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Abstract

In this paper the notion the nexuses over an ordinal is defined and some related results are investigated.
In particular, all prime and maximal subnexuses of a nexus over an ordinal are characterized. Furthermore,
the notion of the fractions of a nexus N over an ordinal is introduced and finally, we show that the fraction
S7IN is a bounded distributive lattice which has only one maximal ideal, where S is a meet closed subset
of the nexus N over an ordinal.
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1 Introduction

The basic idea of a nexus has been further developed as a mathematical object for general use (see [1], 2] B, [13]).
The aim of this recent study is to evolve a mathematical object that allows complex processes on groups of
mathematical objects to be formulated with ease of elegance. This notion is very useful for the study of space
structures (see [7, [8, @} 10, 11 12]). In this paper the notion nexus over an ordinal is defined and some related
results are obtained. Nexus over an ordinal is generalized of nexus.

This paper is structured as follows. After the introduction, in section 2, we recall some basic notions and
results on ordinals and inf semilattices. In Section 3, the notion of the nexuses over an ordinal is introduced
and we have studied order on a nexus over an ordinal. In Section 4, the notion of the prime subnexuses of
a nexus over an ordinal is introduced. Next some important properties of prime subnexuses of a nexus over
an ordinal will be studied. In Section 5, maximal subnexuses of a nexus over an ordinal will be studied. Also
by an example we show that Theorem 1.14 in [I] and Theorem 3.6 in [I3], is incorrect (see Example and
a corrected version of the Theorem 1.14 in [I] and the Theorem 3.6 in [13], is considered Proposition
Finally, in Section 6, the notion of the fractions of a nexus over an ordinal is introduced. Next some important
properties of the fractions of a nexus over an ordinal will be studied. Also by an example we show that
Theorem 2.26 (i) in [I] is incorrect (see Example and a corrected version of the Theorem 2.26 () in [I]
is considered Proposition The continuation of this article can be followed in [5].

2 Preliminaries

An ordered set A that for every z,y € A either z < y or y < x is said to be linearly ordered or totally ordered.
An ordered set A is said to be well ordered if and only if whenever B is any nonempty subset of A, then B
has a least element. Every well ordered set is linearly ordered.

Let (X,<) be a well ordered set, a € X. By the segment X, of X determined by a we mean the set
X, ={z € X|x < a}. An ordinal number is a well ordered set o where for all © € a, o, = x. The collection
of all ordinal numbers is a proper class and we denote by . Let a be an ordinal. If a € «, then o, is an
ordinal. Also, If Y C « is an ordinal, then Y = «g, for some a € a. If a, 8 are ordinals, then o N 8 is an
ordinal. Every well ordered set is isomorphic to a unique ordinal.
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It is common in contemporary set theory to reserve lower-case Greek letters «, 3, ... to denote ordinals.
It is also customary to denote the order relation between ordinals by a < g instead of the two equivalent
forms a C B, a € 3, though the latter is also quite common. If « is an ordinal, then by definition we will
have a = {8 € O|8 < a}. That is, an ordinal is the set of all smaller ordinals. In general, if « is an ordinal,
the next ordinal will be o U {a}. It is customary to denote the first ordinal after @ by « + 1, the (ordinal)
successor of a. Thus o+ 1 =aU{a}. If § = a+ 1, then we define 8 — 1 = a. An ordinal number greater
than 0 that is not the successor of any other ordinal number is said to be a limit ordinal. An ordinal that is
the successor of some ordinal is called a successor ordinal or non-limit ordinal.

If a, f € O, then either a < S, or 8 < a, or « = 5. If A is a set of ordinals, then [J A is an ordinal.

An inf semilattice is a poset S in which any two elements a,b have an inf, denoted by a A b or simply by
ab. Equivalently, an inf semilattice is a poset in which every nonempty finite subset has an inf.

An inf semilattice homomorphism is a function f : N — M between inf semilattices N and M such that
flxAy) = f(x) A f(y) for all z and y in N. Each inf semilattice homomorphism is isotone, that is, z < y
implies that f(z) < f(y).

Let A be a poset. For X C A and z € A we write:

1. ] X={a€A:a<zforsomezec X}
2.1 X={a€A:a>z for somez e X}.
3. La=|{z}.
4. 1z =1 {z}.

For undefined terms and notations, see [4} [6].

3 Order on Nexus over an Ordinal

In this section the notion of nexus over an ordinal is defined and we have studied order on a nexus over an
ordinal.

Definition 3.1. Let 7,0 € O, v > 1 and § > 1. An address over +y is a function a : § — -, such that a(i) = 0
implies that a(j) =0 for all j > i. We denote by A(7), the set of all address over ~.

Let a : § — v be an address over . If for every i € §, a(i) = 0, then it is called the empty address and
denoted by (). If a is a nonempty address, then there exists a unique element 5 € § 4+ 1 such that for every
i € B, a(i) # 0 and for every 8 <i € 4, a(i) = 0. We denote this address by (a;);es, where a; = a(i) for every
1€ pf.

Leta:§ — v and b: 8 — n be addresses and 6 < 5. We say a = b, if for every i € §, a; = b; and for every
i€ B\9, b, =0. In other words, there exists a unique element 8 € O such that a = (a;)ics = b.

Definition 3.2. The level of a € A(y) is said to be:
1.0,ifa=().

2. 6, lf () 7é a = (ai)ieg.

The level of a is denoted by I(a).

Definition 3.3. Let a, b be two elements of A(«y). Then we say a < b if I(a) = 0 or one of the following cases
satisfies for a = (a;)icp and b = (b;);es:

1. If 8 =1, then ag < bg.
2. If 8 > 2 is a non-limit ordinal, then a|g_1 = b|g_1 and ag_1 < bg_1.
3. If B is a limit ordinal, then a = b|s.

Proposition 3.4. (A(y), <) is an inf semilattice.
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Proof. Clearly < is reflexive. Let a,b € A(7y), a < b and b < a. Thus I(a) < I(b) and I(b) < I(a) and this
implies that I(a) = I(b) = B, for some § € O. Now, suppose that a = (a;)ieg, b = (b;)icp and § # 0. If
B is a limit ordinal, then a = b|g and a|g = b, which follows that a = b. If 8 is a non-limit ordinal, then
alg—1 =blg—1, ap—1 < bg_1 and bg_1 < ag_1, which follows that a = b. Thus < on A(7) is antisymmetric.

Now, let a < b and b < c. If i(a) = 0, it is clear that a < ¢. Let [(a) = 8 # 0, a = (a;)icp, b = (bi)ies, and
¢ = (¢;)ien- Then B <6 <.

Case 1: Let 8 =1. Then 6 > 1 and ag < bg. If § = 1, then by < ¢g. Hence ag < c¢g, that is, a < c¢. If
0 > 1, then there exists 1 < o € ¢ such that b|, = ¢|s, which follows that ag < by = ¢y, that is, a < c.

Case 2: If 1 < 8, § are limit ordinals, then a = b|g and b = c|s, which follows that a = ¢|z. Hence a < c.

Case 3: Assume that 1 <  and 0 are limit and non limit ordinal, respectively. Then 8 < § — 1, a = b|g,
bls—1 = c|s—1 and bs_1 < ¢s—1. Hence a = c|, which follows that a < c.

Case 4: Assume that 1 < 8 and 0 are non limit and limit ordinal, respectively. Then g + 1 < ¢,
alg—1 = blg—1, ag—1 < bg_1 and b = c|s. Hence alg_1 = ¢|g—1 and ag_1 < bg_1 = cs_1, which follows that
a<c

Case 5: If 1 < 8, 0 are non limit ordinals, then a|g_1 = b|g_1, ag—1 < bg_1, bls—1 = ¢|s—1, and bs_1 < c5_1.
Hence a|g_1 = ¢|g—1 and ag_1 < bg_1 < cg_1, which follows that a < c.

Therefore, < on A(7y) is transitive.

Let a = (a;)iep, b = (bi)ies be two elements of A(y). If a = () or b = (), then a A b = (). Now, suppose
that a # () and b # (). Weput T'={i € SAJ : a; # b;}. Let n be the smallest ordinal such that a, # b,,.
We define ¢: n+1 — 7 by

o — { a; ifien
=

an N by ifi =n.
By some manipulations we can see a A b = c. O
Corollary 3.5. Let a,b € A(y). ThenaAb= () if and only if a = () orb= ().
Proof. By the end of the proof of Proposition [3.4] it is evident. O
Proposition 3.6. (A(v),<) is a lattice if and only if v =1 or v = 2.
Proof. If v = 1, then A(vy) = {()}, which follows that (A(v), <) is a lattice. Let v = 2. Then () # (a;)icp €

A(7) if and only if for every i € 8, a; = 1. Therefore, if a, b are two nonempty elements of A(y), then a < b
or b < a, which follows that (A(7), <) is a lattice.

Let v >3, a=(2,2) and b= (1,1). If ¢ € A(y) such that a < ¢ and b < ¢, then a1 = ¢; = by, which is a
contradiction. Therefore, (A(7), <) is a lattice if and only if v =1 or v = 2. O

Let () # a = (a;)icp be an element of A(y). For every § € f and 0 < j < ag, we put al®) : § +1 — 5
such that for every ¢ € § + 1,
(5,j)_{ a; ifieé

i j ifi=6.

Definition 3.7. A nexus N over v is a set of addresses with the following properties:
1. 0#N C A(y).
2. If () # a = (a;)iep € N, then for every § € 3 and 0 < j < as, a(®) € N.

Proposition 3.8. Let N be the set of addresses over v.Then N is a nexus over v if and only if @ # N C A(v)
and for every (a,b) € N x A(v), b < a implies that b € N.

Proof. 1t is evident. O

Definition 3.9. Let N be a nexus over v and ) # M C N. M is called a subnezus of N, if M itself is a nexus
over 7. The set of all subnexuses of N is denoted by Sub(N). It is clear that {()}, N are trivial subnexuses
of the nexus N.

Proposition 3.10. If N is a nexus over v and {M;};c; € Sub(N), then J;,c; M; € Sub(N) and ()
Sub(N).

Proof. 1t is evident. O

icl M; €
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Definition 3.11. Let N be a nexus over 7 and X C N. The smallest subnexus of IV containing X is called
the subnezus of N generated by X and denoted by < X >. If | X| = 1, then < X > is called a cyclic subnexus
of N. It is clear that < ) >= {()} and < N >= N.

Remark 3.12. Let ) # N C A(y). N is a nexus over v if and only if

N=|N=J la

a€EN

Proposition 3.13. Let N be a nexus over v and ) # X C N. Then

<X>=lX=|J =
xeX

Proof. By Proposition U,ex | @ is a subnexus of N and X C (J,cx | 2. Hence < X >C |J,x | =
On the other hand, if M is a subnexus of N such that X C M, then by Proposition Uzex + 2 € M. So
O

<X >=Uex 2
Proposition 3.14. Let N be a nexus over . (N, <) is an inf semilattice.
Proof. Argument similar to the proof of Proposition O

Proposition 3.15. If N is a cyclic nexus over v, then every two elements of N are comparable and so (N, <)
18 a bounded distribiutive lattice.

Proof. Let N =< a > and a = (a;);ep- By Proposition N =|a. Let () # b= (bi)ies and () # ¢ = (¢i)ien
be two elements of N. Without loss of generality, suppose that § < n. By the definition of < on nexus, we
have 6 <7 < and:

Case 1: If n = 1, then § = 1. Since by, co € O, we conclude that by < ¢y or ¢g < by, it follwos that b < ¢
or ¢ <b.

Case 2: Let § =1 < n. Then by < ap and there exists 1 < o € 7 such that ¢|, = al|,. Hence by < ¢q, which
follows that b < c.

Case 3: If 1 < ¢, n are limit ordinals, then b = a|; and ¢ = al,. So b=c¢|s and b < c.

Case 4: If 1 < 6 and 1 < 7 are non limit ordinals, then b|;_1 = a|s—1, bs—1 < as—1, ¢[p—1 = a|,—1 and
Cp—1 < ayn—1. Hence b|s—1 = ¢|5—1 and bs—1 < ¢5-1, that is, b < c.

Case 5: Assume that 1 < § and 1 < 7 are limit and non limit ordinal, respectively. Then b = als,
¢lyp—1 = aly—1 and ¢;—1 < a;—1. Since 6 < n — 1, we conclude that b = ¢|s, that is, b < c.

Case 6: Assume that 1 < ¢ and 1 < n are non limit and limit ordinal, respectively. Then b|s_1 = a|s—1,
bs—1 < as—1 and ¢ = al,,. Hence bls_1 = ¢|5-1, bs—1 < ¢5-1, that is, b < c.

Therefore, every two elements of N are comparable and so, (N, <) is a bounded distribiutive lattice. O

Let T and S be two nonempty subsets of a nexus N over y. We define the set TAS = {tAs| t € T and s € S}.

Proposition 3.16. Let N be a nexus over v and a,b € N.
1) <a>A<b>=<aAb>.
(2) If a and b are not comparable addresses, then 1 anNt b= .
(3) If a and b are not comparable addresses, then 1 aA 1 b= {a A b}.

Proof. (1) Since | aA | b =] (a Ab), we have < a > A< b>=<aAb>.
(2) If c €t an 1 b, then a,b €< ¢ > and by Proposition a < b and b < a, which is a contradiction.
(3) It is clear that () # a = (a;)icp and () # b = (b;)ics. Weput T ={i € SN : a; # b;}. Let ) be the
smallest ordinal such that a, # b,. We define c¢: n+1 — v with

o a; lf’LE?]
@ = an A by, if i =n.

Hence a Ab = c. It is clear that a Ab €T aA T b. Now, suppose that 8 < § and d €7 aA T b. Then there exists
= (2)icy > @ and y = (Yi)ies > b such that d =z A y.
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Case 1: If 8 and ¢ are limit ordinals, then a = z|g and b = y|s, which follows that 7 is the smallest ordinal
such that x, # y,. Since n € BN, we conclude that z, Ay, = a, A b,. Therefore, d=2 Ay =aAb.

Case 2: Assume that 8 and ¢ are limit and non-limit ordinal, respectively. Hence a = x|g, bls—1 = y|s—1
and bs—1 < ys—1. Also, 7 is the smallest ordinal such that x, # ¥,. Since 3 is a limit ordinal and n € 8 <9,
we conclude that n € § — 1, which follows that x, Ay, = a,; A b,. Therefore, d =z Ay =aAb.

Case 3: Assume that § and ¢ are non-limit and limit ordinal, respectively. Hence alg_1 = z|g—1, ag—1 <
zp—1 and b = y|s. If n < B — 1, then since n is the smallest ordinal such that x, # y,, we conclude that
Ty A yn = ay A by. Therefore, d=x Ay =aAb.

Now, assume that n = 8 — 1. If a,, < by, then a < b, which is a contradiction. Hence y,, = b, < a,, <z,
and we infer that z, Ay, =y, = b, = a, A b,. Therefore, d=xAy=aAb.

Case 4: Assume that § and ¢ are non-limits. Hence a|g_1 = z|g—1, ag—1 < xs_1, bls—1 = yls—1 and
bs—1 < ys—1. If p < B — 1, then since n is the smallest ordinal such that z, # y,, we conclude that
Ty A yn = ay A by,. Therefore, d=x Ay =aAb.

Now, assume that n = 8 — 1. If a, < by, then a < b, which is a contradiction. Hence b, < a,. If
B = 6, then b < a, which is a contradiction. So 8 < ¢ and we infer that y, = b, < a, < z,. Hence,
Ty NYy = Yy = by = ay A by,. Therefore, d=x Ay =aAb. O

Definition 3.17. Let a = (a;);ep be an address of nexus N over . The set {b € N| a =b|g and a # b} is
called the remus of a and is denoted by r,. Let S be a non-empty subset of N, then rg = J,cg7a-

Definition 3.18. A subset X of a nexus N over « is called closed under finite meet operation, if a ANb € 5,
for all a,b € S.

Proposition 3.19. Let N be a nexus over v and a = (a;)iepg € N. Then
(1) ro = N\{0}-

(2) rq CT a.

(3) 74 is closed under finite meet operation.
(4
(

5) Ifrqa 20 and b: 8+ 1 — ~ with

re = 0 if and only if a is mazimal element of N if and only if T a = {a}.

)
)
)
)

b — a; Zfl S ﬁ
UL =
then Nrqo =b € r,.
(6) If for every k € B\ {0}, a®® : B4+ 1 — ~ with
(k) [\ _ a; ifi e p
wao={r 1
then v, =74\ {a®|k € 3\ {0}}.
Proof. By definition of r,, the proof is trivial. O

Proposition 3.20. Let N be a nexus over v and a,b € N. If a < b and l(a) = (D), then
(1) rq N1y = 0.
(2) ro A1y = {a}.

Proof. Suppose that a = (a;)icp and b = (b;)icp. If B is limit ordinal, then a = b|g = b, which is a
contradiction. Hence J is non-limit ordinal, a|g—1 = b|g—1 and ag—1 < bg_1 .

(1) If d € 7o N7y, then a = d|g = b, which is a contradiction.

(2) Let d € ro A1p. Then there exists z € r, and y € 7, such that d = x A y. Hence a = z|g and
b=y|g. So S —1 is the smallest ordinal such that xg_1 # yg_1. Since zg_1 Ays_1 = ag_1, we conclude that
d =z Ny = a. Therefore, r, A1y, C {a}. If x = (2;)icpt1 and y = (y;)icp+1 such that a = z|g, b = y|g and
xg=1=uyg, thenz €r,, y €ry and a = x Ay € rq Amp. Therefore, ro A1y = {a}. O
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Proposition 3.21. Let N be a nexus over v and a € N. Ifro, #0 and f: N — N with

Joa ifber,
o={5  frer
then f is a homomorphism.

Proof. We show that f(z Ay) = f(z) A f(y), for every z,y € N. If a = (), then by Proposition
ro = N\{(}. It is clear that f(z Ay) = f(z) A f(y), for every z,y € N. Let () # a = (ai)icp. If 2,y & 74,
then z Ay & r,, which follows that f(z Ay) =z Ay = f(x)A fly). If 2,y € ry, then x Ay € 1y, which follows
that f(x Ay) =a= f(x) A f(y). Let & = (x;)ics € re and y = (Yi)icy & ra- Hence a = x|, a < z,and y = a
or a % yls.

Case 1: If y = a, then x Ay =y & r, and it implies that f(z Ay) =b= f(z) A f(y).

Case 2: Let a # y|g and ¢t be the least element of {i € 8 : y; # a;}. If t € 8\ n, then y, = 0 and
xANy=y &rq Hence f(x Ay)=b= f(z)A f(y). Let t € fNnand c:t+ 1 — ~ with

o= X; ifiet
T aci/\yi if i =¢.

then x Ay = c¢. If ¢ € ry, then 8 < t 4+ 1, which is a contradiction. Hence z Ay € r, and f(z Ay) =b =
f@) N Fy). O

Function of Proposition is called pruning and denoted by f,, .
Proposition 3.22. Let N be a nexus over v and a € N. If f: N — N with

_Joa ifbeta
ﬂ”‘{b ifb#ta,

then f is a homomorphism.

Proof. 1t is trivial. O
The function introduced in Proposition is usually denoted by fi4.

4 Prime Subnexuses of a Nexus over an Ordinal
In this section the notion of prime subnexus of a nexus is defined and all prime subnexuses of a nexus over
an ordinal are characterized.

Definition 4.1. A proper subnexus P of a nexus N over « is said to be a prime subnexus of N if aAb € P
implies that a € P or b € P, for any a,b € N.

If N #{()}, then by Corollary {()} is a prime subnexus of N.
Lemma 4.2. Let M and T are subnexuses of a nexus N over .
(1) M AT is a subnexus of N.
(2) If for some a,b € N, aANbe M, then < MU {a} >N < MU{b} >= M.

Proof. (1) Since by Remark [3.12) M AT = (U,pear + m) A (User + 1) = Uimn.pyenrxr + (m At), we conclude
from the Remark B.12] that M AT is a subnexus of N.
(2) Since by Proposition[3.8 | (a Ab) C M, we conclude from the Proposition that < MU{a} > A <

MU B} >= Userrogay + 2 A Uyertogey + ) = Unenr + MU L (@A) = Uyens +m = M. O

Proposition 4.3. Let P be a proper subnexus of N over . Then the following are equivalent:

1) P is a prime subnezus of N.

(
(2) K1 A Ky C P implies that K1 C P or Ko C P, for any subnezuses K1 and Ko of N.
(3) <a>A<b>C P implies that a € P or b € P, for any a,b € N.

(4) K1 A Ky = P implies that K1 = P or Ko = P, for any subnezuses Ky and Ko of N.
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Proof. (1) = (2) Let for some subnexuses Ky and Ky of N, K1 A Ky C P, K1 € P and Ky ¢ P. Then there
exists a € K3 \ Pand b € Ky \ P. Since aAb € K; A Ko C P and P is a prime subnexus of N, we conclude
that a € P or b € P, and this is a contradiction.

(2) = (3) It is evident.

(3) = (4) Let for some subnexuses K7 and Ky of N, Ky A Ky = P, K1 # P and Ky # P. If p € P, then
p = aAb, for some (a,b) € K1 x Ko. Hence p < a and p < b, which follows that P C K1 N Ky. Therefore,
there exists a € K1 \ P and b € Ky \ P. Since < a > A < b >C K; A Ky = P, we conclude that a € P or
b € P, which is a contradiction.

(4) = (1) Suppose that a Ab € P, for some a,b € N. By Lemma 1.2, < PU{a} > A < PU{b} >= P.
Hence < PU {a} >= P or < PU{b} >= P, which follows that a € P or b € P. Therefore, P is a prime
subnexus of N. O

Proposition 4.4. Let P be a proper subnezus of a nexus N over . Then P is a prime subnexus of N if and
only if N\ P is closed under finite meet operation.

Proof. Let P be a prime subnexus of N and a,b € N\ P. If aAb¢& N\ P, then since P is a prime subnexus
of N, we conclude that a ¢ N\ P or b ¢ N \ P, which is a contradiction. Hence N \ P is closed under finite
meet operation.

Let N \ P be closed under finite meet operation and a Ab € P. Hence a € N\ P or b ¢ N \ P, which
follows that P is a prime subnexus of V. O

Lemma 4.5. Let N be a nexus over . For every 0 £ X C N, N\ 1 X and N \ rx are subnezuses of N.

Proof. Let a € N\ T X, b € N and b < a. If b €t X, then there exists x € X such that z < b. By
Proposition z < a, that is, a €1 X, which is a contradiction. Therefore, by Proposition N\t X is
a subnexus of V.

The proof for N \ rx is similar. O

Corollary 4.6. Let N be a nexus over . For every () #a € N, N\ 1 a is a prime subnexus of N.

Proof. Since for every a € N, 1 a is closed under finite meet operation, we conclude from the Proposition 4.4
and Lemma that N\ 1 a is a prime subnexus of N, for every a € N. O

Lemma 4.7. Let P be a prime subnezus of nexus N over v and b € N\ P. Then | b\ P has a least element.

Proof. Let n be a least element of {I(z) : z €} b\ P}. Then

Case 1: Let n be a limit ordinal. Then there exists a = (a;)icy, €} b\ P. Since a €] b, we have a = bl,.
Now, assume that © = (z;);es €} b\ P. Hence n < 4. If § is a limit ordinal, then & = b|s, which follows that
a = z|,. Therefore, a < z. If § is a non-limit ordinal, then z|s_1 = b|s—1 and z5_1 < bs—1. Since n < § — 1,
we conclude that a = z|,,, which follows that a < z. Hence a is a least element of | b\ P.

Case 2: Let n be a non-limit ordinal and n = ¢ + 1. Suppose that ¢, is the least element of

{t € Olthere exists an element of x €] b\ P such that [(x) =7 and z, = t}.

We define a : n — v with

@ = { b; ifieo
] te ifi=o0.
By definition t,, there exists x = (x;)icy, €} b\ P such that x, = t,. Since x < b, we conclude that
z|e = ble = a|, and a, =t, = x,. Hence a =z €/ b\ P.
Now, assume that ¢ = (z;);cs €1 b\ P. We show that a < z. By Proposition a<zorz<a If
x < a, then I(z) < l(a). So by definition 7, I(a) = I(x). Since z|, = a|, and z, < a, < 2., we conclude that
a = x. Hence a is a least element of | b\ P. O

Proposition 4.8. Fvery prime subnezus of a nexus N over 7y is of the form of N\ 1 a, for some a € N.

Proof. Let P be a prime subnexus of N and b € N \ P. By Lemma J b\ P has a least element, say a.
We show that P = N\ 1 a. Let d €t a. If d € P, then a € p, which is a contradiction. Hence T a C N \ P.
Now, suppose that d € N\ P. If d €7 a, then a € d and so a Ad # a. Since aAd < a and a A d €} b, we
conclude that a A d € P, which follows that a € P or d € P, which is a contradiction. Hence N \ P C% a, and
this completes the proof. O
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Corollary 4.9. Let N be a nexus over y. For everya € N, ifrq # 0, then N\ r, is a prime subnezus of N.

Proof. Since for every a € N, r, is closed under finite meet operation, we conclude from the Proposition [£.4]

and Lemma [4.5|that N\ 1 a is a prime subnexus of N, for every a € N. O
Corollary 4.10. Let N be a nexus over . For every a € N, if ro # 0, then there exists b € N such that
rqe =T0b.

Proof. Let a € N, then by Corollary N\ r, is a prime subnexus of N. So by Proposition there exists
b € N such that N \ r,, = N\ 1 b, which follows that r, =1 b. O

Proposition 4.11. Let N be a nexus over v and ) # X C N. If X is closed under finite meet operation,
then N\ T X is a prime subnerus of N.

Proof. By Lemma N\ 1 X is a subnexus of N. Now, suppose that a Ab € N\ T X and a € N\ 1 X, for
some a,b € N. If b ¢ N\ T X, then there exists x1,25 € X such that 1 < a and x5 < b. Since X is closed
under finite meet operation and x1 Azs < a Ab, we conclude that a Ab €T X, which is a contradiction. Hence
N\ 1 X is a prime subnexus of N. O

Corollary 4.12. Let N be a nexus over v and ) # X C N. If X is closed under finite meet operation, then
there exists a € X such that T a =1 X anda = A\ X.

Proof. By Proposition N\ 1 X is a prime subnexus of N. So by Proposition there exists a € N
such that N\ T a = N\ 1 X, which follows that 1 a =1 X. It is clear that a € X and a = A X. O

Lemma 4.13. Let N be a nexus over v and let Py = N\ 1 a and P, = N\ 1 b be prime subnexuses of N.
Then,

(1) If a and b are two comparable addresses, then Py N Py is a prime subnexus of N.

(2) If a and b are not comparable addresses, then Py N Py is not a prime subnexus of N and N = P; U Ps.

Proof. (1) Without loss of generally, suppose that a < b. Then N\ 1 a C N\ 1 b. Hence by Corollary
Py NP, = Py is a prime subnexus of V.

(2) Since a and b are not comparable addresses, a Ab < a and a Ab <b. Hence aNb e PN Py, a & Py
and b &€ P,. Therefore, P; N P, is not a prime subnexus of N.

Let c€ N and ¢ € P;. Then c €t a and a < c. If ¢ € P», then b < ¢. Hence by Proposition [3:15] a and b
are two comparable addresses, which is a contradiction. Thus ¢ € P,. Therefore, N = P, U Ps. O

Proposition 4.14. Let N be a nexus over . The following assertions are equivalent:
(1) Nexzus N is linearly ordered.

(2) Every proper subnexus of N is prime.

Proof. (1) = (2) Let N be linearly ordered and N # P € Sub(N). Ilf aAb € P, since a < B or b < a, then
a € Porbe P. Hence P is a prime subnexus of N.

(2) = (1) Let every proper subnexus of N be prime and a,b € N. We put P, = N\ T a and P, = N\ 1.
If a and b are not comparable addresses, then by Lemma the proper subnexus P; N P, is not a prime
subnexus of N, which is a contradiction. Thus a and b are comparable addresses, that is, IV is linearly
ordered. O

Corollary 4.15. Let N be a finite nexus over . The following assertions are equivalent:
(1) The nexus N is cyclic.

(2) Every proper subnexus of N is prime.
Proof. By Propositions [3.15] and [£.14] it is clear. O

By the following example, we prove that the condition being infinite on N does not imply N is cyclic if
and only if every proper subnexus of IV is prime.
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Example 4.16. Let w be the first countable limit ordinal. Hence if n € w, then n is a finite ordinal. For
every n € w, we define O™ : n+1— 2 by O™(i) =1, for alli € n + 1.

Let N = {()} U{O"™n € w}. The following assertions hold:

1. N is an infinite nexus over 2.

2. N is a linearly ordered.

3. Every proper subnexus of N is prime.

4. The nexus N does not have any maximal subnexus.

5. N is not a cyclic nexus.

Proposition 4.17. Let S be a nonempty subset of nexus N over vy and () #a= NS € N. If for every s € S,
Py = N\ 1 s, then P = N\ 1 a is the largest prime subnexus of N such that P C (\,cg Ps.

Proof. If s € S and x €7 s, then \ S < s <z, that is, x €1 a. Hence (J,.g T s CT a and

P=N\taCN\|Jts=[N\1s=[)P.

ses ses ses

Let @ be a prime subnexus of N such that @ C (),cg Ps. By Proposition there exists b € N such that
Q = N\ 1 b, which follows that (J,.g T s €T b. Hence b < a and it implies that 1 a Ct b. Therefore,
QCP. O

Proposition 4.18. Let S be a nonempty subset of nexus N overy anda = N\ S € N. The following assertions
hold:

(1) If for somebe N, S Ct1b, then T a Ctb.
(2) If () # a, then P = N\ 1 a is the largest prime subnezus of N such that SN P = ().
Proof. Tt is evident. O

Proposition 4.19. Let N and M be two nexuses and f : N — M be a homomorphism.

(1) If P is a subnezus of M, then f=(P) is a subnexus of N.

(2) If P is a prime subnexus of M and f~1(P) # N, then f~(P) is a prime subnexus of N.
Proof. (1) Let a,b € N such that a < b € f~}(P). Then f(a) < f(b) € P, which follows that a € f~(P).
Hence f~1(P) = Uzef-1(p) + = and by Proposition f~Y(P) is a subnexus of N.

(2) Let a,b € N such that a Ab € f~1(P). Then f(a Ab) = f(a) A f(b) € P, which follows that f(a) € P
or f(b) € P, that is, a € f~1(P) or b € f~(P). By the statement (1), f~!(P) is a prime subnexus of N. [

Proposition 4.20. Every prime subnerus of a nexus N over vy is an inverse image of a set under frq, for
some a € N.

Proof. Let P be a prime subnexus of N. By Proposition there exists a € N such that P = N\ 1 a. Hence
by Proposition [3.22
vefl(P) & fl@)eP
< T = fTa(x) ¢ta
& zxzeP.

O

Proposition 4.21. Let N and M be two nexuses, () b € M and f : N = M be a homomorphism. Then
fH ) =t f7H(0).

Proof. By Corollary M\ 1 b is a prime subnexus of M. Since by Proposition LM\ 1 b) is a
prime subnexus of N, we conclude that there exists a € N such that N\ f=1(1 b) = f~1(M\ 1 b) = N\ 1 q,
which follows that f=*(1 b) =1 a. Hence b < f(a) and for every d € f~1(b), f(a) < f(d) = b and we
infer that f(a) = b. Since f~'(b) Ct a, we have for every d € f~1(b), + d C1 a, which means that
T ) = Udes-1 T d ST a. On the other hand, since a € f71(b), we conclude that 1+ a 1 f~1(b).
Therefore, f=1(1b) =t f~1(b). O
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5 Maximal Subnexuses of a Nexus over an Ordinal

In this section the notion of a maximal subnexus of a nexus is defined and all maximal subnexuses of a nexus
over an ordinal are characterized.

Definition 5.1. A mazimal subnexus a nexus N over 7 is a subnexus M, not equal to N, such that there
are no subnexus in between M and N.

Lemma 5.2. If M is a maximal subnezus of a nexus N over vy, then a is a mazximal element of N, for every

ae N\ M.

Proof. Let a € N\ M. If there exists b € N such that a < b, then b ¢ M and b €| a. Hence M C MU <
a >C N, which is a contradiction. O

Proposition 5.3. Let M be a subnezus of a nexus N over . The following assertions are equivalent:
(1) M is a maximal subnexus of N.

(2) There exists a mazimal element a € N such that M = N \ {a}.

Proof. (1) = (2) By hypothesis there exists a € N\ M. Let b € N\ M and a # b. It is clear that
be MU | a=N. Hence b < a and since by Lemmal[5.2] b is a maximal element of N, we conclude that a = b,
which is a contradiction. Therefore, M = N \ {a}.

(2) = (1) It is trivial. O

Let N be a nexus over 7. By Proposition the number of maximal subnexus of IV is equal to the
number of maximal addresses of N.

Proposition 5.4. FEvery mazimal subnexus of a nexus N over vy is prime.

Proof. Let M be a maximal subnexus of N. By Proposition there exists a maximal element a € N such
that M = N\ {a}. Since 1 a = {a}, we conclude from the Corollary [.6|that M is a prime subnexus of N. [

Proposition 5.5. Let N be a nexus over . The following assertions are equivalent:

(1) Every prime subnexus of N is mazimal.
(2) N ={0, M)}

Proof. (1) = (2) By Propositions and if () # a € N, then 1 a = {a}, that is, a is a maximal element
of N and since (1) < a, we conclude that N = {(), (1)}.
(2) = (1) It is trivial. O

Example 5.6. For every n € w, we define t” : n+1 — 3 by
mo={1 iz
and O":n+1— 3 by O"(i) =1, for all i € n + 1.
Let M = {()} U{O™n € w} U{t"|n = 0,1}. The following assertions hold:
1. M is a nexus over 3.
2. {} U{O™n € w} is a subnexus of M.
3. t! is the unqiue maximal element of M.
4. The subnexus M \ {t'} is the ungiue maximal subnexus of M.
5. For every 1 <n € w, O™ £ t'.

6. M is not a cyclic nexus.
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Hence Theorem 1.14 in [I] and Theorem 3.6 in [I3], are incorrect.
Now correcting Theorem 1.14 in [I] and Theorem 3.6 in [I3], can bring in the following.

Proposition 5.7. Let N be a nexus over v. The following assertions are equivalent:
(1) N is a cyclic nezus.

(2) N has just one mazimal subnexus and for every a € N, there exists a mazimal element b € N such
that a < b.

Proof. (1) = (2) By Propositions there exists a € N such that N =] a. Since a is the unqiue maximal
element of N, we conclude from the Proposition that N \ {a} is the ungiue maximal subnexus of N. It is
clear that for every z € N, z < a.

(2) = (1) Let M be ungiue maximal subnexus of N. By Proposition M = N\ {a}, where a is the
unqgiue maximal element of N. If b € N, then by hypothesis, b < a. Therefore, N =| a is a cyclic nexus. [

6 The Fraction of a Nexus over an Ordinal

In this section the fractions of a nexus N over an ordinal is defined and denoted by S~!N, where S is a meet
closed subset of N. It is shown that this structure is isomorphic with a cyclic subnexus of IV; and it is a
bounded distributive lattice which has only one maximal ideal. Finally all ideals of S™!N are characterized.

Definition 6.1. A meet closed subset of nexus N over 7 is a nonempty subset S of N such that () € S and
aNbe S, foralla,beS.

Let S be a meet closed subset of nexus N over v. Introduce the following relation ~g on N x S:
(a,s) ~g (b,t) & Ju € S such that (a At) Au=(sAD)Au;

it will be proved shortly that ~g is an equivalence relation. Write a/s for the class of (a, s). The set of all
equivalence classes ~g on N x S is denoted by S™!N and it is called the fraction of N with respect to S.

Definition 6.2. Let S be a meet closed subset of nexus N over v. Let a/s, b/t be two elements of S~1N.
Then we say a/s < b/t, if there exists u € S such that sAbAaAu=sAtAaAu.

Proposition 6.3. Let S be a meet closed subset of a nexus N over v. Then (STIN,<) is a lattice. In

particular,

a b aAb a b max{aAsAt,bAsAt}
-AN-= and —V - =
st ENAN st sSAT

for every a/s,b/t € STIN. Also, for every s € S, L =()/s and T = s/s.

Proof. Tt is clear that < on S™IN is reflexive. Let a/s < b/t and b/t < a/s, for some a/s,b/t € STIN.
Then there exists r,v € S such that s AbAaAr=sAtANaArandtANaAbAv=tAsAbAv. Hence
(aNt)AN(sAtATAV)=aANbDASATAtAv=(DAS)A(sAtArAv). Since S be a meet closed subset of N,
we conclude that s At Ar Av € S, which follows that a/s = b/t. Thus < on S™!N is antisymmetric.

Let a/s < b/t and b/t < c/r, for some a/s,b/t,c/r € STIN. Then there exists v,w € S such that
sAbAaANv=sANtANaANvandt AcAbAw=1tArAbAw. Hence

(sATAa)AN[EAVAW) = (SAtAaAV)A(rAwAt)
= (SAbAaAV)A(rAwAt)
= (EATAbAwW)A(aASAD)
= (EAcAbDAW)A(aNAsAD)
= (sAbANaAV)A(tACAwW)
= (sSAtAaAV)A([EAcAwW)
= (sAcha)A(tAvAw)

Since S is a meet closed subset of N, we conclude that ¢ Av Aw € S, which follows that a/s < ¢/r. Thus <
on STIN is transitive and (ST'N, <) is a partial order set.
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Let a/s,b/t € STIN. Since (sAt)AaA(aAb) = (sAt)AsA(aAb) and (sAt)AbA(aAb) = (sAt)AtA(aND),
we conclude that

alNb _a aANb b
< — an < -.
SNt T s sAt Tt
Now, let ¢/r € STLN such that ¢/r < a/s and ¢/r < b/t. Then there exists v,w € S such that r AaAcAv =
rAsAcAvand r AbAcAw=rAtAcAw. Hence

(raanbAe) A (vAw)

(raaNcANV)A(rAbAcAw)
(raAsAeAv)A(rAtAcAw)
= (rAsAtAc)A(vAw).

Since S is a meet closed subset of NV, we conclude that v A w € S, which follows that

alb
SAt

c
- <
,

Therefore,
a b aAbd
—-AN-= .
st SNt
Let a/s,b/t € STIN. Since a At As,bAtAs €l (tAs), we conclude from Proposition [3.15 that a At A s
and b At A s are comparable. Let a At As <bAtAs, that is, max{a At As,bAtAs} =bALAs.
Since sA (BASA)As=(aASAE)ANDAsAE)=sA(sAt)Na, sABASAL)Ab=3sA(sAt)Aband
sAt €S, we conclude that

a _bAtAs b _bAtAs
- <{— and - < ———.
s sAt t—  sAt
Now, let ¢/r € STIN such that a/s < ¢/r and b/t < ¢/r. Then there exists v,w € S such that sAcAaAv =
sArANaANvandt AcAbAw=tAr AbAw. By attention to a At As < bAtAs, we have

EAS)YNCADAEAS)AN(VAW) = bACASAVALAwW
[(sAcAanv)A(EAw)]V
[EAcAbDAwW)A (VA S)]

= [(sATANaAV)A({EAW)V
[(EATADAW)A(VAS)]

= tATADAWAUVAS

= (EAS)ATADAEAS)A(vAwW).

Thus
bAtAs ¢
L <
SAt T r
and hence
a, b max{aAsAt,bAsANt}
st sAt '
O
Proposition 6.4. Let S be a meet closed subset of a nexus N over . For every a € N and s,t € S,
a/s =aft.
Proof. Since (a ANt) A (sAt)=(aNs)A(sAt)and tAs €S, we conclude that a/s = a/t. O

Lemma 6.5. Let S be a meet closed subset of a nexus N over v and m = N S. For every a,b € N and
s,t €S,

(1) (a,m) ~gs (b,m) if and only if (a,m) ~pmy (b,m).
(2) If a/s < b/t in STIN, then a/m < b/m in {m}~1N.

Proof. (1) We first suppose that (a,m) ~g (b,m). Then there exists t € S such that aAm =aAmAt =
bAm At =bAm, which follows that (a,m) ~¢ny (b, m).

Conversely, let (a,m) ~(n} (b,m). Then a Am = b A m. Since by Corollary m € S, we conclude
that (a,m) ~g (b,m).

(2) There exists r € S such that sAbAaAr =sAtAaAr. Then mAbANa=sAbANaATrAm =
sAtAaArAm=mAa,that is, a/m < b/m in {m}~1N. O
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Proposition 6.6. Let S be a meet closed subset of a nexus N over v. If m = NS, then STIN = {m}~IN
as lattices.

Proof. We define ¢ : S™'N — {m}~'N with p(a/s) = a/m. Then by Lemma ¢ is well-defined and
it also preserves the order. If p(a/s) = ¢(b/t), then a/m = b/m. Since by Corollary m € S and
aNtAm=aAm=bAm=>bAsAm, we conclude that a/s = b/t, which follows that ¢ is one-to-one. Also,
by Corollary m € S, so ¢ is onto.

Let a/s,b/t € STIN. If a At As <bAtAs, thena Am <bAm and

(gvé)_ (b/\s/\t)_b/\s/\t_b/\m_g\/ﬂ_ (g)v (9)
LAV 4 sAt 7 m m  m m P\ Ve
Also,
a b alNb alb a b
w(;A;)—w(sM)— m —%/\E—@(*)/“P(*)
It is clear that 0 0
s m
Uy_ VY d — _
p() = and ¢(7) -

O

Proposition 6.7. Let S be a meet closed subset of a nexus N over v. If m = NS, then {m}~1N =| m as
lattices.

Proof. We define ¢ : {m}~*N —| m with ¢(a/m) = a A m. For every a,b € N,

b b
Lo sarm=bAme (=) = p(—).
m o m m m
Hence ¢ is well-defined and one-to-one. It is clear that ¢ is onto. Let a/m,b/m € {m}~'N. By Proposi-
tion [3.15] we can assume that a A m < b A m. Hence

o2y Dy = p(PA A = (@ Am) v (b Am) = (D) v p(L).
Also,
oL ALy =MDy —anbam=p(L) Ap(2).
It is clear that
o) =0nm=0 and o) =mam=m.

O

Corollary 6.8. Let S be a meet closed subset of a nexus N over . (STIN, <) is isomorphic with a cyclic
subnezus of (N, <).

Proof. By Propositions [6.6] and it is clear. O

Corollary 6.9. Let S be a meet closed subset of a nexus N over . Then (S™IN, <) is a bounded distributive
lattice.

Proof. By Propositions and it is clear. O

Corollary 6.10. Let S1 and Sz be meet closed subsets of a nexus N over v. If A\ S1 = A\ Sz, then Sl_lN &~
Sy;IN.

Proof. By Propositions [6.6] and it is clear. O

Example 6.11. It is clear that N = A(w) is a nexus. Hence S; =1 (2,1) and Sy =71 (3) are meet closed
subsets of nexus N over w. Then A S; = (2,1) # (3) = A Sz and S;'N =< (2,1) >=< (3) >= S, 'N.
Therefore, the converse of Corollary is obviously false.
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Proposition 6.12. Let S be a meet closed subset of a nexus N over v and m = \'S. Then ¢ : Id(S™*N) —
Sub(] m) with p(I) = f(I) is a lattice isomophism, where f : ST'N —| m with f(a/s) = a Am.

Proof. Let I € Id(S7'N). Then for every s € S, ()/s € I and f(()/s) = () € f(I), that is, f(I) # 0.
Now, let z € f(I) and y €] m such that y < x. Then there exists a/s € I such that x = f(a/s) = a Am.
Sincey =yAm <xAm=aAm=xin | m, we conclude that y/m < a/m < a/s € I in ST!N, which
follows that y/m,a/m € I. Hence y = f(y/m) € f(I) and by Proposition f(I) € Sub(} m). Thus ¢
is closed. Let I,J € Id(S™IN). If I = J, then o(I) = f(I) = f(J) = ¢(J), that is, ¢ is well-defined. Let
o(I)=fI) = f(J)=¢(J) and a/s € I. Then there exists b/t € J such that aAt Am =aAm = f(a/s) =
f(b/t) =bAm =bAsAm. Since by Corollary [£.12, m € S, we conclude that a/s = b/t € J. Hence I = J
and ¢ is one-to-one. If K € Sub(] m), then f~1(K) € Id(S™!N) and f(f!(K)) = K. Hence ¢ is onto. It
is clear that for every I,J € Id(S™IN), o(IANJ) = @) A@(J) and (I V J) = o(I)V p(J). Therefore, ¢ is
a lattice isomophism. O

Proposition 6.13. Let S be a meet closed subset of a nexus N overy. Then (S™'N, <) has a unique mazimal
ideal.

Proof. By Propositions [5.7 and [6.12} it is clear. O

Example 6.14. Let for every n € w, O™ be as in example and O :w — 3 by O(i) =1, for all i € w. Let
N={(}u{0"newtu{0}, I={0)}U{0"n € w} and S = {O}. The following assertions hold:

1. N is a nexus over 3.

2. I is a subnexus of N.

3. I is not a cyclic nexus of N.

4. ST = {%} U{%"|n € w} is an infinite ideal of S~ N and S~'I # S~!N.
5. If J is a proper cyclic subnexus of N, then S~1J is a finite ideal of S~1IV.
Hence Theorem 2.26 (4) in [I] is incorrect.

Now correcting Theorem 2.26 (7) in [1], can bring in the following.

Proposition 6.15. Let S be a meet closed subset of nexus N over .
(1) Every ideal of ST*N is of the form of S= I, where I is a subnexus of N.
(2) If K is a finite ideal of ST*N, then there erists a cyclic subnexus I of N such that K = S71I.

Proof. (1) Let K be an ideal of S™'N and I = {a € N| a/s € K for some s € S}. It is clear that I is a
subnexus of N and K = S~11.

(2) Let K be a finite ideal of S™'N and m = A S. Since by Propositions and every two
elements of S™'N are comparable, we conclude that K has a maximal element, say a/s. Hence K =| a/s.
We put I =] a and we claim that K = S711I. Let b/t € K, then there exists 7 € S, t Aa AbAT =t AsAbAT,
which follows that (a AbAt) A(EAsAT) = (bAs)A(tAsAr). Therefore, b/t = (a Ab)/s € ST1I. Now, let
belandteS. ThentAaAbAm=bAm=tAsAbAm, which follows that b/t < a/s € K. Since K is an
ideal of STIN, we conclude that b/t € K, and this completes the proof. O

Proposition 6.16. Let S be a meet closed subset of nexus N over . If I and J are two subnexuses of N,
then S~Y(INJ)=S"InS~1J.

Proof. 1t is clear. O
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