row(column) by taking the differences between the smallest and
next smallest unit transportation cost in the same row (column) and write them in brackets against the
corresponding row (column).

Step ii. Select the row or column with the largest penalty. If there is a tie in the values of penalties, then it
can be broken by selecting the cell where the maximum allocation can be made.

Step iii. Allocate as much as possible in the lowest cost of the row( or column) which is defined by the Step
ii.

Step iv. Adjust the supply and demand and cross-out the satisfied row or column.

Step v. Repeat Step i. Step ii. until the entire available supply at various sources and demand at various
destinations are fully satisfied.

2.1.2 Optimality Test:

In order to test for optimality we should follow the procedure as given bellow:
Step O1. Start with B.F.S. consisting of m +n — 1 allocation in independent positions.
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Step O2. Determine a set of m +n numbers u;,¢ =1,...,m and v;,j = 1,...,n such that in each cell (3, j)
Cij = Uq + Vj.

Step O3. Calculate cell evaluations (unit cost difference) d;; for each empty cell (4,7) by using formula
dij = cij — (u; +v5).

Step O4. Examine the matrix of cell evaluation d;; for negative entries and conclude that

(i) If all d;; > 0, then Solution is optimal and unique.

(ii) If all d;; > 0 and at least one d;; = 0, then solution is optimal and alternative solution also exists.

(iii) If at least one d;; < 0, then solution is not optimal.

If it is so, further improvement is required by repeating the above process after Step 5 and onwards.

Step O5. (i) See the most negative cell in the matrix [d;;].

(ii) Allocate 6 to this empty cell in the final allocation table. Subtract and add the amount of this allocation
to other corners of the loop in order to restore feasibility.

(iii) This value of 6, in general is obtained by equating to zero the minimum of the allocations containing —6
(not +6) only at the corners of the closed loop.

(iv) Substitute the value of 6 and find a fresh allocation table.

Step O6. Again, apply the above test for optimality till we find d;; > 0.

2.2 Cost Varying Transportation Problem

Cost varying transportation problem (CVTP) represented as follows.
Model 2

m n
min E E CijTig,

i=1 j=1

n

subject to inj =q;, i=1,...,m (3)
j=1
m
Zl‘ij:bj, jZl,...,?’L (4)
i=1

m n
>_ai=> b
i=1 j=1

where ¢;; is not constant. (5)

Panda and Das [I6] [20] considered that there are two types off vehicles Vi, Vs from each source to each
destination. Let C; and Cy(> C) are the capacities(in unit) of the vehicles Vi and V5 respectively. R;; =
(R}j, Rfj) represent transportation cost for each cell (i, j); where R}j is the transportation cost from source
0;,i=1,...,m to the destination D;,j =1,...,n by the vehicle V;. And Rfj is the transportation cost from
source O;,%¢ = 1,...,m to the destination D;,j = 1,...,n by the vehicle V5. So, cost varying transportation

problem can be represent in the following tabulated form.

Table: Tabular representation of cost varying transportation problem

D1 D2 . Dn stock
0O, Ri,,R:, | R, Ry, | ... | RL,,R:, | a1
O Ry, R3, R3y, R3, <o | Ry R, a2
Om R71n15 R72n1 R}n27 R%nQ R}nna R?nn am
Demand | by by eeer | by,

2.2.1 Determining c;;

Algorithm A1l:
Step A1l.1. Since unit cost is not determined (because it depends on quantity of transport), so North-west
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corner rule (because it does not depend on unit transportation cost) is applicable to allocate initial B.F.S.
Step A1.2. After the allocate x;; by North-west corner rule, for basic cell we determine i (unit transporta-
tion cost from source O; to destination Dj;) as

1;,; R1;;+p2;; R2;; .
plij injp J 17 if Tij # 0
Cij = (6)
0 if Tij = 0
where  ply;, p2;;,1=1,...,m;j =1,...,n are integer solution of
min plinlij + p?inQij
s.t. Tij S plijC1 +p2,’j02.

Step A1.3. For non-basic cell (i,5) possible allocation is the minimum of allocations in i*" row and j**

column (for possible loop). If possible allocation be z;;, then for non-basic cell ¢;; (unit transportation cost
from source O; to destination D;) as

Plz‘lez’J;;’?z‘jRQij, if x;;#0
Cij = (7)
0 if Tij = 0
where pl;j, p2;5,¢=1,...,m;5=1,...,n are integer solution of

min plllezj + pQZJRQzJ

s.t. Tij < pl,’j01 —|—p2ij02.
In this manner we convert cost varying transportation problem to a usual transportation problem but ¢;; is
not fixed, it may be changed (when this allocation will not serve optimal value) during optimality test.
Step A1.4. During optimality test some basic cell changes to non-basic cell and some non-basic cell changes
to basic cell, depends on running basic cell we first fix ¢;; by Step A1.2 and for non-basic we fix ¢;; by Step
A1.3.
Step A1.5. Repeat Step A1l.2. to Step Al.4. until we obtain optimal solution.

2.2.2 Bi-level Mathematical Programming Cost Varying Transportation Problem

The Bi-level mathematical programming for 2-vehicle cost varying transportation problem is formulated in
Model 3 as follows:
Model 3

m n
min Z Z CijTij, (8)
i=1 j=1
where ¢;; is determined by following mathematical programming

plij R1;j+p2ij R2:5 . B
e if x;;#0
Cij =

0 if Tij = 0
min plinlij -+ injR2ij (9)
s. t. @y <ply;Cr+ p245Co

m
E Tij = Qq, i:l,...,m
i=1
n
E .Z‘ij:bj, ]Zl,...,’ﬁ,
j=1

m n
E a; = E bj
i=1 7j=1

Tij >0 Vi, Vj

where ply;, p2;,i=1,...,m;j =1,...,n are integers.
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2.2.3 Bi-criteria Cost Varying Transportation Problem

Most of the practical transportation problems have two objectives : minimizing of cost and minimizing of time.
The cost minimizing problem and time minimizing problem cannot be viewed as two independent problems.
Most of the methods develop so far have given importance to minimize cost then time or to minimize time
then cost. If one is interested in obtaining a solution which minimizes cost and time simultaneously is called
bi-criteria transportation problem.

A bi-criteria cost varying transportation problem formulated as
Model 4

min Z = i i CijLij, (10)

i=1 j=1
min T = max(t;; /zi; > 0] (11)

where ¢;; is determined by following mathematical programming

pli.leij+?2i.7R2ij7 if xz] ;é O
Cij =

Tij

0 if Ti5 = 0
min pli; R1;; + p2;; R2;; (12)
s. bt @iy <pliCr + p25C,

m
E Tij = Qq, 2=1,...,m
i=1

n
E xij:bj, j:1,...7n
j=1

n

S =30
i=1 j=1
where ply;, p2;5,i=1,...,m;j =1,...,n are integers.
3 Solution Procedure of CVTP

3.1 Determination of IBFS

Example 1: Consider a cost varying transportation problem as

D, Do Ds stock
01 7,16 12,16 | 8,12 | 45
O 4,6 14,18 | 9,15 | 35
O3 10,15 | 17,22 | 5,7 10
Demand | 30 20 40

The capacities of vehicles of V7 and V, are respectively, C; = 8 and Cy = 14.

To determine the IBFS we apply any one of the following procedure
North-West corner Method (NWCM)
Step 1. Compute min (a1,b1). If a3 < by, min (a1,b1) = a1 and if a; > by, min (a1,b;) = by. Select x17 =
min (a1, by) allocate the value of x17 in the cell (1,1).
Step 2. If a; < by, compute min (ag,b; — a1). Select x2; = min (a2, b; — a1) and allocate the value of 221 in
the cell (2,1).

If a1 > b1, compute min (aq — by, bs). Select 12 = min (a; — b1, b2) and allocate the value of z12 in the
cell (1,2).

Let us now make an assumption that a; — by < by. With this assumption the next cell for which some
allocation is to made, is the cell (2,2).
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If a1 = by then allocate 0 only in one of two cells (2,1) or (1,2). The next allocation is to be made cell
(2,2).

In general, if an allocation is made in the cell (i 4+ 1,j) in the current step, the next allocation will be
made either in cell (4,7) or (i,5 + 1).

The feasible solution obtained by this away is always a BF'S.

D1 D2 D3 stock
01 r11 = 30 12 = 15

7,16 12,16 8,12 45
02 T2 = 5 X3 = 30

4,6 14,18 9,15 35
03 I33 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Modified row-minima method(MRMM)

In this method, we first consider the first row and find the minimum cost cell. Let (1,%) cell be the
cell in the first row with minimum cost entities (R}, Rlzk) We allot in this cell the maximum allocation,
iex1r = min(ay,by).If a1 < by, then a1, = a1 and we cross out the first row and consider the remaining
tableau and proceed in same way. Again if a; > by, then x1; = bx and we cross out the k" column and
consider the remaining row of the tableau and proceed next in the same way. If a; = by,then either 1st row
or the k** column will be crossed out and the remaining tableau will be consider.

By MRMM, the IBFS Example 1 is given as follows.

D, Dy Ds stock
01 r11 = 30 T13 = 15

7,16 12,16 8,12 45
02 To2 = 10 T3 = 25

4,6 14,18 9,15 35
03 Tr32 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Modified column-minima method(MCMM) This method is exactly same as the Row-minima method.
In this method, we are to start with first column instead of first row and the successive steps we consider only
columns.

By MCMM, the IBFS of Example 1 is given as follows.

D1 DQ D3 stock
01 12 = 20 Xr13 = 25

7,16 12,16 8,12 45
02 o1 = 30 To3 = 5

4,6 14,18 9,15 35
03 Xr33 — 10

10,15 17,22 5,7 10
Demand | 30 20 40

Modified matrix-minima method(MMMM)

This method finds a better starting solution. In this method we first find out the cell with minimum cost
entities in the cost matrix and allocate in that cell the maximum allowable amount. We then cross out the
satisfied row or column and adjust the amounts of supply and demand accordingly. We repeat the process
with uncrossed out matrix and we are left at the end with exactly one uncrossed out row or column. If the
cell with minimum cost is not unique, then any one of these cells may be selected for allotment.

By MCMM, the IBFS of Example 1 is given as follows.
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D, Dy Ds stock
01 T12 = 20 T13 = 25

7,16 12,16 8,12 45
02 ro1 — 30 T3 = 5

4,6 14,18 9,15 35
03 xr33 — 10

10,15 17,22 5,7 10
Demand | 30 20 40

Modified Vogel’s Approximation Method(MVAM)

In this method the allocation is made on the basis of the opportunity (or penalty or extra) cost entities that
would be incurred if allocation in certain cells with minimum unit transportation cost entities were missed.
The steps in modified Vogel’s approximation method(MVAM) are as follows:

Step V.1. Calculate the penalties for each row(column) by taking the differences between the smallest and
next smallest transportation cost entities in the same row (column) and write them in brackets against the
corresponding row (column).

Step V.2. Select the row or column with the largest penalty entities. If there is a tie in the values of penalties
entities, then it can be broken by selecting the cell where the maximum allocation can be made.

Step V.3. Allocate as much as possible in the lowest cost entities of the row( or column) which is defined
by the Step V.2.

Step V.4. Adjust the supply and demand and cross-out the satisfied row or column.

Step V.5. Repeat Step V.1. Step V.2. until the entire available supply at various sources and demand at
various destinations are fully satisfied.

The solution of Model 4 is described by following proposed algorithm. By modified VAM method initial
B.F.S. of Example 1 is

D1 D2 D3 stock
01 12 = 20 Xr13 = 25

7,16 12,16 8,12 45
02 o1 = 30 To3 — 5

4,6 14,18 9,15 35
03 Xr3z — 10

10,15 17,22 5,7 10
Demand | 30 20 40

3.2 Solution Algorithm

Algorithm A2:

Step 1. Find the initial basic feasible solution {z;;} by MVAM method ( One can calculate any other
method). Let B is the basis matrix.

Step 2. Determine all ¢;; by Algorithm Al:

Step 3. Set u; +v; =c¢i; V(i,j) € B. u; +v; = z; V(4,j) ¢ B.

Step 4. Find A;; = ¢;; — 2. If A;; > 0 goto Step 5 else goto Step 2. as (4, j) enters the basis.

Step 5. Let Z' be the optimal cost of Model 2 yielded by the basic feasible solution {xj;}.

Step 6. Find T' = max|t;; /xj; > 0]. Then the corresponding pair (Z',T") is the first cost-time trade off
pair for the Model 3. To find the next best cost-time trade-off pair, goto Step 7.

Step 7. Define ¢;; = M if t;; > T*. Where M is sufficiently large positive number.

Repeat the above process till we get the problem to be infeasible.

The complete set of cost-time trade off pairs of Model 3 at the end of the ¢*" iteration is given by (Z*,T1),
(Z%,T%) ,...,(Z9,T?) where Z' < Z2 < --- < Z9and T* > T? > --- > T1.

Discussion:

In TP, the main objective is to minimize the total transportation cost so maximum needed time is de-
termined after determining the optimal allocation for optimal cost. If time is first priory then optimal cost
is not determined. Various trade pairs are obtained through proposed technique( in solution methodology).
But this model does not serve minimum cost and minimum time.

Numerical examples are presented in the following section.



Journal of Uncertain Systems, Vol.11, No.4, pp.269-293, 2017

4 Numerical Example

Example 1: Recall the cost varying transportation problem as

D, Do D3 stock

0, 7,16 | 12,16 | 8,12 | 45
0, 4,6 | 14,18 [ 9,15 | 35
05 10,15 | 17,22 [ 5,7 | 10

Demand | 30 20 40

277

The capacities of vehicles of Vi and V5 are respectively, C7; = 8 and Cy = 14. The time is taken to deliver the

quantities in the following table

D, Dy D3 stock
0, 8,6 | 14,10 | 4,3 | 45
O, 75 |54 | 11,9 |35
0, 12,9 19,7 | 16,12 | 10
Demand | 30 20 40

By Algorithm A2 the results are as follows:
Iteration 1:
Step 1. By modified VAM method initial B.F.S. is

D1 D2 D3 stock
01 12 = 20 Xr13 = 25

7,16 12,16 8,12 45
OQ o1 = 30 To3 — 5

4,6 14,18 9,15 35
03 xr3z — 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1l. Now ¢;; and corresponding required time are

presented in the following table:

Table-P1(BC' : 1) : Unit cost in basic cell

cell(i,j) 45 plij inj plinlij + p2in2ij Cij tlij t2ij T =
max(tly;j,tZij)
(1,2) r12 = 20 1 1 15124 1%x16=28 | c12 = 28 14 10 14
(1,3) r13 =25 0 2 0x8+2x%x12=24 013:£ 0 3 3
(2,1) 321 = 30 2 1 2x4+1x6=14 021:% 7 5 7
(2,3) Toz =5 1 0 1¥94+0%15=9 | cogs=12 | 11 0 11
(3,3) x33 = 10 0 1 O0xb+1x7=7 033:% 0 12 12
Total cost Z = 82 Time T =14

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:

Table-P1(NBC : 1) : Unit cost in non-basic cell

C@ll(l,]) possible xij plU p2ij pleRL] +p21]R21] C,;j

(1,1) 711 = 25 2 1 [ 2x7+1%16=30 cu—%

(2,2) {I?22:5 1 0 1%x144+0%x18 =14 Co2 — &=

(3,1) z31 = 10 0 1 0x9+1%x15=15 | c31 0]

(3,2) T30 = 10 0 1 0%174+1%22=22 | c3o =5

Therefore unit cost in all cells are as follows:

30 . 28 . 24 . 14 14 . 9 . 15 22

C = — = — = — = —, C = — = = = —, C = —
1= 50 €12 = 50 €13 = 5 €21 = 55, €22 5 8T 5 G1= g 27 1

€33 = 75
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Step 3. Set u; +v; =¢;; V(i,j) € B. w; +v; = z;; Y(i,j) ¢ B. Therefore,
24 9 7 4 11

U1:%7 U2 = -, Uz = — Ulz—g, 02257

V3 = 0.

Step 4. A;; >0 Vi, j.

Step 5. Optimal cost is Z' = 82 and optimal time is 7' = 14. Therefore first optimal cost-time trade pair
is (82,14).

Step 6. Before going to next iteration setting R1i5 = 150 = M1 and R2,5, = 200 = M1.

Iteration 2:

Step 1. By modified VAM method initial B.F.S. is

D1 D2 D3 stock
01 Xr13 = 40

7,16 150,200 | 8,12 45
02 o1 = 30 T2 = 5

4,6 14,18 9,15 35
03 T332 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1l. Now c;; and corresponding required time are
presented in the following table:

Table-P1(BC : 2) :Unit cost in basic cell

max(tlij,ﬂij)
(1,1) 11 =95 1 0 1x74+0%x16=17 11 = < ) 0 3
(1,3) | x13=40| 5 0 5% 8+ 0%12 =40 013:& 4 0 4
(2,1) |21 =25| 0 2 0%4+2%6=12 cglzﬁ 0 5 5
(2.2) | 22=10| 0 | 1 |0%141+1%18=18 | cp=18 | 0 | 4 A
(3:2) |x32=10] 0 1 | 0%17+1%22=22 cwz% 0| 7 7
Total cost Z =99 Time T =8

For non-basic cell, determine ¢;; by (7) of Algorithm A1l. These are presented in the following table:
Table-P1(NBC : 2) : Unit cost in non-basic cell

cell(z,]) passzble Tij pll] pQU plZJRllﬂ +p211R2U Cij

(1,2) T =5 1 0 1 %150+ 0200 = 150 012:%

(2,3) To3 = 25 0 2 0%9+2%15=30 ngz%g

(3,1) x31 = 10 0 1 0x9+1x15=15 CSIZE

(3,3) T30 = 10 0 1 0xb4+1x7=7 €33 = 1g

Therefore unit cost in all cells are as follows:
Determine all ¢;; by Algorithm Al.
7 150 40 14 14 9 15 22 7

cl1=—, Clg=—, C13 = —, Cy] = —, Cyg = —, Cy3 = —, €31 = —, C30 = —, C33 = —.
11 57 12 5 , C13 407 21 303 22 5 ; €23 57 31 103 32 107 33 10

Step 3. Set u; +v; =c¢i; V(i,j) € B. u; +vj = z;; V(i,j) ¢ B. Therefore,

23 13 7 68

— = —— = — = — =1.
25) us 25’ U1 57 V2 25a U3

U1:O, Ug = —

Step 4. Aij 2 0 VZ,]
Step 5. Optimal cost is Z? = 99 and optimal time is 72 = 8. Therefore second optimal cost-time trade pair
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is (99, 8).
Step 6. Before going to next iteration selling.
After this iteration, solution is infeasible. Then two cost-time trade off pairs (Z,T') are (82,14), (99,8).
N.B. Solution by NWCR, MMMM, MRMM, MCMM are shown in Appendix.
Example 2: Suppose there are three of production of berk. They are at kolaghat, Burdwan and Bhubaneswar.
Three units produces 40, 30, 50 thousands respectively. A infrastructure company need berks at Midnapore,
Arambag and Bhubaneswar 35, 55, 30 thousands respectively. It is seen that only two types of vehicles, DCM
and Track. DCM can carry 2 thousand berks and Track. DCM can carry 4 thousand berks in a single trip.
It is observed that the single trip cost( in thousand Rupees) for DCM from source station to destination
cities are given in following table.
Consider a CVTP as

Midnapore(Dy) | Arambag(Ds) | Bhubaneswar(Ds3)
Kolaghat(O1) 3 4 5
Burdwan(O3) 5 2 7
Bhubanewar(0s) | 6 8 4

where as the single trip cost( in thousand Rupees) for track from source station to destination cities are

Midnapore(D;) | Arambag(Ds) | Bhubaneswar(Ds)

Kolaghat(On) 5 6 8
Burdwan(O2) 7 3 10
Bhubanewar(O3) | 8 11 6

The time(in hour) taken by DCM are

Midnapore(D;) | Arambag(D2) | Bhubaneswar(Ds)

Kolaghat(Oy) 4 5 4
Burdwan(0s) 5 3 7
Bhubanewar(03) | 4.7 4.5 4

The time(in hour) taken by truk are

Midnapore(Dy) | Arambag(D2) | Bhubaneswar(Ds)

Kolaghat(Oy) 2 3 3
Burdwan(O3) 3 2.5 5
Bhubanewar(Os) | 3.8 2.5 2

So the problem is formulated in CVTP as

D1 D2 D3 stock

0, 3,5 4,6 |58 |40
0o 57123 7,10 30
O3 6,8 | 8,11 | 4,6 | 50

Demand | 35 55 30

The capacities of vehicles of V7 and V5 are respectively, C; = 2 and Cy = 4.
The time is taken to deliver the quantities in the following table

D1 D2 D3 stock
01 4,2 5,3 4,3 | 40
O, 5,3 2,2.5 7,5 | 30
O3 4.7,3.8 | 4.5,2.5 | 7,5 | 50
Demand | 35 55 30

By Algorithm A2 the results are as follows:
Iteration 1:
Step 1. By modified VAM method initial B.F.S. is
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D, Dy Ds stock
01 Tr11 = 15 T12 = 25

3,5 4,6 5,8 40
02 Tog = 30

5,7 2,3 7,10 30
03 Tr31 — 20 xr33 — 30

6,8 8,11 4,6 50
Demand | 35 55 30

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1l. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC' : 1) : Unit cost in basic cell

cell(i, j) Tig | pli | P24 | pligR1i; + p2i;R2;; Cij tlij | t24 T; =
max(tlij, t2”)
(1,1) [zn=15] 0 4 0%3+4%x5=20 |[en=221 0 2 2
(1,2) |zp=25] 1 | 6 144+4646=40 |cp—=20| 5 | 3 5
(2,2) | @2 =30] 1 7 1424743=23 | em=2 | 3 | 25 3
(3,1) |251=20] 0 | 5 0564+548=40 | cy— 10| 47 | 38 4.7
(3,3) | @33 =30 1 7 1%4+46%7 =46 c?,gzé0 4 2 4
Total cost Z =169 Time T =5

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:
Table-P1(NBC : 1) : Unit cost in non-basic cell

C@ll(%]) posszble Lij p].” p2” p].”R].” +p21]R2” Cij
(1,3) r13 =15 0 4 0%5+4%8=32 c13=z—2
2,1) | @=15 | 0 | 4 | 0%5+4%7=28 czlzg
(2,3) | @3=30 | 1 | 7 | 1x7+7x10=77 023:?5
(3,2) T35 = 20 0 5 0x8+5%x11 =55 €32 = 59
Therefore unit cost in all cells are as follows:
Lo 32 %8 23 T 055 46
11_15a 12_25) 13_157 21_157 22_303 23_305 31_207 32_207 33_30'
Step 3. Set u; +v; =c¢i; V(i,j) € B. u; +vj = z;; V(i,j) ¢ B. Therefore,
0 —6 3 20 40 14
up =0, ug = —, U3 =—, V1 = —, Vg = —, V3 = —.
L T A T A T A A T

Step 4. Aij >0 VZ,]

Step 5. Optimal cost is Z! = 169 and optimal time is 7' = 5. Therefore first optimal cost-time trade pair
is (169, 5).

Step 6. Before going to next iteration setting R11o = 40 = M1 and R2;5 = 60 = M 1.

Iteration 2:

Step 1. By modified VAM method initial B.F.S. is

D; D, Ds stock
01 r11 = 35 Tr13 = 5

3,5 4,6 5,8 40
02 oo = 30

5,7 2,3 7,10 30
03 32 = 25 xr33 = 25

6,8 8,11 4,6 50
Demand | 35 95 30
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Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 2) :Unit cost in basic cell

cell(i,j) Lij plij p2ij plinlij + p2in2ij Cij tlij t2ij Tz =
_ max(tlij7t2ij)
(1,1) |21 =35] 0 9 0%3+9%5=45 cn:‘%—g 0 2 2
(1,3) r13 =25 1 1 1x5+1%x8=13 €13 = % 4 3 4
2,2) | w2=30| 1 7 1%247%x3=23 |cpp=3% | 3 |25 3
: 3
3,2) | w32=25]| 1 6 | 1%8+6%11=74 | cyo=12 |45 | 25 4.5
1
(3,3) T33 = 25 1 6 1x44+6%x6=40 €33 = 3¢ 4 2 4
Total cost Z =195 Time T =4.5

For non-basic cell, determine ¢;; by (7) of Algorithm A1l. These are presented in the following table:
Table-P1(NBC : 2): Unit cost in non-basic cell

cell(z,]) possible Lij plij p2ij plZJRllJ +p211R21] Cij
(1,2) T2 =5 1 1 | 1x40+1%60 =100 012:%
(2,1) T = 30 1 7 15+ 7%7=>54 cm:é
(2,3) Tog = 25 1 6 1%x74+6%10 =067 czgzg—i
Therefore unit cost in all cells are as follows: Determine all ¢;; by Algorithm Al.
g% w0 a3 s 93 6T 5 T4 A0
11*357 12 — 5 , €13 — 57 21*30; 22*307 23*257 31*257 32*25a 33*25'
Step 3. Set u; +v; =c¢i; V(i,j) € B. u; +vj = z;; V(i,j) ¢ B. Therefore,
u—Ou——@u——lv—ﬁv—%v—B
1 =Y, 2 — 1503 3 — ) 1_353 2_253 3_5'

Step 4. Aij > 0 V’L7]
Step 5. Optimal cost is Z? = 195 and optimal time is T2 = 4.5. Therefore second optimal cost-time trade
pair is (195,4.5).
Step 6. Before going to next iteration selling.
After this iteration, solution is infeasible. Then two cost-time trade off pairs (Z,T) are (169,5), (195,4.5).

5 Conclusion

This paper, develop time dependent two-vehicle cost varying transportation problem. Time dependent cost
varying transportation problem is transferred to usual transportation problem by by proposed algorithm
with initial allocation by modified VAM method. Then apply optimality test where unit transportation cost
vary from one table to another table. Finally, achieve optimal cost and then calculate total elapse time and
get optimal time & pay-off pair. Several time & pay-off pairs are also calculated for various trade which
lead more realistic. From numerical example it is seen that if transport the quantities in shortest time then
transportation cost is higher. In other words if transportation cost is minimum then more time is needed.
This problem is more real life problem than usual transportation problem. This model can be formulated by
considering several vehicles. Multi-objective time dependent economic model also be formulated through this
proposed model.

Appendix

NWCR
For example, (NWCR) Example 1: Consider a cost varying transportation problem as
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D, D3 D3 stock

0, 7,16 | 12,16 | 8,12 | 45
0, 4,6 | 14,18 [ 9,15 | 35
O3 10,15 | 17,22 [ 5,7 | 10

Demand | 30 20 40

The capacities of vehicles of V7 and V5 are respectively, C; = 8 and Cy = 14.
Step 1. By modified NWCR method initial B.F.S. is Iteration 1

D1 D2 D3 stock
01 r11 = 30 12 = 15

7,16 12,16 8,12 45
02 T2 = 5 To3 = 30

4,6 14,18 9,15 35
03 I33 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are

presented in the following table:

Table-P1(BC' : 2) :Unit cost in basic cell

cell(i, j) Tij plij | p2ij | plijR1ij + p2i; R2;; Cij

(1,1) [z11=30] 0 4 | 4%7T+0%16=28 [c); =2
(1,2) IE12:15 2 0 2x124+0%x16 =24 612:ﬁ
(2,2) £1722:5 1 0 1%x14+0x18=14 022:§
(2,3) | 223=230| 2 1 2%9+1%15=233 | cog = 32
(3,2) x33 = 10 0 1 Oxb5+1x7=7 033:2

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:

Table-P1(NBC : 2) : Unit cost in non-basic cell

C@ll(%]) pOSSZbZG Lij p].” p2” p]-in]-zj +p2”R2” Cij
(1,3) z13 = 15 2 0 2x8+0%12=16 | c13 =12
(2,1) To1 =5 1 0 1%x44+0%x6=4 cop = 2
(3,1) | a31=10 | 0 | 1 |0%10+1%15=15 c;ﬂ:%
(3,2) x30 = 10 1 0 1x17+0%x22=17 C32 = &
Therefore unit cost in all cells are as follows:
Determine all ¢;; by Algorithm Al.
28 24 16 4 14 33 15 17
i1 =—, Clg = —, C13 = —, Cy] = —, Cy9 = —, C93 = —, C31 = —, C39 =
11 307 12 157 13 157 21 57 22 5 , €23 307 31 103 32 5
Step 3. Set u; + Vj = Cij V(Z,]) € B. u; +vj = 2 V(Z,j) ¢ B. Therefore,
28 54 51 0 20 21
U =—, Ug = —, U3 = —, v1 =0, Vo = —, V3= ——.
Y7300 7300 % 300 ! 27300 7 30
Step 4. A3 < 0,9 <0,A31 <0,A3, <0.
Iteration 2
D; D, Ds stock
01 T12 = 20 Tr13 = 25
7,16 12,16 8,12 45
02 ro1 = 30 o3 = 5
4,6 14,18 9,15 35
03 xr33 = 10
10,15 17,22 5,7 10
Demand | 30 20 40
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Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 1) : Unit cost in basic cell

cellli, j) Tij Plij | p2ij | plijRlij + p2i; R2; Cij max(tli;, 12i;)

(1,2) T19 = 20 1 1 1%124+1%16=28 [ c1o=22 [ 14| 10 14

(1,3) | 215=25 | 0 9 | 0484251224 |cs—24 | 0| 3 3

(2,1) | @31 =30| 2 | 1 | 2x441x6=14 cm:ﬁé 715 7

(2,3) Tog3 =5 1 0 1%94+0%15=9 | co3=2 | 11| 0 11

(3,3) z33 = 10 0 1 O0xd5+1x7=7 633:120 0 12 12
Total cost Z = 82 Time T =14

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:
Table-P1(NBC : 1) : Unit cost in non-basic cell

cell(i, j) | possible Zij | plij | 245 | plij Rl + p2;R2;;5 Cij

(1,1) T =25 2 1 2x7+1%16=30 | c1y = 39
(2,2) Tog =5 1 0 1x144+0x18 =14 @22%
(3,1) x31 = 10 0 1 0%9+1%15=15 | ¢33 =2
(3,2) r30 = 10 0 1 0x17+1%22=22 0322%

Therefore unit cost in all cells are as follows:

% 2 2 4 14 9 _b 2 7
C11 = 95’ Ci2 = 20’ C13 = 95’ C21 = 30° C22 5 C23 = 5’ C31 = 10° C32 = 10’ C33 = 10
Step 3. Set u; +v; =¢;; V(i,j) € B. w; +v; = z;; Y(i,j) ¢ B. Therefore,
A0 T
U1—25,U2—5,u3—10,’l}1— 3,'()2—12,'03—.

Step 4. Aij 2 0 VZ,]

Step 5. Optimal cost is Z' = 82 and optimal time is 7" = 14. Therefore first optimal cost-time trade pair
is (82,14).

Step 6. Before going to next iteration setting R1i5 = 150 = M1 and R2,5, = 200 = M1.

Iteration 2:
Step 1. By modified VAM method initial B.F.S. is

D, Do Ds stock
01 T13 = 40

7,16 150,200 | 8,12 45
02 Xro1 = 30 Too2 = 5

4,6 14,18 9,15 35
03 32 — 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1l. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 2) :Unit cost in basic cell

cell(, §) Tij plij | p2i; | plij Rl + p2i R2;; Cij tly | 245 | Ti; = max(tl;;,t2i5)
(1,1) | xa11=5 | 1 0 1x74+0%16=7 | cnu=1 | 8 0 8
(1L3) | 23=40| 5 | 0 | 5+840%12=40 | ey =4 | 4 | 0 4
21) |2m=25| 0 | 2 | 0444246=12 |en=12] 0 | 5 5
(2,2) Too = 10 0 1 0%x14+1%x18=18 ngzﬁ 0 4 4
(3,2) |@32=10] 0 | 1 |0%17+1%22=22 032:% 0| 7 7
Total cost Z =99 Time T =8
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For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:
Table-P1(NBC : 2) : Unit cost in non-basic cell

CE”(Z,]) possible Lliij plij inj plinlij —|—p27jR2Z] Cij
(1,2) T2 =5 1 0 [ 1%150+0%200=150 | c1o =22
(2,3) T3 =25 0 2 0%9+2%15=230 CQB:%E
(3,1) x31 = 10 0 1 0x94+1%x15=15 031:E
(3,3) 232 = 10 0 1 0x5+1%x7=7 €33 = 15
Therefore unit cost in all cells are as follows:
Determine all ¢;; by Algorithm Al.
b T oo 150 40 M4 14 9 15 %2 T
11*57 12 — 5 ) 13*407 21*303 22 — 57 23*57 31*103 32*107 33*10'

Step 3. Set u; +v; =c¢i; V(i,j) € B. u; +vj = z;; V(i,j) ¢ B. Therefore,

23 13 7 68

o - = = — = — =1.
25) us 25’ U1 57 V2 25a U3

Uy = O, Ug = —
Step 4. A;; >0 Vi, j.
Step 5. Optimal cost is Z2 = 99 and optimal time is 72 = 8. Therefore second optimal cost-time trade pair
is (99, 8).
Step 6. Before going to next iteration selling.
After this iteration, solution is infeasible. Then two cost-time trade off pairs (Z,T) are (82,14), (99,8).

MMMM

D, Do D3 stock
01 T12 — 20 T13 = 25

7,16 12,16 8,12 45
02 ro1 = 30 oz — 5

4,6 14,18 9,15 35
03 xr33 — 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1l. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC' : 1) : Unit cost in basic cell

C€ll<i,j) Tij plij p2ij plinlij —|—p2in2ij Cij tllj t2ij Tij = max(tlij,tQij)
(1,2) 12 = 20 1 1 1124+ 1%16=28 [ cio =2 | 14 10 14
(1,3) T13 = 25 0 2 0x8+2x12=24 013:ﬁ 0 3 3
(2,1) | 220=30] 2 | 1 | 2x4+1x6=14 cm:% 7| 5 7
(2,3) | w3=5 | 1 0 1%94+0%15=9 | co3=132 [ 11 | 0 11
(3,3) r33 = 10 0 1 0xb4+1x7=7 033:% 0 12 12
Total cost Z = 82 Time T =14

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:
Table-P1(NBC : 1) : Unit cost in non-basic cell

cell(z,]) possible JCij Plij p27] pllel] +p2in21j Cl‘j

(1,1) 711 = 25 2 I [ 2%7+1%16=30 | ¢y =29
(2,2) Ty =5 1 0 |[1%1440x18=14 cng
(3,1) x31 = 10 0 1 0%9+1%15=15 | c3 =2
(3,2) x30 =10 0 1 | 0*17+1%22=22 c32:%




Journal of Uncertain Systems, Vol.11, No.4, pp.269-293, 2017 285

Therefore unit cost in all cells are as follows:

30 28 24 14 14 9 15 22 7

C11 = %7 C12 = 2707 C13 = %a C21 = %7 Co2 = ——, C23 = ga C31 = TO’ C32 = E) C33 = E

Step 3. Set u; + Vj = Cij V(Z,]) € B. u; +vj = 2 V(Z,j) ¢ B. Therefore,

24 9 7 4 11
Uz = ¢, Uz = U1 = U2—12a

24 —0.
25’ 5 3 s

Uy =
Step 4. Az’j Z 0 V’L,]
Step 5. Optimal cost is Z' = 82 and optimal time is 7! = 14. Therefore first optimal cost-time trade pair
is (82, 14).
Step 6. Before going to next iteration setting R1i5 = 150 = M1 and R2,5, = 200 = M1.

Iteration 2:
Step 1. By modified VAM method initial B.F.S. is

D1 D2 D3 stock
01 X113 = 40

7,16 150,200 | 8,12 45
02 o1 = 30 T2 = 5

4,6 14,18 9,15 35
03 T332 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 2) :Unit cost in basic cell

Cell(l,j) Tij pll] p2ij pll]RlzJ +p213R211 Cij tlij t2ij T%j = max(tll-j,tQij)
(1,1) | o1 =5 | 1 0 1%7+0%16=7 [ cn=1 | 8 0 8
(1,3) | z13=40| 5 0 | 5%8+40%12=40 |c135=2| 4 | 0 4
(2,1) | 21=25| 0 | 2 | 0%442%6=12 =181 0| 5 5
(2,2) Too = 10 0 1 0x14+1%x18 =18 022:g 0 4 4
(3,2) | zs2=10] 0 1 | 0%17+1%22=22 c32=% 0| 7 7
Total cost Z =99 Time T =28

For non-basic cell, determine ¢;; by (7) of Algorithm A1l. These are presented in the following table:

Table-P1(NBC : 2) : Unit cost in non-basic cell

cell(i, j) | possible x;; | pli; | p2;j plijR1;; + p2;; R2;; Cij

(1,2) T2 =5 1 0 | 11504 0%200 =150 | c1o = 222

(2,3) T3 = 25 0 2 0%9+2%15=30 @3:%

(3,1) x31 = 10 0 1 0x9+1x15=15 631=E

(3,3) x39 = 10 0 1 O0xb+1x7=7 €33 = 1g

Therefore unit cost in all cells are as follows:
Determine all ¢;; by Algorithm Al.
7 150 40 14 14 9 15 22 7

€11 ==, Clg = —, C13 = —, C3] = —, C3g = —, Ca3 = —, €3] = —, C39 = —, (€33 = —.
11 57 12 5 ,» C13 407 21 303 22 5 ; €23 57 31 103 32 107 33 10

Step 3. Set u; +v; =c¢;; V(i,j) € B. w; +v; = z;; Y(4,j) ¢ B. Therefore,

23 13 7 68

2753,“3:7%77}1: 7)2:27571}3:1

U1:O, Ug = —
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Step 4. Aij > 0 v17j
Step 5. Optimal cost is Z2? = 99 and optimal time is T2 = 8. Therefore second optimal cost-time trade pair
is (99, 8).
Step 6. Before going to next iteration selling.
After this iteration, solution is infeasible. Then two cost-time trade off pairs (Z,T) are (82,14), (99,8).

MRMM

D1 D2 D3 stock
01 r11 = 30 Xr13 = 15

7,16 12,16 8,12 45
02 Tog — 10 To3 = 25

4,6 14,18 9,15 35
03 T332 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 1) : Unit cost in basic cell

cell(Lj) !Eij plij p2ij plinlij‘ + p2in2ij Cij

(1,1) [212=30] 2 1 [ 2%x12+41%16=230 | c10 = 2
(1,3) T13 = 15 2 0 2x8+0x12 =16 c13=ﬁ
(22) |2 =10| 0 | 1 | 0%1441%18=18 | cpp — 18
(2,3) To3z = 25 0 2 0x94+2%x15=230 62325
(3,2) x30 = 10 0 1 Ox174+1%x22 =22 632—%

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:
Table-P1(NBC : 1) : Unit cost in non-basic cell

C@ll(l,]) possible xij pl?] p21vj pleRL] +p21]R21j C,jj
(1,2) z12 = 10 0 I [0%x124+1%16=16 | cjo = 28
(2,1) .’E21:25 0 2 0*4+2*6:12 Co1 = 5%
(3,1) x31 = 10 0 1 0x10+1%x15=15 | c31 = 72
(3,3) x33 = 10 0 1 O0xb5+1x7=7 (33 = 1g
Therefore unit cost in all cells are as follows:
L8016 16 12 A8 30 15 o : T
11_30a 12_10) 13_157 21_257 22_103 23_25) 31_107 32_107 33_10'
Step 3. Set u; + Vj = Cij V(Z,]) € B. u; + Vj = Zij V(’L,]) ¢ B. Therefore,
u—Ou—gu—év——@v—ﬁv—E
1 =Y 2_57 3_157 1 — 307 2_37 3_15
Step 4. A3z < 0.
Iteration 2
D, Do D3 stock
01 11 = 30 T13 = 15
7,16 12,16 8,12 45
02 Xrog = 20 T23 — 15
4,6 14,18 9,15 35
Og xr33 = 10
10,15 17,22 5,7 10
Demand | 30 20 40
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Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1 Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 1) : Unit cost in basic cell

cell(i, 5) T pli; | p2i5 | plijRLij + p2i; R2;; Cij

(1,1) [z12=30] 2 1 [ 2%x1241%16=230 | c1o0 = 2
(1,3) r13 = 15 2 0 2x8+0x%x12=16 013:%—8
(2,2) | 222=20] 1 1 | 1%14+1%18 =232 022:%—5
(2,3) To3 = 15 2 0 2x9+0x15=18 czgzig
(3,3) x33 = 10 0 1 Oxb+1x7=7 632:1*]7?)0

Step 3. For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following
table:

Table-P1(NBC : 1) : Unit cost in non-basic cell

C@ll(%]) posszble Lij p].” p2” p]-in]-zj +p2”R2” Cij
(172) xr12 = 15 2 0 2x124+0x16 =24 0122%
(271) To1 = 15 2 0 2x44+0%x6=28 Cglz%fr
(3,1) | a31=10 | 0 | 1 |0%10+1%15=15 cm:ﬁ
(3,2) x35 = 10 0 1 0x17+1%22=22 C32 = g
Therefore unit cost in all cells are as follows:
30 24 28 8 32 18 15 22 7
C = —, C = —, C = —, C = —, C = —, C = —, C = —, C = —, C = —.
11 30a 12 15; 13 307 21 157 22 20’ 23 153 31 107 32 107 33 10
Step 3. Set u; +v; =c¢;; V(i,j) € B. uw; +v; = z;; V(4,j) ¢ B. Therefore,
16 18 7 1 2 0
Up=—, Upg = —, U3 = —, V] = ——, Vg = —, vg =0.
1 157 2 157 3 107 1 157 2 51 3
Step 4. Agl < 0.
Iteration 3
D1 D2 D3 stock
01 Tr11 = 15 13 — 30
7,16 12,16 | 8,12 45
02 T21 = 15 X9 = 20
4,6 14,18 | 9,15 35
03 I33 = 10
10,15 17,22 5.7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1l. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 1) : Unit cost in basic cell

cellli, j) Tij Plij | p2ij | plijRlij + p2i;R2; Cij

(1,1) [z =15] 2 0 | 2x7+0%x16=14 [ ¢ = 2
(1,3) $13:30 2 1 2x8+1%x12=28 013:%
(2,1) |z =15] 2 0 2%44+0%x6=8 | co =1+
(2,2) |mpe=20| 1 1 | 1%144+1%18=32 @2:5
(3,3) |a33=10] 0 1 0%5+1%7=7 032:1172

Step 3. For non-basic cell, determine ¢;; by (7) of Algorithm A1l. These are presented in the following
table:
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Table-P1(NBC : 1) : Unit cost in non-basic cell

cell(z,]) possible Lij Plij p27] pluRlz] +p2lJR27] Cij
(1,2) z12 =15 2 0 [2%1240x16=24 612:%
(2,3) .’E23:15 2 0 2x9+0x15=18 C23:ﬁ
(3,1) z31 = 10 0 1 0x10+1x15=15 031:§
(3,2) x39 = 10 0 1 0%174+1%22=22 | c3o =5
Therefore unit cost in all cells are as follows:
14 24 28 8 32 18 15 22 7
c11=-—, Clg = ——, C13 = —, Ca] = —, Cy2 = —, C23 = —, C31 = —, C39 = —, C33 = —.
11 153 12 15; 13 307 21 157 22 20’ 23 155 31 107 32 107 33 10
Step 3. Set u; +v; =c¢i; V(i,j) € B. u; +vj = z;; V(i,j) ¢ B. Therefore,
U NS
U1—15, u2_157 U3—10, v =V, U2_15a v3 = U.

Step 4. Aqs < 0.

Iteration 4

D Do Ds stock
01 Tr11 = 15 Xr13 = 30
7,16 12,16 | 8,12 45
02 To1 = 30 T2 = 5
4,6 14,18 | 9,15 35
03 33 — 10
10,15 17,22 | 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 1) : Unit cost in basic cell

cell(i, ) T pli; | p2i5 | plijRLij + p2i; R2;; Cij

1,2) |212=15] 2 | 0 |2#12+0%16=24 |cp=2
(1,3) z13 = 30 2 1 2x8+1%x12=28 313:£
21) |2 =30 2 | 1 | 2544146=14 | cp — 4
22) | @mo=5 | 1 | 0 | 151440%18=14 | cpp —
(3,3) x33 = 10 0 1 Oxb+1x7=7 632:130

Step 3. For non-basic cell, determine ¢;; by (7) of Algorithm A1l. These are presented in the following
table:

Table-P1(NBC : 1) : Unit cost in non-basic cell

cell(i, j) | possible z;; | pli; | p2;; | plijR1;; + p2;; R2;; Cij

MY [ 2n=15 | 2 | 0 | 2%740%16=14 | c;; = 12
(2,3) w93 =5 1| 0 | 15940%15=9 | cp3=2
(3,1) | @3=10 | 0 | 1 |0%10+1%15=15 | ¢z = 13
(372) x39 = 10 0 1 O0x17+1x%22=22 0322%

Therefore unit cost in all cells are as follows:

14 24 28 14 14 9 15 22 7
C12 = €13 =

C11 =

B’ T5’ %, C21 = %7 Co2 = E’ C23 = 5’ C31 = TO’ C32 = E’ C33 = E
Step 3. Set Ui + V5 = ¢ V(Z,])EB Ui + V5 = 245 V(Z,])¢B Therefore,
u—0u—§u—_—7v—_—111)—2—41)—E
1 ==Y, 2_157 3_307 1 — 157 2_157 3_15

Step 4. Aoz < 0.
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Iteration 5

D1 D2 D3 stock
01 T12 = 20 Tr13 = 25

7,16 12,16 8,12 45
02 o1 = 30 o3 — 5

4,6 14,18 9,15 35
03 I33 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm A1l. Now c;; and corresponding required time are
presented in the following table:

Table-P1(BC' : 1) : Unit cost in basic cell

(,6”(7,,]) Tij p]‘ZJ p21] p]-ZjR17.] +p2”R2” Cij tlij t21‘j Tij = max(tlij,ﬂij)
(1,2) | #2=20 | 1 I [1%12+1%16=28 | co=2| 14 | 10 14
(1,3) T13 = 25 0 2 0x84+2x12=24 Clgzﬁ 0 3 3
(2,1) | 321 =30| 2 1 2%4+1%6=14 021:% 715 7
(2,3) | @s=5 | 1 0 | 1%940%15=9 | co3=2 | 11 | 0 11
(3,3) | x33=10 | 0 1 0%54+1%7=7 C33:130 0 | 12 12
Total cost Z = 82 Time T =14

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:
Table-P1(NBC : 1) : Unit cost in non-basic cell

cell(i,j) possible Tij plij p2ij plj,leij —|—p2in2ij Cij

(1,1) 711 = 25 2 I [ 2%7+1%16=30 | ¢y = 22
(2,2) Too =5 1 0 | 1%14+0%18=14 cng
(3,1) x31 = 10 0 1 0%x9+1%15=15 | ¢y = 2
(3,2) x39 = 10 0 1 | 0%174+1%22=22 032:%

Therefore unit cost in all cells are as follows:

30 28 24 14 _ 14 9 15 22

Cl11 = 72, C12 = 77, C13 = 7=, C21 = 5 C32 = €33
25’ 20° 25’

10T 10

24 9 7 _ 4 11

= — =0.
127 U3

Step 4. Aij > 0 V’L,j

Step 5. Optimal cost is Z! = 82 and optimal time is 7' = 14. Therefore first optimal cost-time trade pair
is (82, 14).

Step 6. Before going to next iteration setting R112 = 150 = M1 and R2;5 = 200 = M 1.

Iteration 2:
Step 1. By modified VAM method initial B.F.S. is

D; D, Ds stock
01 Tr13 = 40

7,16 150,200 | 8,12 45
O To1 =30 | To99 =5

4,6 14,18 9,15 35
03 32 = 10

10,15 17,22 5,7 10
Demand | 30 20 40
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Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC' : 2) : Unit cost in basic cell

cellli, j) Lij plij | 2 | plijR1ij + p2i;R2;; Cij tlyy | t245 | Ti; = max(tlyy,12i5)
(,1) [au=5] 1 | 0 | 1%7+0%16=7 | ecu=2] 8 | 0O 8
(1a3) z13 = 40 5 0 5x8+0x%12 =40 013:@ 4 0 4
21) |an=25] 0 | 2 | 0544246=12 |en =12 0 | 5 5
(22) |2=10| 0 | 1 |0%1441%18=18 |cp=18| 0 | 4 1
(3.2) |za=10] 0 | 1 | 0%1741%22=22 | cpp=2| 0 | 7 -
Total cost Z =99 Time T =8

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:
Table-P1(NBC : 2) : Unit cost in non-basic cell

cel

€ Z(Z,]) posszble Cﬂij p].” pQZJ p]‘UR]‘U +p21jR21] Cij
(1,2) T2 =5 1 0 | 1%1504 0200 =150 | c10 = 122
(2,3) T3 = 25 0 2 0%9+2%15=30 c%:%g
(3,1) x31 = 10 0 1 0x9+1%x15=15 CSIZE
(3,3) | wge=10 | 0 | 1 0%5+1%7=7 Cs3 = 15
Therefore unit cost in all cells are as follows:
Determine all ¢;; by Algorithm Al.
7 150 40 14 14 9 15 22
cl]=-,Cga=—, CI3= —, C2] = —, Cy9 = —, Ca3 — —, €3] — —, C39 = —, C33 — —.
11 57 12 5 9 13 407 21 307 22 5 ; €23 57 31 103 32 107 33 10
Step 3. Set u; + Vj = Cij V(Z,]) € B. u; +vj = 2 V(Z,j) ¢ B. Therefore,
u—Ou——§u——Ev—zv—@v—l
1 =Y 2 — 25; 3 — 257 1_53 2_257 3 — L

Step 4. Aij > 0 VZ,]

Step 5. Optimal cost is Z2 = 99 and optimal time is 72 = 8. Therefore second optimal cost-time trade pair

is (99, 8).
Step 6. Before going to next iteration selling.

After this iteration, solution is infeasible. Then two cost-time trade off pairs (Z,T) are (82,14), (99,8).

MCMM

D1 D2 D3 stock
01 12 = 20 Xr13 = 25

7,16 12,16 8,12 45
02 o1 = 30 To3 = 5

4,6 14,18 9,15 35
03 I33 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 1) : Unit cost in basic cell

cell(i,j) l‘ij plij inj plinlij —|—p2in2ij Cij tlij t2ij Tij = max(tlij, t2ij)
(1,2) T2 = 20 1 1 1124+ 1%16=28 | clo = = 14 10 14
(1,3) 13 =25 0 2 0x8+2x%x12=24 013:—2 0 3 3
(2,1) 321 = 30 2 1 2x4+1x6=14 021:3—% 7 5 7
(2,3) T3 =5 1 0 1%940%15=9 | co3=32 | 11 | 0 11
(3,3) x33 = 10 0 1 O0xb+1x7=7 633:120 0 12 12
Total cost Z = 82 Time T =14




Journal of Uncertain Systems, Vol.11, No.4, pp.269-293, 2017 291

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:

Table-P1(NBC : 1) : Unit cost in non-basic cell

celll(i, j) | possible xij | plij | p2i; | plijR1i; + p2i;R2q; Cij

(1,1) r11 =25 2 1 2x7+1%16=30 | c1p = 39
(2,2) Tog =5 1 0 | 1%144+0x18=14 022:ﬁ
(3,1) r31 = 10 0 1 | 0x9+1x15=15 cmzﬁ
(3,2) T32 = 10 0 1 | 0%17+1%22=22 032:%

Therefore unit cost in all cells are as follows:

30 28 24 14 14 9 15 22 7

C11 = %, C12 = ?07 C13 = %a C21 = %7 C22 = g, C23 = 5’ C31 = TO’ C32 = TO) C33 = E

Step 3. Set u; +v; =c¢;; V(i,j) € B. u; +v; = z;; V(4,j) ¢ B. Therefore,

24 9 T4 11

o5 2= 5 v2 =150 U3 =0.

Uy =
Step 4. Aij > 0 V’L,j
Step 5. Optimal cost is Z! = 82 and optimal time is 7' = 14. Therefore first optimal cost-time trade pair
is (82,14).
Step 6. Before going to next iteration setting R115 = 150 = M1 and R2,5 = 200 = M1.

Iteration 2:
Step 1. By modified VAM method initial B.F.S. is

D1 D2 D5 stock
Ol Tr13 = 40

7,16 150,200 | 8,12 45
02 o1 = 30 T2 = 5

4,6 14,18 9,15 35
03 T3 = 10

10,15 17,22 5,7 10
Demand | 30 20 40

Step 2. For basic cell, determine ¢;; by (6) of Algorithm Al. Now ¢;; and corresponding required time are
presented in the following table:

Table-P1(BC : 2) :Unit cost in basic cell

Cell(l,j) Tij plzj p21j p].”R].ZJ +p2”R2lj Cij tlij t2ij Ej = max(tll-j,tQij)
(1,1) | o1 =5 | 1 0 1%7+0%16=7 [ cn=1 | 8 0 8
(1,3) | 215=40| 5 0 | 5%8+0%12=40 |c3=9| 4 | 0 4
(2,1) To1 = 25 0 2 0x44+2+x6=12 021:%—8 0 5 )
(2,2) Too = 10 0 1 0x14+1%x18 =18 022:£ 0 4 4
(3,2) 32 = 10 0 1 0%174+1%22=22 632:% 0 7 7
Total cost Z =99 Time T =38

For non-basic cell, determine ¢;; by (7) of Algorithm A1. These are presented in the following table:

Table-P1(NBC : 2) : Unit cost in non-basic cell

cell(i,j) possible Ti; | pLlij | D245 ply R1;; + p2;; R2;; Cij

(1,2) T2 =75 1 0 [ 1%150+0%200=150 | 1o = 12
(2,3) Tz = 25 0 2 0%9+2x15 =30 Co3 = 59
(3,1) x3; = 10 0 1 0%x9+1%15=15 c31:ﬁ
(3,3) T390 = 10 0 1 0x5+1%x7=7 033:%
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Therefore unit cost in all cells are as follows:
Determine all ¢;; by Algorithm Al.

_ T o0 40 o Y s 2T
C11 = 5’ C12 = 5 C13 = 20° C21 = 30° Co2 = 5 C23 = 5’ €31 = 10° €32 = 10’ €33 = 10
Step 3. Set u; +v; =¢;; V(i,j) € B. w; +v; = z;; Y(i,j) ¢ B. Therefore,
u—Ou——§u——l—3U—zv—®v—1
T S T A AT A

Step 4. Aij > 0 V’L7]
Step 5. Optimal cost is Z? = 99 and optimal time is 7% = 8. Therefore second optimal cost-time trade pair
is (99, 8).
Step 6. Before going to next iteration selling.
After this iteration, solution is infeasible. Then two cost-time trade off pairs (Z,T) are (82,14), (99,8).

References

[1]

Aminur, R.K., Analysis and Resolution of the Transportation Problem: An Algorithmic Approach, M.Phill. Thesis,
Dept. of Mathematics, Jahangirnagar University, 2012.

[2] Amirul, I., Aminur, R.K., Uddin, M.S., and M.A. Malek, Determination of basic feasible solution of transportation
problem: a new approach, Jahangirnagar University Journal of Science, vol.35, no.1, pp.105-112, 2012.
[3] Balakrishnan, N., Modified Vogel’s approximation method for unbalance transportation problem, Applied Math-
ematics Letters, vol.3, no.2, pp.9-11, 2000.
[4] Charnes, A., Cooper, W.W., and A. Henderson, An Introduction to Linear Programming, John Wiley and Sons,
New York, 1953.
antzig, G.B., Application of the simplex method to a transportation problem, Activit nalysis of Production
5] D ig, G.B., Applicati f the simpl hod i bl Activity Analysi Producti
and Allocation, pp.359-373, 1951.
[6] Dantzig, G.B., Linear Programming and Extensions, Princeton University Press, Princeton, N.J., 1963.
[7] Hitchcock, F.L., The distribution of a product from several sources to numerous localities, Journal of Mathematical
Physics, vol.20, pp.224-230, 1941.
[8] Islam, M.A., Cost and Time Minimization in Transportation and Azimization of Profit: A Linear Programming
Approach, Ph.D. Thesis, Dept. of Mathematics, Jahangirnagar University, Dhaka, 2014.
asanan, H.S., and K.D. Kumar, Introductory Operation Research: eory and Applications, Springer, .
9] K H.S d K.D. K Introductory O ion R h: Theory and Applicati Springer, 2004
[10] Koopmans, T.C., Optimum utilization of the transportation system, Econometrica, vol.17, 1947.
[11] Korukoglu, S., and S. Balli, An improved Vogel’s approximation method for the transportation problem, Associ-
ation for Scientific Research, Mathematical and Computational Application, vol.16, no.2, pp.370-381, 2011.
[12] Mathirajan, M., and B. Meenakshi, Experimental analysis of some variants of Vogel’s approximation method,
Asia-Pacific Journal of Operational Research, vol.21, no.4, pp.447-462, 2004.
[13] Panda, A., and C.B. Das, N-vehicle cost varying transportation problem, Advanced Modeling and Optimization,
vol.15, no.3, pp.583-610, 2013.
[14] Panda, A., and C.B. Das, Cost varying interval transportation problem under 2-vehicle, Journal of New Results
in Sciences, vol.3, no.3, pp.19-37, 2013.
[15] Panda, A., and C.B. Das, N-vehicle cost varying capacitated transportation problem, Ciit-International Journal
of Fuzzy Systems, vol.5, no.7, pp.191-204, 2013.
[16] Panda, A., and C.B. Das, 2-vehicle cost varying transportation problem, Journal of Uncertain Systems, vol.8,
no.1l, pp.44-57, 2013.
[17] Panda, A., and C.B. Das, Capacitated transportation problem under 2-vehicle, Advanced Modeling and Optimiza-
tion, vol.15, no.3, pp.73-91, 2013.
[18] Panda, A., and C.B. Das, Interval transportation problem in urban region, International Journal of Fuzzy Com-
putation and Modelling, vol.1, no.3, pp.269-286, 2015.
[19] Panda, A., and C.B. Das, Cost varying multi-objective interval transportation problem under N-vehicle, Journal

of Uncertain Systems, vol.9, no.4, pp.306-320, 2015.



Journal of Uncertain Systems, Vol.11, No.4, pp.269-293, 2017 293

[20] Panda, A., and C.B. Das, Capacitated Transportation Problem under Vehicles, LAP LAMBERT, Academic Pub-
lisher, Deutschland/Germany, 2014.

[21] Pandian, P., and G. Natarajan, A new approach for solving transportation problems with mixed constraints,
Journal of Physical Sciences, vol.14, pp.53—-61, 2010.

[22] Rashid, A., An effective approach for solving transportation problems, Jahangirnagar Journal of Mathematics
and Mathematical Sciences, vol.26, pp.101-107, 2011.

[23] Sharma, R.R.K., and S. Prasad, Obtaining a good primal solution to the uncapacitated transportation problem,
European Journal of Operation Research, vol.144, pp.560-564, 2003.

[24] Shore, H.H., The transportation problem and the Vogel’s approximation method, Decision Science, vol.1, nos.3-4,
pp.441-457, 1970.



	JUS-11-4-1.pdf
	Introduction
	Literature Review
	Modeling Framework
	Formulation of the Optimization Model
	Symbols and Parameters
	Decision Variables
	Formulation of the Objective Function
	Formulation of Basic Constraints
	Mathematical Model

	Theoretical Analysis of the Proposed Model
	Handing Equilibrium Chance Constraints
	Equivalent Stochastic Programming Model

	Solution Method
	SAA Method to Stochastic Function
	Simulated Annealing Algorithm

	Numerical Experiments
	Test Problems Generation
	Computational Results
	Sensitivity Analysis

	Conclusions

	JUS-11-4-2.pdf
	Introduction
	The New 4D Hyperchaotic System and Its Construction
	Dynamical Analysis of the Newly Constructed Hyperchaotic System
	Symmetry
	Dissipation and Existence of Hyperchaotic Attractors
	Invariance
	Equilibrium Points and Their Stability
	Proposition:
	Proposition:


	Lyapunov Exponents and Kaplan-Yorke Dimension
	Poincare Section and Bifurcations Analysis
	Projective Synchronization of New 4D Hyperchaotic System
	Numerical Results

	Conclusions

	JUS-11-4-3.pdf
	Introduction
	Mathematical Description and Model Formulation
	Classical Transportation Problem
	Vogel's Approximation Method(VAM)
	Optimality Test:

	Cost Varying Transportation Problem
	Determining cij
	Bi-level Mathematical Programming Cost Varying Transportation Problem
	Bi-criteria Cost Varying Transportation Problem


	Solution Procedure of CVTP
	Determination of IBFS 
	Solution Algorithm

	Numerical Example
	Conclusion

	JUS-11-4-4.pdf
	Introduction
	Preliminaries
	Degrees of Vertices in m-polar Fuzzy Graphs
	Degree of a Vertex in Cartesian Product
	Degree of a Vertex in Composition
	Degree of a Vertex in Direct Product
	Degree of a Vertex in Semi-strong Product
	Degree of a Vertex in Strong Product
	Application of m-polar Fuzzy Graphs
	Conclusions

	JUS-11-4-5m .pdf
	Introduction
	Closed-Loop Supply Chain Network Design under Uncertainty
	Problem Description and Assumptions
	Notations
	The Formulation of CLSC Network Model
	Constraints
	The Objective Function


	Analysis of CLSC Network Model
	Numerical Example
	Problem Description of Numerical Example
	Results Analysis

	Conclusions




