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Abstract

In this work, the homotopy perturbation method is developed and formulated to find an approximate-analytical
solution of fuzzy initial value problems involving a nonlinear first order ordinary differential equation. HPM allows
for the solution of FIVPs to be calculated in the form of an infinite series in which the components can be easily
computed. An efficient algorithm is proposed of HPM on the basis of the principles and definitions of fuzzy sets
theory and the capability of the method is illustrated by solving a nonlinear first order fuzzy Riccati equation with two
different fuzzifications. The results indicate that the method is very effective and simple to apply and presented
solution in the form of tables and figures.
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1 Introduction

Fuzzy set theory is a powerful tool for the modeling of vagueness, and for processing uncertainty or subjective
information on mathematical models. The use of fuzzy sets can be an effective tool for a better understanding of the
studied phenomena. Many dynamical real life problems may be formulated as a mathematical model involving as a
system of ordinary or partial differential equations. Fuzzy differential equations are a useful tool to model a
dynamical system when information about its behavior is inadequate and uncertain. Fuzzy initial value problem
(FIVP) involving ordinary differential equations are suitable mathematical models to model dynamical systems in
which there exist uncertainties or vagueness. These models are used in various applications including, population
models [2, 8, 25, 26], mathematical physics [24], and medicine [1, 7]. An initial value problem involving first order
linear fuzzy differential equation can be considered to be the simplest case to test the effectiveness of proposed
methods for solving fuzzy differential equations. In many cases, the analytical solution may be difficult to be
evaluated and therefore numerical and approximate analytical techniques may be necessary to obtain the solution.

The Homotopy perturbation Method introduced by He [15, 16, 17, 18] has been used by many mathematicians
and engineers to solve various functional equations. In this method the solution is considered as the sum of an infinite
series which converges rapidly. Using ideas from the homotopy technique in topology, a homotopy is constructed
with an embedding parameter p € [0, 1] which is considered as a small parameter. Approximate-analytical methods
such as the Adomian Decomposition Method (ADM), Homotopy Perturbation Method (HPM), Variational Iteration
Method (VIM), and Differential Transform Method (DTM) were used to solve first order fuzzy initial value problems
involving ordinary differential equations. In [12], the HPM was used to solve first order linear fuzzy initial value
problems. Allahviranloo et al. [4] implemented the DTM on first order linear FIVPs. The ADM [3, 6, 13] was
employed to solve first order linear and nonlinear fuzzy initial value problems. Also VIM [7, 13] was used to solve
first order linear and nonlinear fuzzy initial value problems. Our aim in this study is to formulate HPM to solve first
order fuzzy Riccati equation and analyze the obtained results with two different fuzzifications. The main thrust of this
technique is that the solution which is expressed as an infinite series converges fast to exact solutions. To the best of
our knowledge, this is the first attempt at solving and analyzing the first order nonlinear FIVP using HPM with two
different fuzzifications. The structure of this paper is organized as follows. We will start in section 2 with some
preliminary concepts about fuzzy numbers. In section 3, we reviewed the concept of HPM and formulated it to obtain
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a reliable approximate solution to first order FIVPs. In section 4, we employ HPM on test example involving first
order fuzzy Riccati equation and finally, in section 5, we give the conclusions of this study.

2 Preliminaries

The r-level (or r-cut) [9] set of a fuzzy set 4, labeled as 4, is the crisp set of all x € X such that uz >, i.e.
A, ={x €X|uz >rre[01]}.

Definition 2.1 Fuzzy numbers are a subset of the real numbers set, and represent uncertain values. Fuzzy numbers are
linked to degrees of membership which state how true it is to say if something belongs or not to a determined set. A
fuzzy number [10] u is called a triangular fuzzy number if defined by three numbers ¢ < § < y where the graph of
u(x) is a triangle with the base on the interval [, #] and vertex at x = g, and its membership function has the
following form:

( 0, ifx <a
xX—a
Iﬁ_a, ifa<x<p
.u(x:a:ﬁ:y) = y—x f < <
|, =5’ ifp<x<y
t 1, ifx >vy.
u(x) 4
1 0
05 §
0 & B v X

Figurel: Triangular fuzzy number

The r-level sets of triangular fuzzy numbers are
[.u]r = [a +r (B - a):)’ - T (y - ,8)],7' € [O: 1]
In this paper the class of all fuzzy subsets of R will be denoted by E and satisfy the following properties [10, 22]:
1. u(t)isnormal,i.e 3t, € R with u(ty) =1,
2. u(t) is convex fuzzy set, i.e.u(At + (1 — A)s) = min{u(t), u(s)} vt,s € R, A € [0,1],
3. u upper semi-continuous on R, and {t € R: u(t) > 0} is compact.
E is called the space of fuzzy numbers and R is a proper subset of E.

Define the r-level sets x € R,[u], = {x\ u(x) = r},0 < r <1 where[u], = {x \ u(x) > 0} is compact [30]
which is a closed bounded interval and denoted by [u], = (u(6), u(t)). In the parametric form, a fuzzy number is

represented by an ordered pair of functions (u(t), u(t)), r € [0,1] which satisfies [19]:
1. u(t) is abounded left continuous non-dec_reasing function over [0,1].
2. ﬁ(t) is a bounded left continuous non-increasing function over [0,1].
3. u(t) <u(), r € [0,1].
A crisp number r is simply represented by E(T) =u(r)=r,rel01].

Definition 2.2 ([27]) If E be the set of all fuzzy numbers, we say that f£(t) is a fuzzy function if f:R — E.

Definition 2.3 ([11]) A mapping f:T — E for some interval T € E is called a fuzzy function process and we denote
r-level set by

F©), = [f&n,fEn].ceT,relol.

The r-level sets of a fuzzy number are much more effective as representation forms of fuzzy set than the above.
Fuzzy sets can be defined by the families of their r-level sets based on the resolution identity theorem.
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Definition 2.5 ([29, 30]) Each function f: X — Y induces another function f:F(X) — F(Y) defined for each fuzzy
interval U in X by:

Supyes1,»Ux), ify € range (f)

FHO Z{ 0, ify & range (f).

This is called the Zadeh extension principle.

Definition 2.6 ([19]) Consider %, 7 € E. If there exists Z € Esuch that ¥ = § + Z, then z is called the H-difference
(Hukuhara difference) of x and y and is denoted by Z = ¥ © .

Definition 2.7 ([29]) If f:1 —» E and y, € I, where I € [t,, T], we say that f Hukuhara Differentiable at y,. If there
exists an element [f’]r € E such that for all h > 0 sufficiently small (near to 0), exists f(vo + h;7) © f(yo; 7),
f(vo;7) © f(¥o — h; r) and the limits are taken in the metric (£ , D)

G+ ) O fyo; 1) . for) © Flyo — ;1)
hlirorﬁ- h N hlgon+ h ’
The fuzzy set [f’(yo)]r is called the Hukuhara derivative of [f7] at y,.

These limits are taken in the space (£, D) if t, or T, then we consider the corresponding one-side derivation.
Recall that ¥ © y = Z € E are defined on r-level set, where [%], © [¥], = [Z],, V r € [0,1]. By consideration of
definition of the metric D all the r-level set [f(O)]r are Hukuhara differentiable at y,, with Hukuhara derivatives
[f’(yo)]r, when f:1 — E is Hukuhara differentiable at y, with Hukuhara derivative [f’(yo)]r it’ lead to that f is
Hukuhara differentiable for all » € [0,1] which satisfies the above limits, i.e. if f is differentiable at t, € [t, + @, T],

then all its r-levels [f'(t)]r are Hukuhara differentiable at t,.
Definition 2.8 ([22]) Define the mapping f:1 —» E and y, € I, where I € [t,,T]. We say that /' Hukuhara
differentiable t € E , if there exists an element [f(")]r € E such that for all h > 0 sufficiently small (near to 0),

exists F D (yy + ;1) © F™ D (ye; 1), FP D (ye; 1) © F@ U (y, — h; ) and the limits are taken in the metric
(E,D)

lim FO Do+ 1) © FO D (ye; 1) — lim FO () © fO D (yy — h;7)
h—0+ h h—0+ h
exists and equal to £™ and for n = 2 we have second order Hukuhara derivative.

Theorem 2.1 ([27]) Let f: [t, + a, T] - E be Hukuhara differentiable and denote by
[Fol, = [foro] =[fenfen)
Then the boundary functions f'(¢; r), f'(t; ) are differentiable v r € [0,1] such that
[Fol, =|¢&m. FEmy]
Definition2.5 ([19]) The fuzzy integral of fuzzy process, f (t; 1), f: f(t;r)dt for a, b € Tand r € [0,1] is defined by:

fbf(t; r)dt = Ubf(t;r)dt,fbf(t; r)dt].

3 Fuzzification and Defuzzification of HPM

The general structure of HPM for solving crisp ordinary differential equations was described in [15, 16, 17, 18]. To

solve the first order FIVP, there is a need to fuzzify and then defuzzify HPM. Consider the following general first
order FIVP

7'(© = f(t7®) + W), t€ltyT], (1)

F(to) = Fo- (2

According to section 2, ¥ is a fuzzy function of the crisp variable t with f being a fuzzy function of the crisp variable

t and the fuzzy variable 7. Here y™ is the fuzzy first order Hukuhara-derivative and §(t,) is triangular fuzzy number.
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Denote the fuzzy function y by § = [y,y] for t € [to, T] and r € [0,1]. It means that the r-level sets of 5(¢) can be
defined as:

F©1, = [y&:m),5E)],
0], = [yen i),

()] = [y(to; 1), ¥t 7)),
where w(t) is crisp or fuzzy inhomogeneous term such that [w(t)], = [m(t; ), w(t; r)].
Since y'(¢) = f(t, y(8)) + w(?), then [f (¢, )] = []:(t, 7; 1), f(t, 7; r)]. Now using Zadeh extension principles
we have the followings:

Fe36m) = [f(£3E). £ (6.5 ))] )
where
f&3@Em)="7F (t,z(t: ), y(t; r)) = F(t,5(t1),
flt.3tm) =6 (t,z(t: ), y(t; r)) =6(ty(&n),
Then
y't;r) = F(t,3tm) +wit;n), 4)
y () =6(t3@Em) +witn), (5)

where the membership function of F(t, (t; 7)) + w(t; ) and G(t, §(¢; 7)) + w(t; r) can be defined as
F(t,7(t; 1) + w(t; ) = mindy' (¢, 1(r)): ulu € [7(& )],
G(t.3(&1)) +w(t;r) = max{y'(t, A()): plu € [F(t; )], }.
From the above analysis, we can rewrite Egs. (4) and (5) in the following forms
Ly(t;r) = F(t,5(t;1) + w(t;r), t €[ty T]

y(to;7) = Yo (6)
r € [0,1],
Ly(t;m) = G(t, (1)) + w(t;r), t € [to,T]
{ y(te;r) =Y, (7
r € [0,1]

where £ = [£, L] are the linear operators with £ = % and F, G are nonlinear operators followed by the inverse
operators L~ = fotﬁr dt and applying it on Eqgs.(6) and (7). According to the HPM, a homotopy form is constructed
into Eqgs. (6) and (7) which satisfies the following relation
(i) = L[y ) = yo6 0] +p [Lyo(67) = F(£.3(51) —w(e )] = 0, (®)
Ht,p;r) = L[y(E; 1) =y, (6] + p[Lyy (&1 = 6(6, 36 1) =Wt )] =0 )
where p € [0, 1] is an embedding parameter and y,(¢;7), and ¥, (¢; 7) are initials guesses and can be defined as
follows:

{Xo 1) =0
Vo(&T) =Y.
Since p € [0,1] is an embedding parameter, y,(t;7),y,(¢;) is an initial approximation of Eqgs. (4) and (5), which
satisfies the initial condition (2). For all r € [0,1], t € [t,, T] and from Eqgs. (8) and (9), we have
H(t,0;7) = L[y(t;7) = yo(&;7)] =0
3, 157) = [Lyo(657) = F(£,7(51) —w(t )] = 0,

(10)

(11

also for the upper bound we have
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H(t,0;7) = L) — 5, &) = 0

H(t, ;) =[Ly, (1) - G(t. i) —wt;n] =0,
where Egs. (11) and (12) are called the homotopy deformation [17]. The embedding parameter p is a small parameter
used to construct HPM series such that from Egs. (11) and (12) we can represent each ¥(t; r) in these equations as
follows:

(12)

J(t;1) = Zioo P V(7). (13)
Now substituting Eq. (13) into Egs. (6) and (7) and collecting terms of the same powers of p, we have:

p’: {Xo(tF r) = Yo,

(LB + 3o = F(650(67)) = w(tr) = 0
p: (14)
X1(t0}7’) =0,
, [£y2(67) = F(t,5:(61)) =0
. XZ (tO; T') = 0'
o1 (LY@ = F(£ 70 (1)) =0
p :
Yi(to;7) = 0.
Similarly for the upper bound of Eq. (1),
p°:{y,(t:1) =7,
N ) + 5,6 = 66 Fo(E7) —w(t;r) =0
p: — S (15)
y]_ (tOv T) - O;
o2 {L_?z(t: ) —G(t,7:(t;m) =0
yz (to; r) = 01
k1 {iyk+1(t; r) =Gt 7 (1) =0
yk(toi T) = 0
From Egs. (14) and (15) the approximate analytical solution of Eqg. (1) is given by setting p = 1 as follows:
J(&:1) = ot 1) = TG 7t 7). (16)
Now the exact solutions of Eq. (1), can be obtained by setting p = 1. Therefore
V(1) = limpo; §(t; 1) = lim, {52 p'5: (6 1)} = Lo 5 (65 7). 17

4 Results and Discussion

Consider the first order nonlinear crisp Riccati equation [23]. Then from section 2 and [23] the fuzzy version of the
crisp Riccati equation can be written as follows

yO =[F®OP+t*% 20, (18)
$(0) = [0], vr e [0,1].
In this problem we have freedom to defuzzify the initial conditions. According to the definitions of fuzzy
numbers in section 2, we let [G]T be triangular fuzzy numbers such that for all r € [0,1], we have:

First defuzzification
[G]T =[-0.1,0,0.1], = [0.1r — 0.1,0.1 — 0.17], (19)

Second defuzzification
[0] =[-101], =[r—11~71]. (20)

Now we define the linear operator of Eq. (18) is £ = %with the inverse operator £L=1 = f;ﬁr drt, then the
initial approximation guesses for the first defuzzification is
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Vo(t;7) =[0.1(r — 1),0.1(1 — )], (21)
and the initial approximation guesses for the second defuzzification is
o) =[(r— 1, A —-1)] (22)

According to the HPM in section 3, the n components of j,(t;r) for k = 1,2,..,n and r € [0,1] can be determined
by solving the followings

poz{zo(t; r) =1[0],

i pEn =L [yo2@:m) + 2] -
. Xl(to:r) = 0;
. {zm; r) = L7 [nEryeEn) |
. Xz(toir) =0,
i1, {Xk+1(t; ) =L ER5 (67 Ynoak ()
P Vi(tg;1) = 0.
Similarly for the upper bound
p°: {7, (&) = [0] ,
o, {m; r =Ly, (60 + 7] 4
. yl(to; r) = 0:
). {Mt: SRy PXCTIACE)
. yz(to;r) = O;

{%1@: ) = L[5 (6N T (6]
P 5 (tr) =
yk(tOJ r) =0.
From Eqgs. (23) and (24), we obtain 5-order HPM series solution in of Eq. (18) as shown in the following table.

Table 1: Approximate solution of Eq. (18) by 5-order of HPM with two different defuzzification
att = 0.5 forall r € [0,1]

First defuzzification Second defuzzification

r  y(0.5;1) y(0.5; 1) y(0.5;7) ¥(0.5;7)

0 —0.05443603300114 0.148169792891714 | —0.620208173626142 2.033056335302429
0.2 —0.03593230984128 0.126005660473000 | —0.532667579876142 1.384804027266715
0.4 —0.01706855000822 0.104299492727492 | —0.423952351205507 0.907926354151635
0.6 0.002165852578048 0.083037245735190 | —0.294887487614237 0.547248315957191
0.8 0.021781926717524  0.062205442296095 | —0.141897989102332 0.266394912683381
1 0.041791144330206 0.041791144330206 | 0.041791144330206  0.041791144330206

Also we can show this conclusion in Figure 2.

From the above Table 1 and Figure 2 the HPM approximate solutions with both defuzzification (19) and (20)
satisfy the fuzzy numbers properties as in section 2 by taking the triangular fuzzy numbers shape.

Since Eq. (18) without exact analytical solution, to show the accuracy of 5-terms of HPM approximate series
solution @s(t;7) = Y, 7:(t; ) of Eq. (18) att = 0.5and r € [0,1], we need to define the residual error [20, 21]
such that

[E1HPM = |§5 (&) = [s(t:1)]" — 23|
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HPM Solution
S

WE T . -

o | Lot First defuzzification & 1

[ Second defuzzification - ]

o 06 + e + 1

L I |

o L J

Lul 4+ ee + ]

2| 4 PR + ]

WOhke , . . @ @

-0s 0.0 0s 10 L5 20
7(0.5.1)

Figure 2: HPM approximate solution of Eq. (18) with two different defuzzification at t = 0.5 for all » € [0,1]

Table 2: Accuracy of 5-order of HPM solution of Eq. (18) for all » € [0,1] at t = 0.5
of the first defuzzification (19)

[E]THPM [E]THPM
1.6306788234166092 x 10~° 1.9942054678701020 x 1076
0.2  1.0343067185503152 x 10~° 1.2797120836904874 x 106
04  6.3348643697391790 x 107 8.0912596364668410 x 107
0.6  3.5131604925187070 x 10~7 4.8716489495226330 x 10~7
0.8  1.3490857814213440 x 1077 2.5042067092195810 x 1077
1 5.4638608054657920 X 108 5.4638608054657920 x 108

Table 3: Accuracy of 5-order of HPM solution of Eq. (18) forall r € [0,1] at t = 0.5
of the second defuzzification (20)

[E] HPM [E]_HPM
0.14394838552076383 0.3483126888360939
0.2 0.03385026588328493 0.0684981297806737
0.4 0.00539263472742779 0.0092027480286891
0.6 0.00045757665914492 0.0006649884978752
0.8 0.00001390579453303 0.0000175424930059
1 5.463860805465792 x 10~° 5.463860805465792 x 10~°

From Tables 2 and 3 and Figure 2, we conclude that the small fuzzy region of [G]r in the first defuzzification (19)
give us more accurate solution than the large region of this fuzzy numbers the in the second defuzzification (20).

5 Conclusions

In this study, HPM was applied to obtain an approximate solution for first order nonlinear FIVP. The accuracy of
HPM can be determined for some nonlinear equations without an exact analytical solution. We conclude that the
FIVP with small fuzzy number area yields a better solution than from the large area of the dfuzzifications of the initial
conditions. We also conclude that the two dfuzzifications can give same solution when r = 1. A numerical example
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involving a first order fuzzy Riccati equation shows the efficiency of the HPM. The obtained results by HPM are
satisfy the fuzzy number properties by taking the triangular fuzzy numbers shape.
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