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Abstract

The concept of neutrosophic sets can be utilized as a mathematical tool to deal with imprecise and
unspecified information. In this paper, we apply the concept of single-valued neutrosophic sets to graphs.
We introduce the notion of single-valued neutrosophic graphs, and present some fundamental operations
on single-valued neutrosophic graphs. We explore some interesting properties of single-valued neutrosophic
graphs by level graphs. We highlight some flaws in the definitions of Broumi et al. 0] and Shah-Hussain
[I6]. We also present an application of single-valued neutrosophic graphs in social network.
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1 Introduction

Graph theory has been highly successful in certain academic fields, including natural sciences and engineering.
Graph theoretic models can sometimes provide a useful structure upon which analytical techniques can be
used. It is often convenient to depict the relationships between pairs of elements of a system by means of a
graph or a digraph. The vertices of the graph represent the system elements and its edges or arcs represent
the relationships between the elements. This approach is especially useful for transportation, scheduling,
sequencing, allocation, assignment, and other problems which can be modelled as networks. Such a graph
theoretic model is often useful as an aid in communicating.

Zadeh [23] introduced the concept of fuzzy set. Attanassov [8] introduced the intuitionistic fuzzy sets
which is a generalization of fuzzy sets. Fuzzy set theory and intuitionistic fuzzy sets theory are useful models
for dealing with uncertainty and incomplete information. But they may not be sufficient in modeling of
indeterminate and inconsistent information encountered in real world. In order to cope with this issue,
neutrosophic set theory was proposed by Smarandache [[7] as a generalization of fuzzy sets and intuitionistic
fuzzy sets. However, since neutrosophic sets are identified by three functions called truth-membership (7'),
indeterminacy-membership (/) and falsity-membership (F) whose values are real standard or non-standard
subset of unit interval 0=, 17[. There are some difficulties in modeling of some problems in engineering and
sciences. To overcome these difficulties, in 2010, concept of single-valued neutrosophic sets and its operations
defined by Wang et al. [20] as a generalization of intuitionistic fuzzy sets. Yang et al [21] introduced concept
of single-valued neutrosophic relation based on single-valued neutrosophic set.

Rosenfeld [05] introduced a new concept known as fuzzy graphs. Later on, Bhattacharya [d] worked on
fuzzy graphs. Mordeson and Nair [I3] discussed some operations on fuzzy graphs. The complement of a fuzzy
graph was defined by Mordeson and Nair [[3] and further studied by Sunita and Vijayakumar [I8]. Parvathi
et al. defined operations on intuitionistic fuzzy graph in [4]. Dudek and Talebi [I7] described operations
on level graphs of bipolar fuzzy graphs. Akram et al. [0, 2, B, 4] introduced many new concepts, including
bipolar fuzzy graphs, interval-valued fuzzy graphs, operations on fuzzy soft graphs and characterization of
m-polar fuzzy graphs by level graphs. Yang et al. [21] introduced the concept of single-valued neutrosophic
relations. Dhavaseelan et al. [I1] defined strong neutrosophic graphs. Broumi et al. [[0] proposed single-valued
neutrosophic graphs. Akram and Shahzadi [5] introduced the notions of neutrosophic graphs and neutrosophic
soft graphs. They also presented application of neutrosophic soft graphs. On the other hand, Akram et al. [{]
introduced the notion of single-valued neutrosophic hypergraphs. Ye [22] introduced a multicriteria decision
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making method using aggregation operators. In this research article, we apply the concept of single-valued
neutrosophic sets to graphs. We introduce the notion of single-valued neutrosophic graphs, and present its
fundamental operations. We explore some interesting properties of single-valued neutrosophic graphs by level
graphs. We highlight some flaws in the definitions of Broumi et al. [I0] and Shah-Hussain [I6]. We also present
an application of single-valued neutrosophic graphs in social network. For other notations, terminologies and
applications not mentioned in the paper, the readers are referred to [B, 9, 24, 75)].

2 Operations on Single-Valued Neutrosophic Graphs

Definition 2.1. [I7] Let X be a space of points (objects). A neutrosophic set A in X is characterized by
a truth-membership function Ts(x), an indeterminacy-membership function I4(x) and a falsity-membership
function Fa(x). The functions Ta(z), Ia(x), and Fa(x) are real standard or non-standard subsets of J0~, 1%

That is, Ta(z) : X — 07,17, Ia(z) : X — 07,17 and Fa(z) : X — ]07,1%[ and 0~ < Ta(x) +
Is(z) + Fa(x) <3T.

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard
subsets of |07, 17[. In real life applications in scientific and engineering problems, it is difficult to use neu-
trosophic set with value from real standard or non-standard subset of ]0~,17[. To apply neutrosophic sets in
real-life problems more conveniently, Wang et al. [20] defined single-valued neutrosophic sets which takes the
value from the subset of [0,1].

Definition 2.2. A single-valued neutrosophic graph is a pair G = (A, B), where A : V. — [0, 1] is single-valued
neutrosophic set in V and B :V x V — [0, 1] is single-valued neutrosophic relation on V' such that

Tp(wy) < min{Ta(z), Ta(y)},

Ip(zy) < min{la(z), 1a(y)},

Fp(ry) < max{Fa(z), Fa(y)}

forallxz,y € V. A is called single-valued neutrosophic vertex set of G and B is called single-valued neutrosophic
edge set of G, respectively. We note that B is symmetric single-valued neutrosophic relation on A. If B is not
symmetric single-valued neutrosophic relation on A, then G = (A, B) is called a single-valued neutrosophic
directed graph.

Example 2.1. Consider a crisp graph G* = (V, E) such that V ={a,b,c,d, e, f}, E = {ab, ac,bd, cd, be, cf,ef,
bc}. Let A and B be the single-valued neutrosophic sets of V- and E, respectively, as shown in following Tables.

By simple calculations, it is easy to see that G = (A, B) is a single-valued neutrosophic graph as shown in
Fig. 2.

a b ¢ d e f
02|103,04]03|05|04
05104 |05|06]|05]|0.6
07106 |04|08]| 06| 0.6

ab | ac | bd | ed | be | cf | ef | be
02]101]02]03]02|01]04]0.2
04]04)02]02]03|04]04]0.3
0.7/105]06]07]05]05]| 0.5/ 0.6

- |
|

Definition 2.3. A single-valued neutrosophic graph G = (A, B) is called complete if the following conditions
are satisfied:

Tp(zy) = min{T4(x), Ta(y)},
Ip(zy) = min{la(z), La(y)},

Fp(ry) = max{Fa(z), Fa(y)}

forallx,y e V.
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Figure 2.1: Single-valued neutrosophic graph

Example 2.2. Consider a single-valued neutrosophic G = (A, B) on the nonempty set V. = {a,b,c,d,} as
shown in Fig. Z. By direct calculations, it is easy to see that G is a complete.
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Figure 2.2: Complete single-valued neutrosophic graph

Definition 2.4. Let A = {< z,T4(x),Ia(x),Fa(z) >,x € V} be a single-valued neutrosophic set of the set
V. For a € [0,1], the a-cut of A is the crisp set A, defined by

Ay ={z € V :either (Ty(x),14(z) > a) or Fa(z) <1-—a}.

Let B = {< 2y, Ts(zy), Is(xy), Fe(zy) >} be a neutrosophic set on E CV x V. For « € [0,1], the a-cut is
the crisp set B, defined by

B, = {zy € E : either (Tp(zy),Ip(zy) > o) or Fp(zy) <1—a}.

Example 2.3. Consider a single-valued neutrosophic graph G = (A, B) on non-empty set V.= {a,b,c,d, e}
as shown in Figure EZ3.

Take o = 0.4. We have A4 = {b,c,d}, Bo.y = {be,cd,bd}. Clearly, the 0.4-level graph Go 4 = (Ag.4, Bo.4)
is a subgraph of crisp graph G* = (V, E).
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Figure 2.3: Single-valued neutrosophic graph G = (4, B)

Proposition 2.4. The level graph G, = (Aq, Ba) is a crisp graph.

Theorem 2.5. G = (A, B) is a single-valued neutrosophic graph if and only if Go = (Aa, Ba) is a crisp
graph for each « € [0, 1].

Proof. Let G = (A, B) be a single-valued neutrosophic graph. For each a € [0,1], take zy € B,. Then
a <Tp(zy),a < Ig(zxy) or 1 —a > F(zy). Since G is a single-valued neutrosophic graph, it follows that

a<Tgp ('Ty) < min{TA(x)7TA(y)}7

a < Ip(zy) <min{la(z), La(y)},
1—a> Fp(zy) < max{Fa(z), Fa(y)}.

This shows that o < Ta(z), a0 < Ta(y),a < Ia(x),a < ITa(y) and 1 — a > Fu(x),1 — a > Fa(y), that is,
x,y € A,. Therefore, G, = (A,, B,) is a graph for each « € [0, 1].

Conversely, let G, = (Aq,Ba) be a graph for each a € [0,1]. For every zy € V x V, let Tg(zy) =
a,Ig(zy) = o and Fg(zy) < 1 —a. Then a2y € B,. Since G, = (Aa, Ba) is a graph, we have z,y € Ay;
Ta(z) > a,ls(x) > a,or Fa(z) <1—caand Ta(y) > a,la(y) > a, or Fa(y) <1—a, min{Ts(z),Ta(y)} >
a,min{l4(x),14(y)} > «, and max{Fa(z), Fa(y)} <1-—a.

Thus
Tp(zy) = a <min{Ta(z), Ta(y)},
Ip(zy) = o < min{la(x), La(y)},
Fp(zy) <max{Fa(z),Fa(y)} <1-—q,
that is, G = (A, B) is a single-valued neutrosophic graph. O

Definition 2.5. Let G1 = (A1, B1) and Gy = (Aa, Bs) be single-valued neutrosophic graphs of G5 = (V1, Ey)
and G5 = (Vi, Es), respectively. The Cartesian product G1 X G is defined as a pair (A, B) such that

(1) Ta(z1, 2) = min(Ta, (x1), T, (22)),
La(xy, w2) = min(la, (21), La, (22)),
Fa(z1,22) = max(Fa, (21), Fa,(z2)) for all (x1,22) € Vi X Vs,

(i) Tp((z,22)(2,y2)) = min(Ta, (x), Tp,(r2y2)),
Ip((z, 22) (2, y2)) = min(l4, (z), I, (22y2)),
Fp((z,x2)(x,y2)) = max(Fa, (z), Fp,(x2y2)) for all x € Vi and for all x2ys € Es,

(
(i) Tp((21,2)(y1,2)) = min(Tp, (2191), Ta, (2)),
Ip((21,2)(y1,2)) = min(Ip, (191), La, (Zg),)

Fg((z1,2)(y1,2)) = max(Fp, (x1y1), Fa,(2)) for all z € Vo and for all x1y; € Es.

Proposition 2.6. The Cartesian product of single-valued neutrosophic graphs is a single-valued neutrosophic
graph.
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Theorem 2.7. Let G = (A1, By)and Go = (As, Bs) be single-valued neutrosophic graphs of G; = (V1, Eq)
and G5 = (Va, Es), respectively. Then G = (A, B) is the Cartesian product of G1 and Gy if and only if for
each o € [0, 1], the a-level graph G is the Cartesian product of (G1)a and (G2)q.

Proof. Let G = (A, B) be the Cartesian product of single-valued neutrosophic graphs Gy and Gs. For each
a € [0,1], if (z,y) € Aq,
w)vTA2 (y)) = TA((E,y) > q,

(@), 14, (y) = La(z,y) > a,
max(Fya, (), Fa,(y)) = Fa(z,y) <1-aq,

s0 z € (A1)q and y € (Az)q, that is, (z,y) € (A1)a X (A2)e. Therefore, A, C (A1)a X (A2)a. Let (x,y) €
(A1)ax (A2)a, then z € (A1) and y € (A2)a. It follows that min(Ta, (z), T, (y)) > a,min(l4, (z), 14, (y)) >
a, or max(Fa, (), Fa,(y)) < 1 — a. Since (A4, B) is the Cartesian product of G; and Ga, Ta(z,y) >
a,Ta(z,y) > «, or Fa(z,y) < 1 — a, that is, (z,y) € A,. Therefore, (A1)a X (A2)a € A, and so
(A1) x (A2)q = Ay. We now prove B, = E, where F is the edge set of the Cartesian product (G1)a X (G2)a
for each a € [0,1]. Let (z1,22)(y1,y2) € Ba. Then, Tp((z1,22)(y1,¥2)) > o, Ip((x1,22)(y1,y2)) > «, or
Fp((x1,22)(y1,y2)) < 1 —a. Since (A, B) is Cartesian product of Gy and G2, one of the following cases hold:

min(Ty, (
(

min(I4

(i) 1 = y1 and zays € Es.
(11) T2 = Y2 and T1Y1 € Fy.

For the case (i), we have
T((z1,22)(y1,y2)) = min(Ta, (21), Tp, (v212)) > a,

Ip((z1,22)(y1,y2)) = min(la, (v1), I, (T2y2)) > «,
Fp((w1,22)(y1,y2)) = max(Fa, (z1), F,(v2y2)) <1 —a,

$0 T, (z1) > a,Ia,(x1) > aor Fu,(x1) < 1—« and Tg,(z2y2) > «,Ip,(z2y2) > « or Fp,(z2y2) < 1 — .
It follows that 1 = y1 € (A1)a, T2y2 € (B2)a, that is, (z1,22)(y1,y2) € E. Similarly, for the case (ii), we
conclude that (x1,22)(y1,y2) € E. Therefore, B, C E. For (z,z2)(x,y2) € E,Ta,(z) > a,14,(x) > a or
Fa,(z) <1 -« and Tg,(x2y2) > «,Ip,(x2y2) > a or Fp,(x2y2) < 1 — «a. Since (A, B) is the Cartesian
product of Gy and G5, we have

TB((xa xQ)(xva)) = min(TA1 (x)vTB2 (552212)) > «,

Ip((2, 22)(x, y2)) = min(La, (z), Ip, (r2y2)) >
Fp((#, 22)(2, y2)) = max(Fa, (z), Fp, (2212)) <1 - a.

Therefore, (x, z2)(x,y2) € By. Similarly for every (x1,2)(y1,2) € E, we have (x1, 2)(y1, 2) € By. Therefore,
FE C B, and so F = B,,.

Conversely, suppose that G, = (Aa, By ) is the Cartesian product of (G1)a = ((A1)a, (B1)e) and (Ga)a =
((A2)a, (Bg)) for each o € [0,1]. Let min(Ta, (z1), Ta,(22)) = o, min(l4, (x1), [a,(x2)) = o or max(Fy, (x1),
Fy,(x9)) = 1—a for some (21,x2) € V3 X Va. Then a1 € (A1), and z9 € (A2)s. By hypothesis, (z1,22) € Aq,
hence

Ta(x1,22) > o = min(Ta, (21), Ta,(22)),

Ta(z1,22) > a=min(14, (x1), 14, (z2)),
Fy(x1,22) <1 —a=max(Fq, (1), Fa,(x2)).
Take Ta(z1,x2) = B,1a(z1,22) = S or Fa(x1,22) = 1—0, then (x1,x2) € Ag. Since (Ag, Bg) is the Cartesian
product of ((A1)g, (B1)g) and ((A2)g, (B2)g), then z1 € (A1) and x5 € (A2)s. Hence T, (z1) > 5,14, (1) >
Bor Fy (x1) <1—pand Ta,(z2) > 8,1a,(x2) > B or Fa,(x2) <1— . It follows that
min(TAl (x1)7TA2 (.132)) > TA(xth)a

min(l4, (1), a,(x2)) > La(x1,22),
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max(FAl (3}1), FA2 (1‘2)) Z FA(.I‘l, .132).

Therefore,

min(T'a, (21), Ta, (22)),

min(la, (1), Ia,(72)),
Fa(x1,22) = max(Fa, (21), Fa,(22))

for all (x1,22) € Vi x Va. Similarly, for every z € V; and every zays € Ea, let

TA(xlvng)

IA(Il,l'Q)

min(Ta, (z), T, (z2y2)) = «,

min(IAl ($)7IBz (Egyg)) =,
maX(FA1 (:13), Fp, (l‘gyg)) =1-aq

and
TB((xv'%?)(mva)) =B,

Ip((z,22)(z,y2)) = B,
Fp((z,z2)(z,y2)) =1 - 0.

Then we have Ty, () > o, 14, (z) > a or Fy,(x) <1—«a and Tp,(z2y2) > a, Ip,(z2y2) > a or Fp,(x2y2) <
1—a, that is, © € (A1)a, T2y2 € (B2)a where « € [0,1] and (z, z2)(z, y2) € B where § € [0, 1]. Since (Ay, Ba)
(resp. (Ag,Bg)) is the Cartesian product of ((A41)a, (B1)a) and ((A2)a, (B2)a) (resp. ((A1)s, (B1)g)) and
((A2)g, (B2)g) we have (z, z2)(x, y2) € Ba,x € (A1)p and xays € (Ba)g, which implies Ty, (x) > ﬁ,]Al (x) > B
or Fa,(z) <1—p and Tg,(z2y2) > B, Ip,(x2y2) > B or Fp,(xay2) <1 — 5. It follows that
TB((xa xQ)(xayZ)) > o= min(TA1 (m)aTB2 (:L'ng),
IB((J?,QZ‘Q)( y Y2 )) min(IAl (x)aIBz (x2y2))7
FB((J?,Q?Q)(J? y2)) <1 Oé—maX(FAl( )aFBz(nyQ))a
and
min(Ta, (), Tp, (22y2)) > B = T((z,22)(x, y2)),
min(la, (), I, (z2y2)) = B = Ip((z, 22)(2,y2)),
max(Fa, (z), Fp,(v2y2)) <1 - B = Fp((z,22)(2,y2)).
Therefore,
Tp((z, x2)(z,y2)) = min(Ta, (), T, (z2y2)),
Ip((z,22)(2,y2)) = min(la, (z), I, (2292)),
Fp((z,22)(z,y2)) = max(Fa, (z), Fp, (v2y2))
for all x € V7 and x2ys € Eo. Similarly, we can show that
T((z1,2)(w2,2)) = min(Tp, (2191), Ta,(2)),
Ip((z1,2) (22, 2)) = min(Ip, (x1y1), 14,(2)),
Fp((21,2) (22, 2)) = max(Fp, (z1y1), Fa, (2))
for all z € V5 and z1y; € E;. This ends the proof. O

Definition 2.6. Let G; = (A1, By) and Gy = (Aa, Bs) be single-valued neutrosophic graphs of G5 = (Vi, Ey)
and G%5(Va, Es), respectively. The composition G1[G2] is defined as a pair (A, B) such that

(1) Ta(z1, 2) = min(Ta, (x1), T, (22)),
IA(SC1,$2) = min(IAl (xl)v IA2 (1'2))7
Fa(z1,22) = max(Fa, (21), Fa,(z2)) for all (x1,22) € V1 X V3,
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(i) Tp((x,x2)(2,y2)) = min(Ta, (), Tp, (r2y2)),

IB((‘TaIQ)(:CayQ)) = min IA1( ) Ip, (nyQ))v

Tp((z,22)(z,y2)) = max(Fa, (x), Fp,(z2y2)) for all x € Vi and for all xoys € Es,
(Z”) TB((xlv Z)(ylv Z)) = min(TBl (1’1y1) TAz(

)
))s

IB((fUlaZ)(th)) = min(/p, (v191),14,(2)),

5((21,2)(y1,2)) = max(Fp, (x1y1), Fa,(2)) for all z € Va and for all z1y; € En,
(iv) TB((xl’x2)(y1ay2 ) = min(TB1 <$1y1)7TA2($2),TA2(y2)),
Ip((z1,22) (Y1, y2)) = min(Ip, (2191), La, (22), L4, (y2)),
Fp((z1,22)(y1,92)) = max(Fp, (z1y1), Fa,(22), Fa,(y2)) for all x2,ys € Va, where x2 # y2 and for all
z1y1 € Fy.

Proposition 2.8. The composition of single-valued neutrosophic graphs is a single-valued neutrosophic graph.

Theorem 2.9. Let G = (A1, B1)and Go = (As, Bs) be single-valued neutrosophic graphs of Gy = (V1, Eq)
and G5 = (Va, Es), respectively. Then G = (A, B) is the composition of G1 and Gs if and only if for each
a € 10,1], the a-level graph G, is the composition of (G1)a and (G2)q.

Proof. Let G = (A, B) be the composition of single-valued neutrosophic graphs G; and G5. By the definition
of G1[G2] and in the same way as in the proof of Theorem 72, we have A, = (A1)q X (A2). We prove B, = E,
where E is the edge set of the composition (G1)q[(G2)a] for each o € [0,1]. Let (21, 22)(y1,y2) € Bo. Then

Ts((x1,22)(11,y2)) > a, Ig((z1,22)(y1,92)) > « or Fp((z1,22)(y1,y2)) < 1 —a. Since G = (A, B) is the
composition G1[Gs], one of the following cases hold:

(i) z1 = y1 and x2ys € Es.
(ii) T2 = Y2 and T1Y1 € Fy.

(i) z2 # y2 and z1y1 € Fj.
For the cases (i) and (ii), similarly as in the cases (i) and (ii) in the proof of Theorem P2, we obtain
(x1,22)(y1,y2) € E. For the case (iii), we have
Tp((z1,22)(y1,y2)) = min(Tp, (x191), Ta, (72), Ta, (y2)) > @

Ip((z1,22)(y1,92)) = min(Ip, (2191), La,(22), L4, (y2)) =
Fp((z1,22)(y1,92)) = max(Fp, (1y1), Fa,(72), Fa,(y2)) <1-a.

Thus, T5,(x1y1) > o, Ip, (z1y1) > a or T, (z1y1) <1 —a and T, (z2) > a,la,(z2) > a or Fa,(x2) <1—«
and Ta,(y2) > a,Ia,(y2) > a or Fa,(y2) < 1 — a. Tt follows that x9,y2 € (A2)s and z1y; € (B)a, that
is, (z1,22)(y1,y2) € E. Therefore, B, C E. For every (z,x2)(z,y2) € E, Ta,(x) > a,14,(z) > « or
Fa,(z) <1—aand Tp,(x2y2) > a, Ip,(r2y2) > a or Fp,(z2y2) < 1—a. Since G = (A, B) is the composition
G1[G2], we have

T (&, 23)(z, 2)) = min(Ta, (2), T, (w23)) =

IB((.CIL’,Z‘Q)(.Z',QQ)) = min(IAl (.’1?),[32<.’172y2)> >,
Fp((z,z2)(2,y2)) = max(Fa, (z), F,(7212)) <1 —a.

Therefore, (z,z2)(z,y2) € By. Similarly, for every (z1,2)(y1,2) € E, we have (z1,2)(y1,%2) € B,. For
every (z1,22)(y1,y2) € E where 22 # y2,21 # y1,Tp, (1y1) > o, I, (x1y1) > @ or Fp,(v1y1) < 1 —a and
Ta,(x2) > a,la,(x2) > aor Fa,(z2) <1 —a and Ta,(y2) > a,la,(y2) > a or Fu,(y2) < 1 — a. Since
G = (A, B) is the composition G1[G3], we have

Tp((71,72)(y1,y2)) = min(Ts, (v1y1), Ta,(v2), Ta, (y2)) > a

Ip((z1,22)(y1,92)) = min(Ip, (2191), La,(22), L4, (y2)) >
Fp((w1,72)(y1,y2)) = max(Fp, (v1y1), Fa,(72), Fa,(y2)) <1 - a.

Thus, (z1,22)(Yy1,y2) € Ba. Therefore, E C B, and so E = B,. The converse part is obvious, hence we omit
its proof. O
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Definition 2.7. Let G1 = (A1, By) and Gy = (As, Bs) be single-valued neutrosophic graphs of Gt = (V1, Eq)
and G5 = (As, Bs), respectively. The union G1 U Gy is defined as a pair (A, B) such that

Ty, ()
(i) Ta(z) = Ta,(2)
max (T, (), Ta,(x))

IAl(x)
(i) Ta(z) = Ta,(2)

(
(iii) Fa(z)=q Fay(x)

if x € Vy and x & Vs,
if x € Vo and x & V7,
if zeVinNs.

if z€Vj and x & Vs,
if x € Vo and x & V7,
if x € V1NV,

if zeVy and x & Vs,
if x €V, and x & V7,
if x € V1N

if xy € Fy and zy & Fo,
if xy € Fy and zy & F,

max(Tg, (zy), T, (zy)) if zy € E1 N Es.

TBl (xy)
(v) Tp(zy) = ¢ Tb,(zy)
IBl (a:y)
(v) Ip(zy) = Ip,(zy)

if xy € By and axy & Fo,
if xy € Fy and xy & Fq,

max(Ip, (xy), Ip,(xy)) if zy € B4 N Es.

FB1 (.Q?y)

if xy € Fy and zy € Eo,

(vi) Fp(zy) =< Fp,(zy) if xy € By and a2y ¢ Ej,
min(Fp, (zy), Fp,(xy)) if xy € By N Es.

Proposition 2.10. The union of single-valued neutrosophic graphs is a single-valued neutrosophic graph.

Theorem 2.11. Let G; = (A1, B1) and Go = (A, Ba) be single-valued neutrosophic graphs of G5 = (V1, Ey)
and G = (Va, E3), respectively, and Vi, N Vo = (. Then G = (A, B) is the union of G and G if and only if
each a-level graph G, is the union of (G1)s and (G2)a.-

Proof. Let G = (A, B) be the union of single-valued neutrosophic graphs G; and G2. We have to show that
Ay = (A1)a U (Az), for each a € [0,1]. Let z € A,, then x € Vi \ Voor z € Vo \ V5. If € V; \ Vo,
then Ty, () = Ta(x) > a,la,(x) = Ia(z) > a or Fa,(x) = Fa(z) < 1 — «, which implies z € (41)q.
Analogously z € Vo \ V] implies © € (A3)s. Therefore, © € (A1) U (A2)a, and so A, € (A1)a U (A2)a.
Now let € (A1)q U (A2)a. Then = € (A1)a, = & (A2)q or € (A3)a, = & (A1)q. For the first case, we
have T, (z) = Ta(z) > o, Ia,(x) = Ia(x) > a or Fa,(z) = Fa(z) < 1— «, which implies € A,. For the
second case, we have Ty, (x) = Ta(z) > a,1a,(x) = Ia(x) > a or Fu,(x) = Fa(z) <1— «. Hence z € A,.
Consequently, (A1)q U (A2)a C A,.

To prove that B, = (B1)aU(B2)a, for each a € [0, 1], consider 2y € B,. Then xy € E1\ E; or zy € Ey\ Fy.
For zy € Ey \ E2 we have Tg, (zy) = Tg(xy) > «, I, (zy) = Ig(zy) > a or Fp,(zy) = Fp(xy) <1—«. Thus
xy € (B1)q. Similarly, zy € Es\ Ey gives zy € (Ba),. Therefore, B, C (B1)aU(B2)a. f 2y € (B1)aU(B2)a,
then xy € (B1)a \ (B2)a or 2y € (B2)a \ (B1)a. For the first case Tg(zy) = Tr, (zy) > «, Ip(zy) = I, (zvy) >
a or Fp(xy) = Fp,(xy) < 1 — a, hence vy € B,. In the second case we obtain zy € B,. Therefore,
(B1)a U (B2)a C Bg. The converse part is obvious, hence we omit its proof. O

Definition 2.8. Let G1 = (A1, B1) and Gy = (As, Bs) be single-valued neutrosophic graphs of GT = (V1, Eq)
and G5 = (Va, Es), respectively. The join G1 + G is defined as a pair (A, B) such that

Ty, (x) it xeVy and z & Vs,
(i) Ta(e) = { Tarla) if 2 € Vy and o ¢ V1,
max(Ta, (z),Ta,(z)) if x€ViNVs.

Iy, (x) if x e Vi and z & Vo,
(ii) Ta(z) =< Ia,(x) if xeVyand z &V,
max(la,(x),Ia,(z)) if z€ViNVa.
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Fya,(x) it xeVy and z & V3,
(i11) Fa(x) =< Fa,(z) it v eVyand z ¢V,
min(Fy, (x), Fa,(z)) if x € V1NV

Tp, (zy) if xy € Fy and zy & Fo,

) if xy € Fy and zy & F,
max(Tg, (zy), Tp,(zy)) if zy € E1 N Ey,
min(Ta, (z),Ta,(y)) if xzy € E'.

(iv) Tp(xy) =

I, (zy) if zy € E1 and zy & Es,
) I, (ay) if xy € By and zy ¢ Ei,
(v) I509) = tnax(Ip, (ey), In, (ey) if 2y € By 0 By,
min(la, (), 1a,(y))  if zy € £

Fp, (zy) if zy € By and zy ¢ E»,
; _ ) Fo,(zy) if zy € By and zy & Fjy,
(09 Fo) =0 (P, (ay). F,(a)) it 2y € By 0 Ea

max(Fa, (x), Fa,(y)) if xy € E'.
Proposition 2.12. The join of single-valued neutrosophic graphs is a single-valued neutrosophic graph.

Theorem 2.13. Let G1 = (A1, B1) and G2 = (Az, By) be single-valued neutrosophic graphs of G5 = (Vi, Ey)
and G = (Aa, By), respectively, and Vi N Va = 0. Then G = (A, B) is the join of G1 and Gs if and only if
each a-level graph G, is the join of (G1)a and (G2)q.-

Proof. Let G = (A, B) be the join of single-valued neutrosophic graphs G; and G2. By the definition of union
and the proof of Theorem T, A, = (A1)aU(Az2)q, for each a € [0,1]. We show that B, = (B1)aU(B2)o UE),
for each « € [0, 1], where E!, is the set of all edges joining the vertices of (A1), and (A42)q.

From the proof of Theorem BT, it follows that (B1)oU(B2)a C By. lf zy € E!, then Ty, (x) > a, I, (x) >
aor Fa, () <1—a,and Ta,(y) > a,Ia,(y) > a or Fa,(y) <1— a. Hence

TB('ry) = min(TAl ('T)a Ta, (y)) > a,

Ip(wy) = min(l4, (z), 14,(y)) = a,
or
Fp(xy) = max(Fya,(x), Fa,(y) <1—a.
It follows that zy € B,. Therefore, (By)q U (B2)o U E!, C B,. For every xy € B, if zy € E; U E5, then

zy € (B1)a U (B2)a, by the proof of Theorem ECTI. Therefore, B, C (B1)o U (B2)o. If z € V4 and y € Va,
then

min(T'a, (x), Ta,(y)) = Ts(2y) = a,
min(IAl (.’E), Iy, (y)) = IB(xy) 2 a,
max(Fa, (), Fa,(y)) = Fp(ay) <1-a,

sox € (A1)q and y € (Az)n. Thus 2y € E/. Therefore, B, C (B1)q U (B2)q U E!

'.- The converse part is
obvious, hence we omit its proof.

O

Definition 2.9. Let G; = (A1, By) and Gy = (Aa, Bs) be single-valued neutrosophic graphs of G5 = (Vi, Ey)
and G% = (Aa, B), respectively. The cross product Gy * Gy is defined as a pair (A, B) such that

(1) Ta(z1,32) = min(Ta, (21), T, (22)),
IA(IlaxQ) = min(IAl (xl)v ILa, (1’2)),
Fa(z1,22) = max(Fa, (21), Fa,(z2)) for all (x1,22) € V1 X V3,

(i) Tp((z1,22)(y1,y2)) = min(Tp, (z131), T, (2292)),
Ip((x1,22)(y1,y2)) = min(Ip, (x191), I, (22y2)),
Fp((z1,22)(y1,y2)) = max(Fp, (z1y1), F,(x2y2)) for all x1y1 € Ey and for all xoys € Es.
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Example 2.14. Consider G and Gy are two single-valued neutrosophic graphs as shown in Figure such
that Ay = {a(0.4, 0.6, 0.7), (0.9, 0.3, 0.8)}, Ay = {¢(0.5, 0.7, 0.9), d(0.2, 0.9, 0.3), ¢(0.8, 0.7, 0.6)},
B; = {((ab), 0.3, 0.2, 0.7)}, and By = {((cd), 0.1, 0.6, 0.8), ((de), 0.1, 0.6, 0.5)}. Then, we have cross
product of G1 and Ga, defined as G1 x Go = (A, B), where A= Ay x Ay and B = B; % Bs.

a(0.4,0.6,0.7) @ ¢(0.5,0.7,0.9) o ¢(0.8,0.7,0.6)
> El
e =
=) o
'[\3 “m
o °
3 x
(0.9,0.3,0.8) ® d(0.2,0.9,0.3) ¢
Gl GZ

Figure 2.4: (1). G1 (2). G2

Table 1: Ta(x1,x2), Ta(x1,22), Fa(x1,z2) for all (x1,29) € V1 x V3

(:El,l‘g) TA(ZZ?l,.IQ) IA($1,1'2) FA($1,1‘2)
(a,c) 0.4 0.6 0.9
(a,d) | 0.2 0.6 0.7
(a,e) |04 0.6 0.7
(b, ) 0.5 0.3 0.9
(b,d) |02 0.3 0.8
(b,e) |08 0.3 0.8

Table 2: Tg((x1,22)(y1,y2)), Is((x1,22)(y1,92)), FB((x1,22)(y1,y2)) for all z1y; € E; and for all zoys € Es

(x1,22)(Y1,92) | Te((z1,22)(y1,92)) | I((w1,22) (W1, y2)) | Fe((®1,22)(Y1,2))
(a,c)(b,d) 0.1 0.2 0.8
(a,c)(b,e) 0 0 0.7
(a,d)(b,c) 0.1 0.2 0.8
(a,d) (b, e) 0.1 0.2 0.7
(a,e)(b,c) 0 0 0.7
(a,e)(b,d) 0.1 0.2 0.7

According to Definition 2.9 the degrees of truth, indeterminacy and falsity memberships of vertices and
edges are calculated as,

Ta(a,c) =min(Ty, (a), Ta,(c)) = min(0.4,0.5) = 0.4,
min(Iy4, (a),I4,(c)) = min(0.6,0.7) = 0.6,
Fa(a,c) = max(Fy,(a), Fa,(c)) = max(0.7,0.9) = 0.9,
and

Ts((a,c)(b,d)) = min(Tp, (a,b),Tp,(c,d)) = min(0.3,0.1) = 0.1,
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Ip((a,c)(b,d)) = min(Ig, (a,b), Ip,(c,d)) = min(0.2,0.6) = 0.2,
Tg((a,c)(b,d)) = max(Fp, (a,b), Fp,(c,d)) = max(0.7,0.8) = 0.8.

All the truth, indeterminacy and falsity membership degrees of vertices and edges of G1 x Go are given in
Table O and Table B, respectively. Thus, we have the following graph representing the cross product Gy * Go
of G1 and Gs.

(a,d),0.2,0.6,0.7)

(a,€),0.4,0.6,0.7)

((b,¢),0.5,0.3,0.9)

((b,d),0.2,0.3,0.8 (b,€),0.8,0.3,0.8)

Figure 2.5: G1 x G5

Proposition 2.15. The cross product of single-valued neutrosophic graphs is a single-valued neutrosophic
graph.

Theorem 2.16. Let G = (A1, B1) and Go = (A, Ba) be single-valued neutrosophic graphs of G5 = (V1, Ey)
and G5 = (As, Bs), respectively. Then G = (A, B) is the cross product of G1 and Gs if and only if each level
graph G, is the cross product of (G1)a and (G2)q.-

Proof. Let G = (A, B) be the cross product of G; and G3. By the definition of the Cartesian product and
the proof of Theorem P74, we have A, = (A1)q X (A2)a, for each « € [0,1]. We show that

B, = {(x1,22)(y1,92) | z1y1 € (B1)a,22y2 € (B2)a}

for each « € [0, 1]. In fact, if (x1,22)(y1,y2) € Ba, then
Te((x1,22)(y1,92)) = min(T, (x1y1), T, (¥2y2)) > v,

Ip((x1,22)(y1,y2)) = min(Ip, (x1y1), IB, (22y2)) >

or
Fe((z1,22)(y1,y2)) = max(Fp, (z1y1), FB, (x2y2)) <1 —a,

so Ts, (x111) > , I, (x1y1) > aor Fp, (x1y1) < 1—aand T, (z2y2) > «, Ip,(x2y2) > aor Fg,(xay2) < 1—a.
So, z1y1 € (B1)a and z2ys € (Bz)a. Therefore, B, C {(z1,22)(y1,y2) | 191 € (Bi)a,T2y2 € (B2)a}-
Now if 2191 € (B1)a and z2ys € (B2)a, then Tp, (x1y1) > a,Ip,(x1y1) > « or Fp,(x111) < 1 — a and
Tp,(x2y2) > a, Ip, (z2y2) > o or Fp,(z2y2) < 1 — a. It follows that

Ts((x1,22)(y1,y2)) = min(Tg, (x191), T, (T2y2)) > a,

Ip((x1,22)(y1,y2)) = min(Ip, (x1y1), IB, (22y2)) >

Fp((z1,22)(y1,92)) = max(Fp, (z1y1), F, (22y2)) <1 —a.
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Since G = (A, B) is the cross product of G1*Ga. Therefore, (1, z2)(y1,y2) € Ba, this implies {(z1, 22)(y1,y2) |
z1y1 € (B1)a, T2y2 € (B2)a} C Ba.

Conversely, let each a-level graph G, = (Aq, Ba) be the cross product of (G1)a = ((A1)a, (B1)a) and
(G2)a = ((A2)a, (B2)a). In view of the fact that the cross product (A, B,) has the same vertex set as the
Cartesian product of ((A1)a, (B1)a) and ((A2)a, (B2)a), and by the proof of Theorem P74, we have

Ta((21,29)) = min(T, (x1), Ta, (22)),

IA((xlva)) = min(IAl (x1)7IA2(x2))7
Fa((21,72)) = max(Fa, (21), Fa, (12))

for all (z1,22) € Vi x V5. Let
min(Tg, (z1y1), T, (z2y2)) = o,

min(Ip, (z1y1), I, (x212)) = o,

or
max(Fp, (v1y1), Fp,(1292)) =1 — q,
and
Tp((z1,22)(Y1,y2)) = B,
Ip((z1,22)(y1,92)) = B,
or

Fp((w1,22)(y1,92)) =1 -0

for z1y1 € FE1, zoys € Es. Then Tg, (z111) > a,Ip, (z111) > «a or Fp,(z1y1) < 1 — a and Tg,(z2y2) >
a, Ip, (x2y2) > aor Fp,(x2y2) < 1—a, hence x1y1 € (B1)a, T2y2 € (B2)a, where a € [0,1] and (21, 22)(y1, y2)
€ Bp where 8 € [0,1] and consequently z1y1 € (B1)g, x2y2 € (Ba)g, since Bg = {(z1,22)(y1,y2) | z131 €
(Bl),g,afgyg S (B2)B}. It follows that (xl,xg)(yl,yg) S B@, TBl(ajlyl) > ﬁ, 131(3313/1) > ﬁ or FBl(xlyl) <

1 — B and T, (w2y2) > B, Ip,(v2y2) > B or Fp,(x2y2) < 1 — 3. Therefore,
Ts((z1,22)(y1,92)) = B < min(Tp, (z1y1), T, (22y2)) = o < T((21,72)(y1, ¥2)),

Ip((z1,22)(y1,92)) = B < min(Ip, (z1y1), I, (v2y2)) = a < Ip((w1,72)(y1, Y2)),
Fp((z1,22)(y1,92)) = 1 = B > max(Fp, (v1y1), F,(v2y2)) = 1 — a > Fp((v1,72)(y1,2))-

Hence
Tp((z1,22)(y1,y2)) = min(Ts, (x1y1), T, (22y2)),
Ip((21,22)(y1,92)) = min(Ip, (x11), I B, (2292)),
Fp((z1,22)(y1,y2)) = max(Fp, (2191), Fp, (22y2))-
This ends the proof. O

Definition 2.10. Let G; = (A1, B1) and G2 = (Az, Ba) be single-valued neutrosophic graphs. The lexi-
cographic product Gy ® Gy is the pair (A, B) of single-valued neutrosophic sets defined on the lexicographic
product G @ G5 such that

(1) Ta(w1,2) = min(Ta, (x1), Ta, (22)),
La(x1, w2) = min(la, (21), 1a, (22)),
Fa(z1,22) = max(Fy, (z1), Fa,(x2)) for all (z1,22) € Vi X Vs,

(i) T((2,22)(2,y2)) = min(Ta, (x), Ts, (¥2y2)),
Ip((2, x2)(x,y2)) = min(La, (z), Ip, (22y2)),
Fp((z,z2)(x,y2)) = max(Fa, (), Fp,(x2y2)) for all x € V1 and for all xoys € Ea,

(iii) Tp((z1,72)(y1,y2)) = min(T, (21y1), T, (T2y2)),
Ip((z1,22)(y1,92)) = min(Ip, (1y1), I, (22y2)),
Fp((z1,22)(y1,y2)) = max(Fp, (z1y1), F,(x2y2)) for all x1y1 € Ey1 and for all xays € Es.
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Example 2.17. Let Gi = (A1, B1) and Gy = (As, By) be single-valued neutrosophic graphs with underlying
crisp graphs GT = (V1, E1) and G5 = (Va, Es), respectively as shown in Figure Z8. The lexicographic product
G1 e Gy = (A, B) of G1 and Gy is shown in Figure B1.

21(0.2,0.3,0.4) 1(0.1,0.2,0.3)
°

(0.2,0.2,0.6) 2(0.3,0.5,0.7)
© )
? b S
- o -
& v 2
& 2, )
Q < S
(0.1,0.2,0.3)
(0.1,0.2,0.4) °
24(0.4,0.3,0.5) 23(0.1,0.4,0.2) ¥2(0.4,0.3,0.1) y3(0.1,0.3,0.4)
Gl GQ

Figure 2.6: Single-valued neutrosophic graphs G; and G»

.2,0. 4
#142(0.2,0.3, ?0,?, 0.2,0.4)

(0.1,0.2,0.4)

191(0.1,0.2,0.4)

21y3(0.1,0.3,0.4)

22y1(0.1,0.2,0.7)

2391(0.1,0.2,0.3) x3y3(0.1,0.3,0.4)

C 0
: 0.1,0.2,0.5
24y1(0.1,0.2,0.5) (©1,0205 ( ) 24y3(0.1,0.3,0.5)
4y2(0.4,0.3,0.5)

Figure 2.7: Lexicographic product of G; and Gs.

Proposition 2.18. The lexicographic product of single-valued neutrosophic graphs is a single-valued neutro-
sophic graph.

Theorem 2.19. Let G1 = (A1, B1) and G2 = (A2, Ba) be single-valued neutrosophic graphs of G5 = (Vi, Ey)
and G5 = (Ag, Bs), respectively. Then G = (A, B) is the lexicographic product of G1 and G2 if and only if
Go = (G1)o ® (G2)qa for each a € [0,1].

Proof. Let G = (A, B) = G10G5. By the definition of Cartesian product G1 x G2 and the proof of Theorem 272,
we have A, = (A1) X (A2), for each a € [0, 1]. We show that B, = E, U E/, for each « € [0, 1], where E, =
{(z,22)(y,y2) | © € V1,22y2 € (Ba)a} is the subset of the edge set of the Cartesian product (G1)a X (G2)a,
and E/, = {(x1,22)(y1,y2) | 2191 € (B1)a, T2Y2 € (B2)a} is the edge set of the cross product (G1)q * (G2)a-
For every (z1,22)(y1,Yy2) € Ba, T1 = Y1, Tays € Fy or x1y1 € Eq, xoys € Eo. If 1 = y1, x2ys € Fs, then
(z1,22)(y1,y2) € Ea, by the definition of the Cartesian product and the proof of Theorem EZ. If z1y; €
Ey, xoys € Es, then (z1,22)(y1,y2) € E.,, by the definition of cross product and the proof Theorem IZIB.
Therefore, B, C E, U E! . From the definition of the Cartesian product and the proof of Theorem BZ2, we
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conclude that £, C B,, and also from the definition of cross product and the proof Theorem P18, we obtain
E! C B,. Therefore, E, U E! C B,.

Conversely, let G, = (A, Ba) = (G1)a ® (G2)q for each a € [0,1]. We know that (G1)q ® (G2)s has the
same vertex set as the Cartesian product (G1)s X (G2)a. Now by the proof of Theorem 272, we have

)
TA(xlv 2) mln(Tz‘h (1'1) TA2($2)),
) =

IA(xlv T2 min (IAI('Tl) IA2($2)),
Fa(z1,22) = max(Fa, (r1), Fa,(z2)).

for all (x1,22) € Vi x Va. Let for € V5 and zoys € Es will be min(Ty, (x), T, (22y2)) = «, min(ly4, (x),

Ip, (w2y2)) = a or max(Fa,(x), Fp,(v2y2)) = 1 — a and Tg((z,22)(x,y2)) = B, I((2,22)(x,y2)) = B or
Fp((x,22)(x,y2)) = 1 — B. Then, in view of the definitions of the Cartesian product and lexicographic
product, we have

(x,22)(x,y2) € (B1)a ® (B2)a <= (z,22)(z,y2) € (B1)a X (B2)as
(z,22)(%,y2) € (B1)p ® (B2)g < (v,72)(z,y2) € (B1)s % (B2)-

From this, by the same way as in the proof of Theorem P74, we conclude
Tp((z, x2)(x, x2)) = min(Ty, (), T, (x2y2)),

Ip((2, 22)(x, x3)) = min(La, (), I, (v2y2)),
Fp((z,x9)(z, 22)) = max(Fa, (z), Fp,(r292))-

Now let Tip((21,22)(y1,y2)) = o, I((x1,22) (Y1, 92)) = @ or Fp((z1,22)(y1,92)) = 1 — o and min(Ts, (x1y1),
Tp,(z2y2)) = B,min(Ip, (x1y1), I, (x2y2)) = B or max(Fp, (x1y1), Fp,(x2y2)) = 1 — 8 for 131 € E; and
2oy € Es. Then in view of the definitions of cross product and the lexicographic product, we have

(x1,22)(y1,Y2) € (B1)a ® (B2)a <= (z1,22)(y1,¥2) € (B1)a * (B2)as
(@1, 22)(y1,y2) € (B1)g ® (B2)s <= (21,22)(y1,y2) € (B1)s * (B2)s.

By the same way as in the proof of Theorem EI8, we can conclude
Tp((z1,22)(y1,92)) = min(Ts, (v1y1), T, (2292)),

Ip((w1,22)(y1,y2)) = min(Ip, (2191), I, (T292)),
Fp((z1,22)(y1,y2)) = max(Fp, (z1y1), F5, (7292)).
This ends the proof. O

Proposition 2.20. Let G; = (A1,B1) and Go = (Aa, Ba) be single-valued neutrosophic graphs of G} =
(V1, Ey) and G5 = (Va, Es), respectively, such that Vi = Vo, Ay = Ay and E1 N Ey = (). Then G = (A, B) is
the union of G1 and Gy if and only if Gy, is the union of (G1)a and (G2)s for each a € [0,1].

Proof. Let G = (A, B) be the union of single-valued neutrosophic graphs G; and Gs. Then by the definition
of the union and the fact that V; = Vo, Ay = As, we have A = A; = As, hence A, = (41)a U (42)q. We
now show that B, = (B1)a U (B2)a for each a € [0, 1]. For every zy € (B1)a we have Tp(zy) = T, (zy) >
a,Ip(zy) = Ip,(xy) > a or Fp(ry) = Fp,(vy) < 1— a, hence zy € B,. Therefore, (B1)y C B,. Similarly
we obtain (Bg)s € By. Thus, (B1)o U (B2)a C B,. For every zy € B, a2y € Ey or zy € Ey. If zy € Ey,
Tp, (zy) = Te(xy) > o,Ip,(zy) = Ip(xy) > a or Fp,(zy) = Fp(axy) < 1 — « and hence zy € (B1)a. If
xy € Eo, we have zy € (Bz)s. Therefore, B, C (B1)a U (B2)a.-

Conversely, suppose that the a-level graph G, = (Aq, By) be the union of (G1)a = ((A1)a, (B1)a) and
(G2)a = ((A2)a, (B2)a). Let Ta(z) = o, la(z) = v or Fa(z) = 1 — a and Ty, (x) = B,14,(z) = B o
Fy,(z) =1~ for some z € V; = V5. Then x € A, where o € [0,1] and = € (A1), where 3 € [0,1] so

€ (A1) and = € Ag, because A, = (A1) and Ag = (A1)g. It follows that Ta,(z) > «a,Ia,(z) > « or
Fa, () <1—aand Ta(z) > B,1a(x) > B or Fa(x) < 1— B. Therefore, T, (z) > Ta(z),Ia,(x) > Ia(zx)
or Fa,(x) < Fa(z) and Ta(z) > Ta, (x),Ia(x) > I4,(x) or Fa(z) < Fa,(z). Since A; = Ay, V4 = Vs, then
A=A; =AU As.
By a similar method, we conclude that
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Q) { Tp(zy) = Tp, (zy) if zy € Fy,
Tp(zy) = T, (zy) if zy € Es.
(i) Ip(zy) = Ip, (xy) if zy € Fy,
Ip(zy) = Ip,(xy) if xy € Es.
Fg(zy) = Fp,(xy) if xy € Es.
This ends the proof. O

Definition 2.11. Let G = (A1, B1) and Gy = (As, Bs) be single-valued neutrosophic graphs of G5 = (Vi, Ey)
and G5 = (Va, E3), respectively. The strong product G4 W Gy is defined as a pair (A, B) such that

(i) Ta(z1,22) = min(Ta, (z1), Ta, (z2)),
La(z1,2) = min(La, (21), La,(22)),
Fa(z1,72) = max(Fy, (71), Fa,(x2)) for all (z1,22) € V1 X Vs,

(it) Tp((x, 2)(x,y2)) = min(Ta, (), T, (22y2)),
Ip((x, x2)(2,y2)) = min(l4, (), Ip,(72y2)),
Fp((z,x2)(x,y2)) = max(Fa, (z), Fp,(x2y2)) for all x € Vi and for all 25ys € Es,

(”Z) TB((xl’ Z)(yh Z)) = min(TB1 (xlyl)?TAz Z))’
Ip((21,2)(y1,2)) = min(Ip, (z191), La, (Z())’)

Fg((z1,2)(y1,2)) = max(Fp, (x1y1), Fa,(2)), for all z € Vo and for all x1y, € Eq,

(i) Tp((w1,22)(y1,y2)) = min(Tp, (z1y1), T's, (T2y2)),
Ip((z1,22)(y1,y2)) = min(Ip, (21y1), I, (22y2)),
Fp((x1,22)(y1,y2)) = max(Fp, (x1y1), F,(x2y2)) for all x1y1 € E1 and for all xays € Es.

Example 2.21. Let G1 = (41,B1) and G2 = (As, Bs) be two single-valued neutrosophic graphs of the
crisp graphs G7 = (V1,E1) and G5 = (Va, Es), respectively as shown in Fig. Z38. The strong product
G1 K Gy = (A, B) of Gy and G4 is given in Fig. 2.

Proposition 2.22. The strong product single-valued neutrosophic graphs is a single-valued neutrosophic

graph.
The following theorem is given by without proof.

Theorem 2.23. Let G1 = (A1, B1) and G2 = (As, By) be single-valued neutrosophic graphs of G5 = (V1, Ey)
and G35 = (Va, Es), respectively. Then G is the strong product of G1 and Go if and only if G, where o € [0, 1],
is the strong product of (G1)a and (G2)q-

G, Gy

a(0.1,0.4,0.7) 5(0.3,0.2,0.5) 2(0.5,0.3,0.2)
(0.1,0.1,0.6)

(0.1,0.5,0.3)

(0.1,0.3,0.5)
(0.4,0.2,0.3)

¢(0.2,0.4,0.3) 2(0.7,0.6,0.4)

Figure 2.8: SVNGs
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Figure 2.9: Strong product of SVNGs

Definition 2.12. The complement of a single-valued neutrosophic graph G =

2. The cor (A, B) is a single-valued neu-
trosophic graph G = (A, B), where

1. V=V,

2. Ta(vi) = Ta(vi), Ia(vi) = Ia(v;), Fa(v;) = Fa(vy), for allv; €V,

3.
Il Do) — min[T ( )7 (Uj)] ZfT (qu]) =0,
T00) = { mialTao T - Toluns) Tt > 0
To(vi,v;) = { min[l4(vi), La(v;)] if Ig(vi,vj) =0,
PYRRIT min(La(vi), La(v)] = Ip(vivy)  if In(vi,v5) > 0,
FB(U' v;) { maX[FA( 1)7FA( )] Z'fFB(Uian) =0,
v maX[FA(UZ),FA( )] FB<’UZ,U]‘) ifFB(Ui,Uj) >0

for all v;,v; € V.

Example 2.24. Consider a single-valued neutrosophic graph G = (A, B) on a non-empty set V. = {v1,va,

v3,v4}. Single-valued neutrosophic graph G = (A, B) and complement of single-valued neutrosophic graph
G = (A, B) are shown in Figure ZID.

v1(0.2,0.5,0.6) 12(0.3,0.4,0.5) 1(0.2,0.5,0.6) 2(0.3,0.4,0.5)
(0.2,0.4,0.6)
= < N
3 S 3
o~ N —
S S s
~ — =)
S = S
(0.2,0.3,0.7)
v5(0.4,0.3,0.7) v4(0.2,0.4,0.6) v3(0.4,0.3,0.7) 14(0.2,0.4,0.6)

G G

Figure 2.10: Single-valued neutrosophic graph G and its complement G.
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3 Remark on Definitions of Broumi et al. [10] and Shah-Hussain
i

Broumi et al. [M] proposed single-valued neutrosophic graphs as follows.

Definition 3.1. [M0] A single-valued neutrosophic graph is a pair G = (A, B), where A and B are single-valued
neutrosophic sets on 'V and E, respectively, such that

Tp(ry) < min{Ta(z), Ta(y)},

Ip(zy) = max{la(z), Ia(y)},
Fp(zy) = max{Fa(z), Fa(y)},
0 <Tg(zy)+ Ig(zy) + Fe(zy) <3 for all zy € E.

There are some flaws in Definition 3.1. Definition 3.1 violates the definitions of complement and join of
single-valued neutrosophic graphs as it can be seen in the following examples.

Example 3.1. Let G; = (41,B1) and Gy = (Aa, Ba) be two single-valued neutrosophic graphs. When we
apply above definition of join of single-valued neutrosophic graphs G1 and Gy then it is easy to note that the
indeterminacy-membership values do not satisfy the condition, Ip(v;,v;) > max(La(v;), Ia(v;)) as it can be
seen in Fig. @A. This contradict the definition of single-valued neutrosophic graph.

a(0.7,0.5,1) b(0.9,1,0.1) 2(0.9,0.7,0.5)

=

>

o

s

o

e

¢(0.9,0.2,0.4)

(0.7,0.1,0.9)

Gq G2

a(0.7,0.5,1)

2(0.9,0.7,0.5)
p

(0.6,1,1)

5(0.9,1,0.1)

(6°0°8°0°9°0)

(0.6,1,0.6)

4(0.7,0.1,0.9)
0.9)

®ﬂ~0'l'

¢(0.9,0.2,0.4)

G1+ G2
Figure 3.1: Join of a single-valued neutrosophic graph

Example 3.2. Let G = (A, B) be a single-valued neutrosophic graph. When we apply the above definition
of complement of a single-valued neutrosophic graph then we see that G is not a single-valued neutrosophic
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graph as it can be seen in Fig. BB. Since the indeterminacy-membership and the falsity-membership do not
satisfy the conditions, Ig(v;,v;) > max(Ia(v;),1a(vj)) and Fp(vi,v;) > max(Fa(v;), Fa(v;)), respectively.
This contradict the definition of single-valued neutrosophic graph.

¢(0.5,0.2,0.8) ¢(0.5,0.2,0.8)

a(0.7,0.9,1)

5(0.3,0.1,0.7) a(0.7,0.9,1) 5(0.3,0.1,0.7)

@l

G

Figure 3.2: Complement of a single-valued neutrosophic graph

Shah and Hussain [I6] defined single-valued neutrosophic graphs as follows.

Definition 3.2. [I6] A neutrosophic graph is a pair G = (A, B), where A and B are neutrosophic sets in V

and B, respective;ly, such that
Tp(xy) < min{Ta(z), Ta(y)},

Ip(wy) < min{l4(x), 1a(y)},
Fi(ay) = max{Fa(x), Fa(y)}
forallzy eV x V.
There are some flaws in Definition 3.4 as it can be seen in the following example.

Example 3.3. Consider a single-valued neutrosophic graph G on a nonempty set V.= {a,b,c,d} as shown
in the Fig. B3.

a(0.2,0.3,0.4) 5(0.3,0.3,0.5)
(0.2,0.2,0.7)

¢(0.1,0.3,0.8) d(0.2,0.2,0.3)

Figure 3.3: A single-valued neutrosophic graph G

4(0.2,0.3,0.4) 5(0.3,0.3,0.5)
(0.0,0.1,-0.2)

X2
PN
o “
N\,
> 2,
(0.0,0.0,—0.1)

¢(0.1,0.3,0.8) d(0.2,0.2,0.3)

(0.1,0.3,0.8)
(0.2,0.2,0.5)

Figure 3.4: Complement of single-valued neutrosophic graph G
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It is easy to see that complement of the single-valued neutrosophic graph G shown in Fig. is mot
a single-valued neutrosophic graph. Because in single-valued neutrosophic graph falsity value can never be
negative.

Thus, we conclude that our Definition 2.2 on single-valued neutrosophic graphs is more suitable for further
study of neutrosophic graphs.

4 Application in Social Network

Graphical models have many applications in our daily life problems. Man is the most adjustable and adapting
creature. When human beings interact with each other, more or less they leave an impact(good or bad) on
each other. Naturally a human being has influence on others. We can use single-valued neutrosophic diagraph
to examine the influence of the people on each other’s thinking in a group. We can investigate a person’s
good influence, bad influence on the thinking of others. We can also examine the percentage of uncertain
influence of that person. Single-valued neutrosophic diagraph will also tell us about dominating person and
about highly influenced person. We consider a social group on whatsapp.

Consider I = {Malik, Haider, Imran, Razi, Ali, Hamza, Aziz} set of seven persons in a social group on
whatsapp.

Let A = {(Malik,0.6,0.4,0.5), (Haider,0.5,0.6,0.3), (Imran,0.4,0.3,0.2), (Razi,0.7,0.6,0.4), (Ali,0.4,
0.1,0.2), (Hamza,0.6,0.4,0.1), (Aziz,0.7,0.3,0.5)} be the single-valued neutrosophic set on the set I, where,
truth value of each person represents his good influence on others, falsity value represents his bad influence
on others, and indeterminacy value represents uncertainty in his influence.

Let J = {(Hamza, Malik), (Hamza, Haider), (Hamza, Razi), (Hamza, Aziz), (M alik, Haider), (Imran,
Haider), (Aziz, Malik), (Razi, Imran), (Razi, Ali), (Ali, Aziz)} be the set of edges. Let B be the single-
valued neutrosophic set on the set J as shown in Table B.

Table 3: Single-valued neutrosophic set B of edges
Edge T|[I1]|F
(Hamza, Malik) | 0.6 | 0.4 | 0.4
(Hamza, Haider) | 0.5 | 0.3 | 0.3
(Hamza, Razi) | 0.3 | 0.3 | 0.4
(Hamza, Aziz) | 0.3 | 0.3 | 0.4
(Malik, Haider) | 0.5 | 0.4 | 0.5
(Imran, Haider) | 0.4 | 0.3 | 0.3
(Aziz, Malik) | 0.5 | 0.2 | 0.5
(Razi, Imran) 0310304
(Razi, Ali) 04 01]|04
(Ali, Aziz) 031]01]05

The truth, indeterminacy and falsity values of each edge are calculated using:

Tp(zy) < Ta(x) ATaly), Ip(zy) < La(z) ALa(y), Fp(ry) < Fa(z) V Fa(y).

The single-valued neutrosophic diagraph G = (A, B) is shown in Fig. B. This single-valued neutrosophic
diagraph shows that Hamza has influence on Malik, Haider, Razi and Aziz. We can see that Hamza’s good
influence on Haider is 50%, on Malik is 60%, on Razi is 30%, and on Aziz is 30%. His bad influence on Haider,
Malik, Razi and Aziz is 30%, 40%, 40%, and 40%, respectively. Similarly his uncertain influence on Haider,
Malik, Razi and Aziz is 30%, 40%, 30%, and 30%, respectively. We can investigate that out-degree of vertex
Hamza is highest, that is, four. This shows that Hamza is dominating person in this social group. On the
other hand, Haider has highest in-degree, that is, three. It tells us that Haider is highly influenced by others
in this social group.
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Malik(0.6,0.4,0.5) Haider(0.5,0.6,0.3) Imran(0.4,0.3,0.2)
(0.5.04.0.5) 040303)

E4
’0.7)

(S'0T0°50)
(€0°€0°S0)
(#0°€°0'€0)

03,0304
Azi2(0.7,0.3,0.5) 030304 { ) Razi(0.7,0.6,0.4)

Hamza(0.6,0.4,0.1)

Ali(0.4,0.1,0.2)
Figure 4.1: Single-valued neutrosophic diagraph

We now explain general procedure of this applications through following algorithm.

Step 1. Input the set of vertices I = {Iy, Is,--- , I} and a single-valued neutrosophic set A which is defined
on set 1.

Step 2. Input the set of edges J = {Jy,J2, -, Jn}.

Step 3. Compute the truth-membership degree, indeterminacy degree and falsity-membership degree of
each edge using: Tp(zy) < Ta(x) ANTa(y), Ip(zy) < La(z) Aa(y), Fp(zy) < Fa(z) V Fa(y).

Step 4. Compute the single-valued neutrosophic set B of edges.

Step 5. Obtain a single-valued neutrosophic diagraph G = (A, B).

5 Conclusion

Graph theory is an extremely useful tool in studying and modeling several applications in different areas. A
single-valued neutrosophic graph is a generalization of intuitionistic fuzzy graph that is very useful to solve real
life problems. In this research article, we have presented certain characterization of single-valued neutrosophic
graphs by level graphs. We have aim to extend our work to (1) single-valued neutrosophic soft graphs, (2)
single-valued neutrosophic rough fuzzy graphs, (3) single-valued neutrosophic rough fuzzy soft graphs, and
(4) single-valued neutrosophic fuzzy soft graphs.
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