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Abstract

Using the concept of Hukuhara difference, in this paper we introduce a class of new derivatives called
Hukuhara delta derivative and a class of new integrals called Hukuhara delta integral for fuzzy set-
valued functions on time scales. Moreover, some corresponding properties of Hukuhara delta derivative
and Hukuhara delta integral are discussed. Furthermore, sufficient conditions are established for the
existence and uniqueness of solution to the fuzzy dynamic equations on time scales with the help of
Banach contraction principle.
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1 Introduction

1.1 Dynamic Equations on Time Scales

The theory of time scales was introduced by Stefan Hilger [9, [I0], which attracted the attention of many
researchers due to the ability of this theory to model many real world problems as the dynamical systems
include both continuous and discrete nature simultaneously. For fundamental results in the theory of time
scales, we refer Agarwal et al. [Il 2], Bohner et al. [4 [ [3], Guseinov [7], Lakshmikantham et al. [I5].
Recently, Hashmi et al. [§] studied the existence and uniqueness of the solution for the dynamic systems on
time scales with uncertain parameters.

1.2 Fuzzy Set Theory and Its Applications

The rise and development of new fields such as general system theory, robotics, artificial intelligence and
language theory, force us to be engaged in specifying imprecise notions. When a real world problem is
transformed into a deterministic model, we cannot ususally be sure that the model is perfect. Using fuzzy
set theory, we can model the meaning of vague notions and also certain kinds of human reasoning. Fuzzy set
theory and its applications have been developed by Kaleva [12] [13], Lakshmikantham et al. [14], Liu et al. [16],
Murty et al. [18] 19, 20, 21 22], Puri et al. [23] 24], You [27].

1.3 Motivation

The differential and integral calculus for multivalued functions on time scales using Hukuhara difference was
introduced and developed by Hong [I1]. Later, Lupulescu [I7] studied the differentiability and integrability for
the interval-valued functions on time scales using generalized Hukuhara difference (gH-difference). Further,
Fard et al. [6] studied the calculus of fuzzy-number-valued functions on time scales using gH-difference.
Furthermore, Vasavi et al. [25] studied the fundamental properties of fuzzy set-valued functions on time
scales using generalized delta derivative (Ag-derivative) with Hukuhara difference. Recently, Vasavi et al. [20]
studied the properties of second type Hukuhara delta derivative (Agg-derivative) for fuzzy set-valued functions
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on time scales and established the existence and uniqueness of solutions for the fuzzy dynamic equations on
time scales. The main aim of this paper is to fill the gap in the literature of fuzzy time scale calculus [6l 25 26].
In this context, we introduce fuzzy Hukuhara delta derivative and integral for fuzzy set-valued functions on
time scales using Hukuhara difference.

1.4 Structure of the Paper

The paper is organized as follows. In Section 2, some basic definitions and results related to fuzzy calculus
as well as time scale calculus are presented. In Section 3, we introduce and study the properties of new class
of derivatives called Hukuhara delta derivative (Apg-derivative). In Section 4, we introduce Hukuhara delta
integral (Apg-integral) and studied some properties. In Section 5, we establish sufficient conditions for the
existence and uniqueness of solutions for the fuzzy dynamic equations on time scales.

2 Preliminaries

Firstly, we recall some results related to fuzzy calculus. Let P, (R™) denotes the family of all nonempty compact
convex subsets of R™. Define the addition and scalar multiplication in Py (R™) as usual. Then Py (R") is a
commutative semigroup [I3] under addition, which satisfies the cancellation law. Moreover, if a, f € R and
A, B € P,(R™), then

a(A+ B)=aA+aB, a(fA) = (apf)A, 1.A=A,
and if a, 8 > 0 then (o + 8)A = aA + SA. Let A and B be two nonempty bounded subsets of R™. The
distance between A and B is defined by the Hausdorff metric

du(A,B) = max{ilelg inf [la = bll, Sup inf [la - bl|}

where ||.|| denotes the Euclidean norm in R™ (or) equivalently, we define the Hausdorff distance between A
and B as

dp (A, B) = max{sup d(a, B),supd(b, A)},
acA beB

where d(a, B) = gn]fg lla —b||, d(b,A) = in1f4 |la —b||. Then (Px(R™),dy) becomes a complete and seperable
S ac
metric space [I3]. Define
E" = {u: R" — [0,1]/u satisfies(i)-(iv)below},
where

(i) w is normal, i.e., there exists an xg € R™ such that u(xg) = 1,

)
(ii) w is fuzzy convex,
(iii) w is upper semicontinuous,
)

(iv) the closure of {x € R™/u(x) > 0}, denoted by [u]® is compact.

For 0 < o < 1, denote [u]® = {z € R"/u(x) > a}, then from (i)-(iv) it follows that the a-level set
[u]* € P(R™) for all 0<a<1.

If g : R" x R®" — R™ is a function then according to Zadeh’s extension principle we can extend g :
E™ x E" — E" by

g(u,v)(2) = :s?p )min{U(x),v(y)}

It is well known that [g(u,v)]* = g([u]%, [v]*), for all u,v € E", 0 < aw < 1 and g is continuous. For addition
and scalar multiplication, we have

[u—+ 0] = [u]* + [v], [ku]® = k[u]®, where u,v € E", ke R, 0 <a<1.
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Theorem 2.1. ([13]) If u € E™, then
(i) [u]* € Pr(R™) for all0 < a <1,
(i) [u]*® C [u]* for all0 <oy <ap <1,

(ii) If {ax} C [0,1] is a nondecreasing sequence converging to o > 0, then

[u]* = () [u]*.

k>1

Conversely, if {A*/0 < a < 1} is a family of subsets of R™ satisfying(i)- (i), then there exists u € E™ such
that
[u]* =A%, for 0<a<1, and

[u]® = cl U A> 5 C A% where cl denotes the closure of the set.
O0<a<l

Theorem 2.2. ([13]) Let {Ar} be a sequence in Pi (R™) converging to A and
d(Ag,A) = 0 as k — oo then

A=d? | 4Anm

k>1 | m>k
Define D : E” x E™ — [0, 00) by

D(u,v) = OiggldH([u]av [,U]a)7

where dy is the Hausdorff metric defined in Pg (R™). Then (E™, D) is a complete metric space [13].
Let z,y € E". If there exists a z € E™ such that x = y + 2z then we call z the H- difference of x and y
denoted by x ©g y. For any A, B,C,D € E" and A € R,

(i
(ii
(i
(iv

Here we assume that the Hukuhara differences appearing in the above formulae exist.

B)=0< A =B,

) D(4,

) D(AA,AB) = |\|D(A, B),

) D(Acy C,Boy C) = D(A,B),
) D(

A6y B,C6p D)< D(A,C)+ D(B,D).

Definition 2.1. ([I3]) A mapping F : T — E™ is Hukuhara differentiable at to € T if there exists a F' (to) € E"
such that the limits . N . r . N
lim (to+h)on (to)’ lim (to) ©u F(to — h)
h—0%+ h h—0t h

exist in the topology of E™ and equal to F (to). Here the limit is taken in the metric space (E™, D). At the
end points of T we consider only the one-sided derivatives.

Remark 2.1. ([13]) If F is differentiable then the multivalued mapping F,, is Hukuhara differentiable for all
a € 0,1] and

Here [F,]" denotes the Hukuhara derivative of F,.
Definition 2.2. ([13]) A mapping F : T — E™ is strongly measurable if for all o« € [0,1] the set-valued

mapping F, : T — Pp(R™) defined by F,(t) = [F(t)]* is (Lebesgue) measurable, when Py (R™) is endowed with
the topology generated by the Hausdorff metric dg.
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Remark 2.2. ([13]) If F : T — E™ is continuous, then it is measurable with respect to the metric D and F
is said to be integrably bounded if there exists an integrable function h such that ||z|| < h(t) for all x € Fy(t).

Definition 2.3. ([13]) let F : T — E™. The integral of F over T, denoted [ F(t)dt or fab F(t)dt, is defined

levelwise by the equation
UTF(t)dt] :/TFa(t)dt: {/Tf(t)dt/f:TaR”}

where [ is a measurable selection for Fy, for all 0 < a < 1.

A strongly measurable and integrably bounded mapping F' : T — E™ is said to be integrable over T if
Jp F(t)dt € E™.

Remark 2.3. ([13]) If {aw} is a nonincresing sequence converging to zero for all u € E", then

lim dg([u]°, [u]**) = 0.

k— o0

Remark 2.4. ([I4]) If F : T — E™ is continuous, then it is integrable.
Theorem 2.3. ([I4]) Let F,G : T — E™ be integrable. Then
(i) [F+G=[F+ [G,
(ii) [AF =X [ F, where A € R,
(iii) [PF = ["F+ ['F, where c € R,
(iv) D(F,QG) is integrable,
() D[ F,[G) < [ D(F,G).

Now, we present some basic notations, definitions and results of time scales. Let T be a time scale, i.e. an
arbitrary nonempty closed subset of real numbers. Since a time scale T is not connected, we need the concept
of jump operators.

Definition 2.4. ([4]) The forward jump operator o : T — T, the backward jump operator p: T — T, and the
graininess pu: T — R are defined by

o(t)=inf{s € T:s>t}, p(t) =sup{s € T:s<t}, ut) =o(t) —t fort €T,

respectively. If o(t) = t, t is called right-dense (otherwise: right-scattered), and if p(t) = t, then t is called
left-dense (otherwise: left-scattered). If T has a left-scattered mazimum m, then T = T — {m}. Otherwise
T* =T.

If f: T — R is a function, then the function f? : T — R defined by
fo(t) = f(o(t)), for all ¢t € T.

Definition 2.5. ([]) Let f : T — R be a function and t € T*. Then f2(t) be the number(provided it exists)
with the property that given any € > 0, there is a neighbourhood U of t (i.e., U = (t — §,t + ) N'T for some
0 > 0) such that

(o) = ()] = F20)[o(t) = s]| < €lo(t) —s|, for all s€U.

In this case, f2(t) is called the delta (or Hilger) derivative of f at t. Moreover, f is said to be delta (or
Hilger) differentiable on T if f2(t) ewists for all t € T*. The function f2 : T — R is then called the delta
derivative of f on T*.

Definition 2.6. ([]) A function f: T — R is called regulated provided its right-sided limits exist(finite) at
all right dense points in T and its left-sided limits exist(finite) at all left-dense points in T and F is said to
be rd-continuous if it is continuous at all right-dense points in T and its left-sided limits exists(finite) at all
left-dense points in T.
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The set of all rd-continuous functions F : T — R is denoted by C,4(T). The set of functions F': T — R
that are differentiable and whose derivatives are rd-continuous is denoted by C}!,(T).

Lemma 2.1. ([]) Assume F : T — R.
(i) If F is continuous, then F is rd-continuous.
(i) If F is rd-continuous, then F is regulated.
(iii) The jump operator o is rd-continuous.
(iv) If F is regulated or rd-continuous, then so is F°.

Definition 2.7. ([4]) A continuous function f : T — R is called pre-differentiable with region of differentiation
D, provided D C T*, T% /D is countable and contains no right-scattered elements of T, and F is differentiable
at each t € D. If F is regulated, and f>(t) = F(t) for all t € D, then the indefinite integral of a regulated
function F is

[Fasw-rw+c.

where C is an arbitrary constant and f is a pre-antiderivative of F'. The cauchy integral is given by
/s F(t)A(t) = f(s) — f(r), forallr,seT.
Lemma 2.2. ([4]) Ifa,b,c €T, a € R, and F,G € C,q, then
(i) [JIF () + GWJAL = [} F()AL+ [} G(HAL,
(ii) [}(@P()At=a [ F(t)At,
(iii) [P F(t)At = — [ F(t)At,
(iv) [PF(t)At= [CF(t)AL+ [*F(t)At,
(v) [LF(t)At =0.

3 Differentiation of Fuzzy Set-valued Functions on Time Scales

In this section we define and study the properties of Hukuhara delta derivative (Ap-derivative) for fuzzy
set-valued functions on time scales. To facilitate the discussion below, we introduce some notation: For ¢t € T,
the neighbourhood ¢ of T is denoted by Ur = Ug(t,0) (i.e. Ur(¢t,9) = (t —d,t+ ) N'T for some ¢ > 0). In the
present section we work in (E™, D).

Definition 3.1. A fuzzy set-valued function F' : T — E™ has a T-limit A € E™ at tg € T if for every e > 0,
there exists 6 > 0 such that D(F(t) g A, {0}) < e for allt € Ur(to,d). If F has a T-limit A € E™ at ty € T,
then it is unique and is denoted by T — lim;_;, F(t).

Remark 3.1. From the above definition we have,

T — lim F(t):AEEn<:>T—tlir?(F(t)@HA):{0},
—to

t—to
where the limits are in the metric D.

Definition 3.2. A fuzzy set-valued mapping F : T — E™ is continuous at to € T, if T — limy_,4, F'(t) € E"
exists and T — limy_y, F(t) = F(to), i.e.

T — lim (F(t) O F(to)) = {0}.

t—to
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Remark 3.2. It follows from the above definition that if F': T — E” is continuous at ty € T, then for every
€ > 0, there exists § > 0 such that

D(F(t) om F(to),{0}) <, for all t € Uy.

Definition 3.3. Assume F : T — E" is a fuzzy set-valued function and t € T*. Let AgF(t) be an element
of E™ (provided it exists) with the property that given any € > 0, there is a neighbourhood Ut of t for some
0 > 0 such that
D[(F(t+h)on F(o(t), AuF(t)(h — pt)] < e(h — p(t)),
D[(F(o(t)) on F(t —h), AgF(t)(h + p(t))] < e(h + pu(t))

for allt — h,t+h € Up with 0 < h < § where p(t) = o(t) —t. We call AgF(t), the Ag-derivative of F at
t. We say that F is Ag-differentiable at t if its Ag-derivative exists at t. Moreover, we say that F is Ag-
differentiable on T* if its Ap-derivative exists at each t € T*. The fuzzy set-valued function AgF : T — E"
is called the Ag-derivative of F' on T or equivalently,

F(t+h)ou F(o(t)) .. F(o(t)og F(t—h)

I 1
hs 0+ h— u(t) " o h+ ult)

(1)

exists and equal to A F(t).
Lemma 3.1. If the Ag-derivative of F' at t exists, then it is unique.

Proof. Let 1a,, F(t) and 2a,, F(t) be the Apy-derivatives of F' at ¢. Then
Dlay F(t)(h— pu(t), F(t +h) ©n F(o(t)] < e(h — p(t)),

DRay F(t)(h —p(t), F(t+h) ou Fo(t))] < e(h — p(t)).

Consider
D[Ia, F(t), 20, F(t)] = h%u(t) [Dla, F(t)(h = p(t),2a, F(t)(h — p(t)]]
1
< — [Dla, F@)(h = p(t), F(t+ h) ox F(o(1))]
+D[F(t+h)on F(o(t)),2a, F(t)(h — pu(t)]]
<e+e=2

for all |h — u(t)| # 0. Since € > 0 is arbitrary, then D[1a, F(¢),2a, F(t)] = 0. This implies that 1a, F(t) =
27, F(t). Hence Ap-derivative is well defined. O

Theorem 3.1. Let F: T — E" be a fuzzy set-valued function and t € T*. Then we have the following:
(i) If F is Apg-differentiable at t, then F is continuous at t.

(ii) If F is continuous at t and t is right-scattered, then F is Ap-differentiable at t with

ApF(t) = F(o(t)) &n F(t)
u(t)
(iii) If t is right-dense, then F is Ag-differentiable at t iff the limits

lim F(t+h) @HF(t)7 lim F(t)you F(t—h)
h—0%+ h h—0+ h

exists as a finite number and satisfy the equations

lim F(t+h)oy F(t) — lim F(t)yeuy F(t—h)

h—0t h h—0t h

= Ay F(t).
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(iv) If F is Ag-differentiable at t, then
F(o(t) = F(t) + p(t) A F().
Proof. (i) Assume F' is Apg-differentiable at t. Let € € (0,1). Define
= el + [Ag P~
Clearly, €; € (0,1). Let 8 be the zero element of E”. By the definition of D,
Dlu, 0] = ||ul|.

For any u,v € E", Dlu,v] < ||lu—v].
Since F' is Ap-differentiable there exists a neighbourhood Ut of ¢ such that

D[(F(t+h)on F(o(t), AuF(t)(h — p(t))] < er(h — u(t)),
D[(F((o(t)) ©m F(t = h), ApF()(h+ p(t))] < ex(h+ p(t))

for all 0 < h < § with ¢t — h,t + h € Uy. Therefore, for allt —h,t+h € UrN (t — e, t+€1) and 0 < h < €1,
we have

D[F(t+h),F(t)] = D[F(t+h) eny F (t) eu F(o(t))]
) (

F
) A F(t)(h — u(t))]

=D[F(t+h)ou F(o
+ D[F(t) HF( ())

< e(h = p(t) + eu(t) + DAL F(1), 0]

<a(l+[[AgF@)]) =«

Similarly, D[F(t), F'(t — h)] < e. It follows that F' is continuous at t.
(ii) Assume that F' is continuous at ¢ and ¢ is right-scattered. By the continuity of F', we have

F(t+h) oy F(o(t)) F(t)ogF(ot))

et h— u(t) T —u
i Flo®)on FE—h) _ Flo(t) ou F(t)
h—0+ h+ p(t) N u(t)

Moreover,

F(o(t)) ou F(t) Ft)on F(o(t))] _
p | FelG e HI S e <o

Hence given € > 0, there exists a neighbourhood Ut of ¢ such that
D {F(t +h)on F(o(t)) F(o(t)) ©n F(t)}

TR ()
5 [F«r(t» ou F(t—h) F(o(t)) Su F(t)}

h+ p(t) ’ u(t)

for all 0 < h < § with t — h,t + h € Ur. It follows that
F(o(t)) o F(t)

p(t)

IN

€,

€

IN

D [F(t ) en Flo(t)), (h— ult ))} < e(h — ().
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F(o(t)) e F(t)
p(t)

D |P(o(t)) &r F(t—h), (h+ ()| < e(h+ p(t)

forall 0 < h < ¢ with t — h,t + h € Ur. Hence

F(o(t)) ou F(t)
p(t) '

(iii) Assume that F' is Apy-differentiable at ¢ and ¢ is right-dense. Since F' is Ap-differentiable at ¢, for
any given € > 0, there exists a neighbourhood Ur of ¢ such that

ApF(t) =

D(F(t+h)on F(o(t), AuF(t)(h — p(t))] < e(h — p(t),
D(F((o(t)) ©m F(t = h), AgF(t)(h + p(t))] < e(h + p(t))
for all 0 < h < § with t — h, ¢t + h € Ur. Since o(t) = t, i.e. u(t) =0, we have
D[(F(t+h)en F(t),hAgF(t)] < €h,
D[(F(t) &g F(t —h),hAgF(t)] < eh
for all 0 < h < § with ¢t — h, ¢ + h € Ur. This yields

F(t+h)oy F(t)
p | K

,AHF<t>] <e

F(t) o F(t — h)
D [ Hh

forall 0 < h < 6 with t — h,t + h € Ug. As € is arbitrary, we have

, AHF(t)] <e

BF() = i ZEEW S8 PO _ gy, (0 O F(E)
—0 h he0 A

Conversely, suppose that t is right-dense. For all 0 < h < § with t — h,t + h € Ut , there is a neighbourhood
Ur of t such that

b {F(t + h)h@H F(t),AHF(t)] <e
D [F(t) @HhF(t - h),AHF(t)] <e

From these inequalities, F' is A y-differentiable at ¢.
(iv) If o(t) = ¢, then p(t) = 0 and we have that

On the other hand if o(¢) > t, then by (ii)

F(o(t)) = F(t) + p(t) =~ = F(t) + p(t) A F (D).

Example 3.1 We consider the two cases T=R and T = Z.
(i) If T = R, then from Theorem (iii) F : R — E™ is Ap-differentiable at ¢ € R iff

P en F=h) _

. F{t+hogF(t)
Ank(t) = lim 7 = fim )
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(ii) If T = Z, then from Theorem (ii) F : Z — E™ is Ay-differentiable at ¢ € Z and

F(o(t) ou F(t))
pu(t)

where A is the forward Hukuhara difference operator.

ApF(t) = =F(t+1)ou F(t) = AF(),

Theorem 3.2. Let F : T — E™ be the fuzzy set-valued function and denote [F (t)]* = F,(t), for each « € [0, 1].
If F is Ag-differentiable, then F, is also Ag-differentiable and

Ag[F(t)]e = AgF,(t).
Proof. If F is Ap-differentiable at ¢t € T* and ¢ is right-scaterred, then for any a € [0,1], we get
[F(t+h)ou F(o(t))]" = [Falt +h) &n Fulo(t))],

dividing by h — u(t) > 0 and taking the limit h — 0T, we have

Jim o [Falt 4 1) O Falo ()] = AnFalt)

Similarly,
1

Jim s [Fa(o(t) ©u Falt — h)] = A Falt).

If F is Ag-differentiable at ¢ € T* and ¢ is right-dense, then for a € [0, 1], we get
[F(t +h)oy Ft)]* = [Fa(t+h) oF Fut)],

dividing by h > 0 and taking the limit h — 0T, we have

1
lim =[F F = AgF, .
hi%l+h[ w(t+h) o Fu(t)] o (t)

Similarly, hliI(I)l+ [Fo(t) ©m Folt —h)|/h = AgF,(t). O
—

Remark 3.1. From the above Theorem (3.3, it directly follows that if F' is Apg-differentiable then the mul-
tivalued mapping F,, is Ag-differentiable for all a € [0,1], but the converse result doesn’t hold. Since the
existence of H-differences [x]* ©p [y]*, a € [0,1], does not imply the existence of H-difference x Sp y.

However, for the converse result we have the following:
Theorem 3.3. Let F': T — E” satisfy the assumptions:

(i) for eacht € T there exists a f > 0 such that the H -differences F(t+h)opF(o(t)) and F(o(t))ou F(t—h)
exists for all 0 < h < 8 and for allt — h,t + h € Urg;

(i) the set-valued mappings Fy, o € [0,1], are uniformly Ap-differentiable with derivative AgF,, i.e., for
eacht € T and € > 0 there exists a § > 0 such that

F,(t+h) 6y Fulo(t))
D{ h—ull)

Fo(o(t)) ©n Fa(t — h)
D{ Wt uld)

,AHFa(t)} <€,

,AHFa(t)} <e

forall0 < h<d,t—ht+heUr, a€l0,1].

Then F is Ag-differentiable and the derivative is given by Ay F,(t) = Ag[F(t)]*.
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Proof. Consider the family {Ap F,(t),« € [0,1]}. By definition Ay F, (t) is a compact, convex and non-empty
subset of R™. If a; < ap then by assumption (i),

Fo,(t+h) On Fo, (0(t)) D Fay(t +h) On Fa, (a(t))

for 0 < h < 8 and for all t — h,t + h € Ur and consequently Ay F,, (t) D Ay Fy,(t).
Let o > 0 and {ax} be a nondecreasing sequence converging to «. For € > 0 choose h > 0 such that the
equation holds true. Then consider

D(ApF,(t),AgF,, (1)
t+h)ony Fa(a(t))> D (Fa(t +h)Su Fuo(o(t))
h—p(t) h = p(t)
DIF,(t+h)on Fy(o(t)), Fa,(t +h)on Fa, (o(t))]

<D (AHFa(t),FO‘(

1

h—p(t)
1
+ mD[Fak (t + h) O Fak (O’(t))’ AHFak (t))]

1
< 26 s DIFa(t+h) St Fa(o(t), Fou (t+1) St Py (0(0)]

By assumption (i), the rightmost term goes to zero as k — oo and hence

Aufu ()

< €+

lim D(AgFa(t), ApFa, () = 0.

k— o0

From Theorem [2:2] we have
ApFo(t) = () AuFa,(t).

k>1

If & = 0, we deduce as before
khm D(AHFo(t), AHFak (t)) = 0,
—00

where {ay} be a nondecreasing sequence converging to zero, and consequently
ApFo(t) =cl | | AnFa,(t)
E>1
Then from Theorem it follows that there is an element u € E” such that
[u]* = AgF,(t), «€]0,1].
Furthermore, let t € T, e >0, § > 0 and t — h,t + h € Ur be as in assumption (ii). Then

Fo(t+h)on Fy(o(t)) B Fo(t+h)on Fy(o(t))
D( h—pu(t) ’UQ>D< h — u(t)

forO<h<dandt—h,t+heUr.
Similarly

,AHFa(t)) <e€

p(Bletonaion ) .
h — p(t)
Hence F' is Apg-differentiable. O

Theorem 3.4. Let F: T — E! be Ay-differentiable on T. Denote F,(t) = [fa(t), ga(t)], @ € [0,1]. Then f,
and g are Ag-differentiable on T and

[ArF)]" = [An fa(t), Arga(t)]-
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Proof. Given F is Ap-differentiable at ¢ € T* and ¢ is right-scaterred, then for any a € [0, 1], consider
[F(t+h)on F(o(t)]” = [falt + 1) Ou falo(t), ga(t +h) On ga(o(t))]

and dividing by h — p(t) and taking limit as h — 0T, we get

Jim - [F(t+h) S Flo(t)]

1
p(t)
_ lim fa(t + h) OH fa(a(t)) lim ga(t + h) OH ga(O'(t))
h—0+ w(t) "0+ w(t)

= [Agfa(t), Arga(t)].

Similarly,
1
lim —[F(o(t F(t—h)]® =[Agfat), Agga(t)].
Jim, s (F(o(0) O F(t = 1)]" = (A folt). Mg (t)
If F is Apy-differentiable at ¢ € T* and ¢ is right-dense, then for any « € [0, 1], consider
[F(t+ h) OH F(t)]a - [fa(t + h) )24 foz(t)7go¢(t + h) S:4 ga(t)]

and dividing by h > 0 and taking limit as h — 0, we get

lim, %[F(t +h) o F)]*

— | lim fa(t+h) OH fa(t)’ lim ga(t+h) SH ga(t)
h—0+ h h—0+ h

= [Anfa(t), Anga(t)].

Similarly,
lim +[F(o(t) O F(t — h)]* = (Mg fu(), Arrga(®)].
O

Remark 3.4 Let F' : T — E™ be a fuzzy set-valued function. If F is Apg-differentiable on T*, then there
exists § > 0 such that for « € [0,1], we have

diam[F(to — h)]* < diam[F (o (to))]* < diam[F(to + h)]*, for 0 < h <,
i.e. for each a € [0, 1], the real function t — diam[F(t)]* is nondecreasing on T*.

Theorem 3.5. Let F : T — E" be Ap-differentiable and nondecreasing on TF. If t1,ts € TF with t; < to,
then there exists a C € E™ such that F(t2) O F(t1) =C.

Proof. For each w € [t1, 2] there exists a d(w) > 0 such that the H-differences F(w + h) &g F(o(w)) and
F(o(w)) ©g F(w — h) exist for all 0 < h < §(w). Then we can find a finite sequence t; = w; < wg <
w3 < -+ < wy = tg such that the family {I,,, = (w; — 6(w;),w; + §(w;))/i = 1,2,...,n}, covers [t1,ta] and
Ly, NIy, #0. Select a s; € Iy, N 1y,,,, i =1,2,...,n — 1, such that w; < s; < w;41. Then

F(wi—i-l) = F(Sz) + k1 = F(wl) + ko + k1 = F(wi) +B;,, 1=12,...n—1,

for some k1, ko, B; € E™. Hence,

n—1

F(ty) = F(ti) + Y _ Bi=F(t) +C,

i=1
which implies that F'(t2) ©g F(t1) = C. O

In the following theorem we obtain the Apg-derivatives of sums and scalar products of A g-differentiable
functions on time scales in (E™, D).
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Theorem 3.6. Let F,G : T — E" be Ap-differentiable at t € T*. Then,
(i) the sum F + G : T — E" is Ay-differentiable at t € T* with

Ap(F +G)(t) = AgF(t) + ApG(t),
(ii) for any constant A\, \F : T — E" is Ay -differentiable at t with
Ap(AF)(t) = AMApF(t),
(iii) the product FG : T — E™ is Ay-differentiable at t € TF with
Ap(FG)(t) = F(o(t)AgG(t) + GA) A F(t) = F()AgG(t) + G(o(t)) Ap F(t).

Proof. Let F and G be Ap-differentiable at t € T,
(i) Let € > 0, then there exists neighbourhoods U;, and Us; of ¢t with

DI(F(t+h) & F(o(t)), AnF()(h— u(t)] < 5 (h = u(t)),

D[(F((o(t)) ©u F(t — h), AgF(t)(h + p(t))] <
for 0 < h < with t — h,t+ h € Uy and

DI(G(t +h) & Go(8)). AnG(e)(h = u(t)] < 5(h = u(b)),

(h+ p(t))

l\D\m

D[(G((o(t)) on G(t — h), AgG(t)(h + p(t))] < 5(h + p(t))
for O < h <6 witht—h,t+h e Us. Let U =U; NUs,, then for 0 < h < 6 with t — h,t + h € U, we have
D[(F+G)(t+h)on (F+G)(o®)),(AuF(t) + AuG(t))(h — pu(t))]
=D[F(t+h) Sy F(o(t)) + Gt + h) oy G(a(t)),
ApF(t)(h—pu(t) + AaG(t)(h — p(t))]
D[F(t +h)on F(o(t), AgF(t)(h — u(t))]
D[G(t + h) on G(o(t), AuG(t)(h — pu(t))]
(h—p(t) + (h — pu(t))
= e(h — p(t)).

l\')\m

Similarly, we get
DI(F +G)((e(t)) on (F+G)(t—h),(AnF(t) + AuG(t))(h + p(t)] < e(h + u(t)).
Therefore, F' + G is Ag-differentiable at ¢ and
Ag(F+G)(t) =AgF(t) + AuG(t).

(ii) For A = 0, the result is trivial. We assume that A > 0. Since F'is Ag-differentiable at ¢ € T there exists
a neighbourhood Ur of ¢ such that, for given ¢ > 0, we have

D[(F(t+h) ©n F(o(t), ApF(t)(h — p(t))] <
D[(F((o(t)) ©u F(t = h), AgF(t)(h + u(1))] <
for 0 < h < ¢ with ¢t — h,t+ h € Ur and

DINF(t +h) ©m AF (o (1), \AF(t)(h — p(t))]
= AD[(F(t +h)on F(o(t)), ApF(t)(h — p(t))]

<A (h = p(t) = e(h = u(t).

(h = p(t)),

(h+ p(1))

my\m

> \

Similarly, we get
DIME((e(1) O AF(t = h), AAg F(t)(h + u(t))] < e(h + pu(t))
for 0 < h < ¢ with t — h,t + h € Ur. Therefore A\F' is Ag-differentiable at t and A (AF)(t) = MAg F(¢).
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(iii) Let € € (0,1) and define €* = e[1+ |[|[F(c(t))|| + ||G®#)|| + |Ag F(t)||] 7, then €* € (0,1). Thus, there exist
neighbourhoods U;, Us, Us of t such that

DI(F(t+h)on F(o(t), ApF(t)(h — p(t)] < € (h — u(t),

D[(F((o(t)) ©u F(t — h), AgF(t)(h+ u(t)] < € (h + p(t))
for 0 < h <6 witht—h,t+h € Uy and

D(G(t+h)om G(o(1)), ApG(t)(h — p(1))] < € (h = u(?)),

D[(G((o(t)) ou G(t — h), AgG(t)(u(t)) + h] < " (h + p(t))
for 0 < h < § with t — h,t + h € Us. Since G is Ap-differentiable at ¢, it follows from Theorem [3.1] that G is
continuous at t. Hence
D[G(t + h),G(t)] < €, D|G(t),G(t — h)] < €,
D(G(t+h)) < D(G(t))+ 1,D(G(t —h)) < D(G(t)) +1

forO0<h<dwitht—h,t+heUs. Let Ur =U; NUsNU;z and t — h,t + h € Ur, then we have

DI(FG)(t+h) on (FG)(a(t)), (F(o(t)AnG(t) + GO)AnF (1)) (h — u(t))]
< D[(G(t+h) om G(o(t)F(a(t), AaG(t)(h — u(t)) F(a(t))]
+D[(F(t+h)ou F(o(t)G(t+h),AgF(t)(h — u(t)G(t + h)]
D0, ApF(t)(h — u(t))(G(t) — G(t + h))]
< D[(G(t+h)om G(o(t)), AaGt)(h — pt)(F(o(t)))
+ D[(F(t+h)on F(o(t), AgF(t)(h — pt)|D(G(t + h))
+ DGt +h), GO Aa F@)[[(h — pu(t))
< e (h—p)IF (@) + € (h = p@)IGH] +1]
+ e (h—p@)IAaF @)
=+ [F@@)I+ NGO+ [AaF@](h = u(t) = e(h = ult)).

Similarly, we get
DI(FG)(o(t) en (FG)(t —h), (F(o(t)AuG({t) + G()An F(t))(u(t) + h)] < e(h + p(t)).

Thus Ag(FG)(t) = F(o(t)Au(G)(t) + G(t)Aur(F)(t) holds at t. The other product rule in (iii) of this
theorem follows from this last equation by interchanging the functions F' and G. O

4 Integration of Fuzzy Set-valued Functions on Time Scales

In this section we introduced A pg-integral for fuzzy set-valued functions and also studied their properties.

Definition 4.1. Let I C T. A function f : I — R is called a A-measurable sector of the fuzzy set-valued
function F': I — E™ if f(t) € F(t) for allt € I.

Definition 4.2. A fuzzy set-valued function F : T — E™ is said to be requlated provided its regqulated A-
measurable sectors exist. A fuzzy set-valued function F : T — E™ is said to be rd-continuous provided its
rd-continuous A-measurable sectors exist.

In this paper, the set of rd-continuous fuzzy set-valued functions F': I C T — E” is denoted by
Cfrd = Cfrd(l) = Cde(Iv En)

The set of fuzzy set-valued functions F' : I C T — E™ which are Ap-differentiable and whose A g-derivative
is rd-continuous is denoted by

Cfra = Cprall) = Cpral1,E).
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Definition 4.3. A continuous fuzzy set-valued function F' : T — E™ is said to be pre-differentiable with
(region of differentiation) D, provided D C T*, T* \ D is countable and contains no right-scattered elements
of T, and F is Ay -differentiable at each t € D.

Remark 4.1 It is evident that F is regulated provided F is rd-continuous, i.e. there exists a fuzzy set-valued
function f which is pre-differentiable with region of differentiation D such that Ap f(¢t) = F(t) for all t € D.

Definition 4.4. A fuzzy set-valued function F : T — E™ is said to be Ag-integrable on I C T if F' has
a rd-continuous A-measurable sector on I. In this case, we define the Ag-integral of F on I, denoted by
J; F(s)As, and defined levelwise by the equation

[/IF(S)AS] = /IFa(s)As = {/If(s)As (fe SFQ<I>},

where Sg (I), the set of all Ag-integrable sectors of F,, on I.

Theorem 4.1. Letty,T € T and F,G : [ty, Tt — E™ be Ap-integrable and have rd-continuous A-measurable
sectors, then we have

(i) ft G(s) As—ft As—i—ft s)As.

(ii) ft AF(s)As = )\ft F(s)As, XeRT.
(iii) ft Asfft As+ft s)As.

(iv) ft s)As = {0}.
(v) If f € Sr([to, T)r), then D(F(.),0) : [to, T]r — RT is Ay -integrable and

D ( /tTF@AS,e) < /fw .

(vi) If f € Sr([to, T)r) and g € Sc([to, T)r) implies that f,g € Cyrq([to, T)r), respectively, then D(F'(.), G(.)) :
[to, T|t — RT is Ay-integrable and

D(/t F(s)As, ) G(s)As) < D (F(s),G(s)) As.

to

Proof. Let to,T € T and F,G : [to, T]r — E™ are Apg-integrable.
(i) Since F, G are A m-integrable, for a € [0, 1], F,, and G, have rd-continuous A-measurable sectors. Hence

for any u € ft ) + G(s)]aAs, there exist f € Sp([to, T]r), g € Sc([to, T]r) such that

T

u= / [f(s)+g(s)]As = f(s)As —|—/ g(s)As € / F,(s)As+ Ga(s)As

to to to to to

which implies that ft )+ G(8)]als C ftf [Fu(s)]As + ft (s)]As. In a similar way, we can obtain the
converse part.

(ii) Let u € ftf[)\F(s)]aAs7 there exist f € Sg([to, T|t), such that

u:/tj[)\f(s)As] :A/ton(s)Ase)\/toTF

which implies that j;f [AF(s)]aAs C A ft JaAs. In a similar way, we can obtain the converse part
(iii) Let a € [0,1] and f be a A- measurable sector for F,. From Lemma (iv) j; s)As = ft s)As +
ft s)As, then we have

/:Fa(s)AsC tFa(s)As—l—/tTFa(s)As.

to
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On the other hand, let z = ft g1(s)As + ft g2(s)As, where g; is a A-measurable sector for F, in [tg, ] and
g2 is a A-measurable sector for F, in [¢,T]. Then f defined by

), it te[to,t]
f(t){gg(t), if te(t,T]

is a A-measurable sector for F,, in [tg, Tt and

OTf(S)AS = /t g1(s)As + /T g2(s8)As = z.

to t

/tTFa(s)Aer/tTFa(s)Asc/tTFa(S)AS.

(iv) Let @ € [0,1] and f be a A-measurable sector for F,. From Lemma (v), ttof’ f(s)As = {0}, then we
have
t() t()
/ Fo(s)As = f(s)As =
t[) tO

(vi) It is sufficient to prove (vi) because (v) is a particular case when G(t) = 0 in (v). For given f € Cy.q, we
have the inequalities

d(fa(s), Ga(s)) < d(fa(s) 9a(s)) < d(fa(s), fa(T)) + d(fa(T), ga(s))

for each go(s) € Go(s), which implies
d(fa(5); Gals)) Om d(fa(s), fa(T)) < fd(fa(7), ga(s)) = d(fu(T), Ga(s)).

Thus,

Therefore,
d(fa(s); Ga(s)) Ou d(fa(T),Gals)) < d(fals), fa(T))-

The same inequality holds with s and 7 are interchanged and rd-continuity of dg (fa(.), Ga(s)) at s € [to, T
follows for each f, € Cfrq. Thus,

D(F(t), G(t)) = supdp (Fu, (t), Ga (1))

k>1
is rd-continuous, which yields that the integral ftT F(s),G(s)]As is well defined. Hence for any u €
ft s)As, there exists a A-measurable sector f € Sg([to, T|r), and for any v € ft s)As, there exists a
A- meaburable sector g € Sa([to, Tr), such that
T T
u = f(s)As, v :/ g(s)As.
to tO

From [I3], we have

([ fo) ot
=D </F/G) Sait[lopl /dH(FOHGOé)

S/Sup dp(Fu, Ga) /DFG

agl0,1]

and consequently
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Theorem 4.2. Let It = INT, where I C R be an interval and F : It — E™ is rd-continuous. If tg € T, then
f defined by

t
J(t) = Xo +/ F(s)As, fort € Itand X, € E"

to

is Ag-differentiable and Ag f(t) = F(t) a.e. on It.
Proof. Let t € D, since f is Ap- differentiable, then A f(t) exists and
Agf(t)=F(t) ae. onD.

If t € Itw \ D, then t is a right-dense point of T. For any h > 0 with ¢t — h, ¢ + h € I, we have

t+h o(t) t+h
f@+®—f@@»:A'Aﬂ$As—[ Fs)as= | Fs)As.

0 a(t)

Let € > 0 be arbitrary, by the rd-continuity of F' we have

p (=IO i) = o D+ 1) = o) (= n(O)F ()]

h— u(t) (1)
1 t+h t+h
= pR—r ( o F(s)As, /U(t) F(t)As)
1 t+h

< e o D(F(s),F(t))As < e

for all t — h,t + h € Iy. The integral on the right hand side tends to zero as h — 0, as t is right dense. Hence

. ft+h)—flo(t)
e S 0 A

and similarly

O

Remark 4.2 A fuzzy set-valued function f: T — E™ is called a Ag-antiderivative of F': T — E™ provided
Agf(t) = F(t) for all t € T*. From Theore every rd-continuous fuzzy valued function F' has a Ag-
antiderivative f. Thus, for ty € T,

f(t) = f(to) +/ F(s)As, forteT".

to

5 Fuzzy Differential Equations on Time Scales
In this section we consider a fuzzy initial value problem on time scales
y® =F(t,y), ylto) =y, (3)

where F': T x E* — E™ is a given function and for 5 € T and yo € E™, is called an initial value problem. A
function y : T — R is called a solution of this IVP if

y2(t) = F(t,y(t))

is satisfied for all ¢+ € T* with y(ty) = yo. From Theore it immediately follows:
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Lemma 5.1 A mapping y : T — E"™ is called a solution to the IVP (3] if and only if it is rd-continuous and
satisfies the integral equation

t

y(t) =yo +/ F(s,y(s))As, for all t € T (4)
to

If F' is Lipschitz continuous then the problem has a unique solution on T. Further, the solution depends

continuously on the initial value.

Theorem 5.1. Let F: T x E™ — E™ be rd-continuous and assume that there exists a K > 0 such that
D(F(t,z), F(t,y)) < KD(z,y)
forallt € T, x,y € E*. Then the problem has a unique solution on T.

Proof. Let Cyrq(J,E™) be the set of all rd-continuous fuzzy mappings from J to E”, where J is an interval in
T. Define a metric H on Cyrq(J,E") by

H (& ¥) =sup D(&(t),9(1))
ted
for £,9 € Cfrq(J,E™). Since (E™, D) is a complete metric space, in a similar way it is easy to show that
Cra((J,E™), H) is complete. Let (¢1,y1) € T x E™ be arbitrary and > 0 be such that nk < 1. Now we will
show that the IVP

y2(t) = F(ty(®), y(t)=mn (5)
has a unique solution on the interval I = [t1,t; +7)], by using Banach contraction principle. For £ € C,.4(I,E"),
define G¢ on I by the equation

%@:m+[f@amm.

Now, we will show G¢ € Cyrq(I,E™) by using rd-continuity of F and (v)of Theorem Let to,t € I and
assume that tg < t.
Consider
t to

D<Gf<t>,cg<to>>=D( F(s () As, F(s,s<s>>As)

t1 t1

:D(ﬁp@ﬂ@m&@

D (F(s,&(s))As, 0)

= I(F (s, €(s))l|As
< M(t — to).

Hence G§ € Cypq(I,E™). Consider

1(Gs.60) s p [ " F(s £(5))As, / t Flsv(s)s)

tel t1 t1

ti+n
< / D (F(s,£(s)), F(s,(s))) As

t1

t1+n
< / kD (£(s), 6(s)) As

t1

< nkH(E,v)

for &, ¢ € Cyrq(I,E™), by using the Lipschitz continuity of F. Hence by using Banach contraction mapping
theorem G has a unique fixed point, which is the desired solution to . Proceeding in this way, problem
has unique solution on each interval I. Combining all these solutions together gives the solution to .
Hence the problem has unique solution on T. O
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