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Abstract

This paper introduces the notion of testing hypothesis about parameters involved in credibility distributions and
defines a criterion called membership ratio criterion for testing a given null credibility hypothesis against an alternative
credibility hypothesis. The proposed membership ratio criterion has been used to develop credibility tests for testing
hypotheses about credibility parameters which appear in some special types of triangular credibility distributions. The
tests derived are shown to have higher credibility values under alternative credibility hypothesis in a class of
credibility tests having a given credibility level under null credibility hypothesis. Some illustrative examples are also
included to demonstrate the theory developed in this paper.
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1 Introduction

In real life situations, uncertainties of various types arise. Uncertainty can be broadly classified as Uncertainty caused
by randomness and Uncertainty caused by Fuzziness. In the words of Liu [3], randomness is a basic type of objective
uncertainty whereas fuzziness is a basic type of subjective uncertainty. Probability theory is a very old branch of
mathematics meant for random phenomena having lot of applications in diversified fields of study. Credibility theory
is a relatively new branch of mathematics, which is similar to Probability theory. It is specifically meant for studying
the behavior of fuzzy phenomena. Liu and Liu [4] initiated the first study on Credibility theory and Liu [2] carried out
further refinements of the theory. Many researchers have studied applications of Credibility theory in different fields
of study. Peng and Liu [5] developed a methodology for modeling parallel machine scheduling problems with fuzzy
processing times. Zheng and Liu [16] designed a fuzzy optimization model for fuzzy vehicle routing problem by
considering travel times as fuzzy variable. Ke and Liu [1] considered a fuzzy project scheduling problem. Wang,
Tang and Zhao [14] designed an inventory model without backordering for the fuzzy variables. Wang, Zhao and Tang
[15] considered a fuzzy programming model for vendor selection problem in a supply chain. Sampath [6] and
Sampath and Deepa [7] have applied Credibility theory in designing acceptance sampling plans for situations
involving both fuzziness and randomness. Sampath and Vaidyanathan [10] and Sampath and Kalaivani [8] have used
Credibility theory in Clustering of fuzzy data.

A thorough review of the existing literature on Credibility theory indicates several developments in Credibility
theory, which are analogues of those available in Probability theory. For example, fuzzy variables, credibility
distributions, expectation, variance, moments and related results corresponding to Credibility Theory are analogues of
random variables, probability distributions, moments etc defined under Probability theory. Even though significant
amount of works have been done in Credibility theory one can feel the absence of studies on the inferential aspects
(parallel to Theory of Estimation and Testing of Hypotheses in Probability distributions) of parameters (constants)
involved in credibility distributions. Recently, researchers have turned their attention in this direction for Uncertainty
distributions. The problem of estimating parameters in Uncertainty distributions has been studied by Wang and Peng
[13] and Wang, Gao and Guo [11]. Another significant work is due to Wang, Gao and Guo [12] in which the idea of
testing Uncertainty hypothesis has been introduced. Sampath and Ramya [9] have also considered a distance based
test procedure for testing uncertainty hypotheses.
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It is to be noted that so far no work has been done in testing hypotheses about parameters (constants) appearing
in credibility distributions. Different credibility distributions meant for various practical situations are available in the
literature. For a detailed discussion on them one can refer to [2]. The choice of the credibility distribution and prior
knowledge about the parameters which appear in a credibility distribution are absolutely necessary for a practitioner.
For example, if one identifies that triangular credibility distribution is appropriate for a given situation, credibility
value of the fuzzy variable assuming values in a given set and other characteristics of interest like its expected value,
variance etc can be arrived at only if values of the three parameters a,b and ¢ of the triangular credibility distribution

are fully known. When a practitioner is presented with different sets of values by domain experts about the
parameters, the question of choosing an appropriate set for a given situation arises. To deal with these types of
problems, we consider a tool which is similar to the Theory of Testing of Hypothesis in Probability distributions
based on the idea of Neyman-Pearson theory and make a study on its properties.

The paper is organized as follows. The second section of this paper gives a brief description on Credibility
theory and the third section gives certain definitions needed in the process of developing tests for parameters in
credibility distributions. The fourth section is devoted for identifying optimal tests in the case of parameters involved
in triangular credibility distributions. Conclusions and directions for future work are given in the fifth section of this

paper.
2 Credibility Theory

In this section, we give a brief introduction to Credibility Theory [2, 4] as well as description about the terminology
used in Credibility Theory.

Let ® be a nonempty set, Pbe a o—algebra over ® . Elements of Pare called events. Cr{A} indicates the
credibility of occurrence of event A which is the number assigned to each event A that satisfies following axioms.
Axiom of Normality: Cr{©} =1,

Axiom of Monotonicity: Cr{A} <Cr{B} whenever Ac B;
Axiom of Self-Duality: Cr{A}+Cr{A°|=1for any event A,

Axiom of Maximality: Cr {UA } =sup(Cr{A})for any events {A}with sup(Cr{A})<0.5.

Credibility Measure Space: The set function Cr is called a credibility measure if it satisfies the axioms of normality,
monotonicity, self-duality and maximality. The triplet (®,P,Cr) is known as credibility space.

Fuzzy Variable: Fuzzy variable & is a measurable function from the credibility measure space (@,P,Cr) to the set
of real numbers.

Membership Function: The membership function u of a fuzzy variable & defined on the credibility measure space
(©,P,Cr) s defined as u(x) =(2Cr{& =x}) ~ 1, xeR.

Credibility Inversion Theorem: Let & be a fuzzy variable defined on the credibility measure space (@,P,Cr)with
membership function g Then for any set B of real numbers,

Cr{¢eBj} =%(sxgé)y(x)+1—s;ggy(x)].

Credibility Distribution: Let & be a fuzzy variable defined on the credibility measure space (@,P,Cr) with
membership function 4. Then the credibility distribution @ : R —[0,1]is defined as

D(x)=Cr{0e®|£(0)<x},forallxeR.
By credibility inversion theorem, the credibility distribution is given by

®(x)= %(supy(y) +1—Sup,u(y)j , forall x e R.
y<x

y>X

3 Testing Credibility Hypotheses

There are many credibility distributions available in the literature. Some popular and widely studied distributions are
equipossible, triangular and trapezoidal credibility distributions. The membership functions associated with them are
given below.
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Equipossible: An equipossible fuzzy variable is determined by the pair (a,b) of real numbers with the membership

function
o L ifasxsb
=10 otherwise.

Triangular: A triangular fuzzy variable is fully determined by the triplet (a,b,c) of real numbers with membership
function

E:E ifa<x<b
—a
u(x) = o x
—— ifb<x<c.
c-b

Throughout this paper, we use the symbolic expression & ~Tri (a, b,c) to denote the fact that the fuzzy variable
& has a fuzzy triangular distribution defined on (a,b,c).

Trapezoidal: A trapezoidal fuzzy variable is defined on the quadruplet (a,b,c,d) of real numbers with membership
function

=<
|
s}

—— ifa<x<b
b-a

u(x)=41 ifb<x<c
d-x ifc<x<d.
d-c

The credibility distributions identified by the above membership functions contain certain unknown constants.
Equipossible membership function has two parameters, namely, aandb, the triangular membership function contains
three parameters, namely, a,b and ¢ and the trapezoidal membership function has four parameters, a,b,candd. In
our further discussion we refer these constants as credibility parameters. In this present work, we consider a test
criterion for developing a procedure to test whether a given credibility distribution is the one associated with the
fuzzy environment under study. To facilitate the understanding of the proposed criterion we present below certain
definitions. These definitions are the credibility versions of related ideas from statistical theory of testing of
hypotheses.

Support: Support of the credibility distribution of a fuzzy variable is nothing but the collection of values assumed by

the fuzzy variable with nonzero credibility. For example, in the case of & ~Tri (L 4, 5), the support of fuzzy variable
is {x]1<x<5}.

Credibility Hypothesis: It is a statement about the credibility distribution of a fuzzy variable. For example,
H:&~Tri(1,4,7) is a credibility hypothesis which states the fuzzy variable & ~Tri(1,4,7).

Null Credibility Hypothesis: A credibility hypothesis that is being tested for possible rejection is known as null
credibility hypothesis.
Alternative Credibility Hypothesis: A credibility hypothesis, which will be accepted in the event of rejecting a null
credibility hypothesis is known as alternative credibility hypothesis.

In this paper, the letters H and K are used to denote the null and alternative credibility hypotheses respectively.
The formulation of null and alternative credibility hypotheses is a domain oriented subject which takes into account
the opinions expressed by subject experts. For example, consider the menstrual cycle length of young women. It is
believed that the menstrual cycle length is lunar cycle length. However, if one suspects the change in life style and
living conditions have affected the menstrual cycle length then one can think of suitable credibility hypotheses testing
problem. If a gynecologist believes that based on experience, the cycle length has increased and identifies its

distribution as triangular credibility distribution Tri(29,31, 33), then the null and alternative credibility hypotheses
can be taken as H : & ~Tri(26,28,30) and K : & ~Tri(29,31,33), respectively.

Credibility Test: It is a rule that helps the practitioner to either accept or reject a null credibility hypothesis if the
experimental values of the underlying fuzzy variables are known.
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Credibility Rejection Region: The subset of the support of a fuzzy variable containing the points leading to the
rejection of the null credibility hypothesis as identified by a credibility test is known as Credibility Rejection Region

and is denoted by C. Mathematically, the credibility rejection region is defined as C = {a: €®|H is rejected}.

Type | and Type Il Errors: Type | error is the action of rejecting the null credibility hypothesis when it is true and
Type Il error is the action of accepting the null credibility hypothesis when it is false.

Level of Significance: The maximum credibility for committing Type | error by a credibility test is known as level of
significance and is denoted by .

Power of a Credibility Test: The power of the credibility test with rejection region C is defined by Cr(&eC).

Best Credibility Rejection Region: A credibility rejection region C” is said to be best credibility rejection region of
level ¢ if it has maximum power under alternative credibility hypothesis than that of any other credibility rejection

region of same level. That is, C" the best credibility rejection region, if Cr(&eC”|K)=Cr(£eC|K)where C is
any subset of the support of the fuzzy variable such that Cr (£ e C|H) < e

Here Cr(&e A|H)and Cr(¢& e A|K)indicate the credibility values of the event & e A corresponding to the
credibility distributions defined under null and alternative credibility hypotheses respectively. For example,

1
Cr(¢eA| H):EEUE#H (x)+1—S§uAp\>,uH (x)}

where g, is the membership function associated with the credibility distribution specified under null credibility

hypothesis. Computation of the above credibility is based on credibility inversion theorem. It is to be noted that
credibility value of the fuzzy variable lying in a rejection region under the alternative credibility hypothesis needs to
be maximum, because it is associated with a correct action, namely the action of rejecting the null credibility
hypothesis when the alternative is true. Further such a credibility value computed under the null credibility hypothesis
should be small, because the corresponding event is an incorrect action.
Best Credibility Test: The rule that helps the practitioner to identify best credibility rejection region is known as best
credibility test.
Membership Ratio criterion: It is pertinent to note that the definitions stated above are nothing but the credibility
theory analogues of the definitions available in Neyman-Pearson approach related to the classical theory of testing of
statistical hypothesis. Hence, it is decided to develop a method for determining a best credibility test. Following the
lines of Neyman-Pearson we suggest a criterion for testing a null credibility hypothesis against an alternative
credibility hypothesis using the membership functions corresponding to the credibility distributions mentioned under
the hypotheses as given below.

For testing the null credibility hypothesis, H : & has credibility distribution & against the alternative credibility

hypothesis K : & has credibility distribution & , the membership ratio criterion is “Reject the null credibility hypothesis
if the observed value of the fuzzy variable & € C where C={x|,(x)/4(x) >k}, s and u, are the membership
functions corresponding to the credibility distributions & and & ; k being a constant selected so that
Cr(§eC|H):a. 7

The set of values satisfying the inequality used in C as stated above have relatively higher values with respect to
the membership function g, defined under the alternative credibility hypothesis when compared to the function 4
given under the null credibility hypothesis. Hence, the credibility of the event defined by such observations will be
relatively higher under alternative credibility hypothesis when compared to the same under null credibility hypothesis.

Therefore, when the observed value of the fuzzy variable is a member of the set defined by the membership ratio
criterion, the decision of rejecting the null credibility hypothesis and accepting the alternative is more meaningful.

The choice of the constant k is governed by the value of Cr((f eC|H )

It is interesting to note that the above criterion have certain characteristics that are not in line with those
possessed by Neyman-Pearson lemma. The test identified by the above criterion need not be unique as observed in
the later part of this work. Further, the absence of additive property of the credibility measure makes it difficult to
give a general proof for establishing the optimal property (Best Credibility Rejection Region) of the test obtained
using the above criterion. Hence, it becomes necessary to make studies on the properties of the test derived using the
above criterion for specific distributions. Even though the membership ratio criterion can be applied to any credibility
distribution we confine ourselves to the triangular credibility distributions. The following section of this paper studies
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certain aspects related to the existence of best credibility test for testing hypotheses about triangular credibility
distribution.

4 Test for Triangular Credibility Distribution

The credibility distribution function of the triangular fuzzy variable & ~Tri(a,b,c) is

0 ifx<a
X738 jfa<x<b
P = i(fc_a)zb
— — ifb<x<c
2(c—b)
1 if x>c.

In this section, we consider the problem of developing best credibility rejection region for testing
H:&~Tri(a,b,c) against the alternative credibility hypothesis K : & ~Tri(a,,b,,c,) for specific choices of the
parameters. Before considering the question of developing best credibility test for fuzzy triangular distributions, we
list below certain important propositions associated with triangular credibility distribution Tri(a,b,c). These
propositions are needed in studying the properties of the test obtained using membership ratio criterion.

Proposition 4.1: If £~Tri(a,b,c) and & <1/2, then all intervals of the form (x,a+2a(b—a)), x>awill have
credibility .

Proof: Consider the interval (x,,X ) where a<x, <x <b. The credibility of the event that the fuzzy variable &
belongs to the interval is given by

Cr[fe(xo,xi)]=%Ls(gel),u(x)+l— Sup y(x)}:%["l‘au-l} (- x <b).

xe(%.,%) b-a
If Cr[£e(x,%)]=a then
sl
2| b-a

Since the expression for Cr [§ e (X xl)] is free from x, of the stated choice, we conclude that all intervals of

Solving for x, we getx, =a+2a(b—a).

the form (x,a+2a(b—a)), x> awill have credibility c. -

It may be noted that (a,a+2a(b—a)) is the longest interval with credibility & that lies to the left of b.
Proposition 4.2: If £~Tri(a,b,c) and « <1/2, then all intervals of the form (a+2a(b—a),x), x <bwill have the
credibility greater than «.

Proof: Let x, >a+2a(b—a)and x, <b. Then the credibility of fuzzy variable & lies in the interval (xo,xl) is

1 1x —-a
crze(on]=3] 3 01 39 4093352

Since x, >a+2a(b—a), we get Cr[ & e (%, %) ]|> e
Since the expression for Cr[g e(xo,xl)] is free from X, of the stated choice, we conclude that all intervals of
the form (a+2a(b—a),x), x <bwill have credibility greater than c. -

Proposition 4.3: If &£~Tri(a,b,c)and & <1/2, then all intervals of the form (c—2a(c—b),x), x <c will have the
credibility .
Proof: For any interval (x,,% ) where b<x, <X <c,
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Cr[ge(xo,xl)]:%{ Sup u(x)+1— Sup y(x)}:l{c_—xoﬂ—l}.

xe(% ) X(% 1) 2l c-b
If Cr[&e(x,%)]=a then x, =c—2a(c—b). Since the expression for Cr[&e(x,.x)]is free from x, of the
stated choice, we conclude that all intervals of the form (C—Za(c—b), x), x < ¢ will have credibility a. =
Note that (c—2a(c—b),c) is the largest set in the region to the right of b which has credibility «.

Proposition 4.4: All intervals of the form (x,c—2a(c—b)),x >b where o <1/2, will have the credibility greater than

.
Proof is straightforward and hence omitted. =
Proposition 4.5: All intervals of the form (x,,%,), X, €(a,b) and x; e (b,c) have credibility value greater than1/2.

Proof: The credibility of &assuming values in (x,,x,), where x,  (a,b) and x, e (b,c) is
1
Cr[ée(xo,Xl)FE{ Sup u(x)+1- Sup ﬂ(X)}

Xe(X0, %) X2(Xo, %)

:%[1+1—maX{ﬂ(Xo)7#(X1)}]

zl_imax XO__a'C__Xl
2 b—a c-b

Hence the proposition is proved. -

Consider the problem of testing the null credibility hypothesis H:&~Tri(a,b,c;) against the alternative
credibility hypothesis K : & ~Tri(a,,b,,c,) where a <a, by using the membership ratio criterion defined in the

previous section. The rejection region can be identified by the membership ratio criterion on making use of the nature
of the membership ratio. The nature of the membership ratio depends on the relative positions of the parameters used
in the triangular credibility distributions defined under null and alternative credibility hypotheses. Table 1 gives ten
possible cases that arise when we take into account the ordering of the parameters involved in the credibility
distributions.

Tablel: Possible ordering of parameters
Case Ordering of the parameters
a <b <¢ <a, <h, <c,
a, <b <a, <c <hb, <c,
a, <b <a, <b, <c <,
a, <b <a, <b, <c, <¢
a <a, <b <¢ <h, <c,
a, <a, <b <b, <c <,
a <a, <b <b, <c, <¢
a, <a, <b, <b <c <,
a <a, <b,<h <c, <¢
a, <a, <b,<c,<b <

© 00 N O 0o b W N -

[
o

It is interesting to observe that in the cases, 1,2,3,5 and 6 the inequalities a <a,,b, <b, and c, <c, are satisfied.
Whenever the parameters in the two fuzzy variables Tri(a,,b,c,) and Tri(a,,b,,c,) satisfy these conditions we call
one of them as a right shift of the other. Formally, we define the right shift of a fuzzy triangular variable as follows.
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Right Shift: The triangular fuzzy variable Tri(a,,b,,c,) is said to be “right shift” of another triangular fuzzy variable
Tri(a,b,c) if a <a,,b <b,andc, <c,.

Similar definition can be given for left shift of a triangular fuzzy variable as given below.
Left Shift: The triangular fuzzy variable Tri(a,,b,,c,) is said to be “left shift” of another triangular fuzzy variable
Tri(a,b,c)if a, <a,b, <bandc, <c,.

Table 2 gives the values of the ratio z, (X)/ £ (x) with respect to right shifted triangular credibility distributions.
The first column gives different situations and the second column gives the values of the ratio z,(x)/ (x). It is easy
to verify that in all these five cases, the ratio is non decreasing in x.

Table 2: Values of membership ratio for right shifted triangular distributions

X
Case £09
4 (X)
1,(x) _]0 ifa, <x<c
8 <b <G <8 <b<c 14(X) {oo ifa, <x<c,
0 ifa, <x<a,
a <b <a, <c <b, <c M) _ | X=8 6D ifa, <x<c
2o 14,(X) c,—Xxb,-a,
0 ifc, <x<c
0 ifa, <x<a,
X_azgl_bl ifa, <x<b,
-xb,-a
a <b <a, <b,<c <c, 00 _ C°1 L
A 16X G e e
c,—X ¢,—bh,
0 ifc, <x<c,
0 ifa, <x<a,
X_azsl_ai ifa, <x<b,
X— -a
a, <a, <b <c <b, <c, 090 2102 :
M) X283, € ifb <x<gc
c,—Xb,-a,
0 ifc, <x<c,
0 ifa, <x<a,
X3 078 e xep,
X_aibz_az
a <a, <b <b, <c <c, #()_ | *x72, & 7h ifb, <x<b,
#(X) c,—xb,-a
QXG0 e v
c,—X¢C,—h,
0 ifc, <x<c,

The following theorem gives the credibility rejection region obtained on using membership ratio criterion and
proves that the resulting rejection is the best credibility rejection region with significance level a when the
alternative credibility hypothesis specifies a triangular credibility distribution which is a right shift of the triangular
credibility distribution specified under null credibility hypothesis for a <1/2.

Theorem: 4.1 If Tri(a,,b,,c,) is a right shift of Tri(a,b,c,), then for testing the null credibility hypothesis
H:&~Tri(a,b,c) against the alternative credibility hypothesis K : & ~Tri(a,,b,,c,),

(a) membership ratio criterion credibility rejection region of level « is given by C™ = {x| X>C, —20((01 —bl)} and

(b) the credibility rejection region C” = {x | x>c —Za(cl —bl)} is the best credibility rejection region of level a.
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Proof: (a) From Table 2, it is observed that whenever the credibility distribution Tri(a,,b,,c,) is a right shift of the
distribution Tri(a,,b;,c,) , the ratio z,(x)/4(x) is non decreasing in x. Hence the set of values obtained using the
membership ratio criterion given by

(%)

reduces to C™ ={x| x> c,} wherec, is selected such that
Cr(éeC’|H)=a.

This implies

%|:SUD,LL1(X) +1- Supyl(x)} =a.
X<Cy

1{@}:0{
2| ¢, b,

C =€ —2a(c, —by). (4.1)

Hence

Solving for ¢, , we get

Thus we have proved (a).
(b) In order to prove that C” ={x|x >c0} with ¢, as defined in (4.1) is the best credibility rejection region of

level o, we must show that
Cr(éeC’|K)zCr(&eClK) (4.2)
where C satisfies Cr(¢éeC|H)<a.
Note that the value of Cr(feC* | K)depends on the position of the cutoff point c,. It can lie either in the
interval (a,,b,)orin (b,,c,). The two cases are considered below.

Case 1: ¢, (a,,b,)

In this case,

* _ _1 _Co_az
Cr(/:eC |K)_Cr(e§>co|K)_ 1+1-—=2—2. (4.3)

2 b, —-a,

Therefore,
1{c,—a

Cr C*|IK)=1-=| 22 2 . 4.4
(§eC*|K) Z{bz_aj (4.4)

Now we shall prove (4.2) by considering C of different forms as identified in F, F, and the unions of members
of Fand/or F,where
R ={x|xe(c %)% <c} (4.5)
and
F={xIxe(%,8).% 24} (4.6)
with ¢, =c¢, —2a(c, —b) and a, =a, +2a(b, —a,).
Consider the case where C e F; ={X|x & (Cy, %), % <C,}.
It may be noted that two cases arise regarding the position of x, when the credibility value is computed under
K, namely, x, €(a,,b,)and x, € (b,,c,) .
Consider the case, where x, € (a,,b,) as shown in the Figure 4.1. Here,
Cr(¢£eC|K) =1{ Sup 1, (X)+1— Sup ,uz(X)} :E{Laz}.
2| xelcy %) x(Co, %) 2| b,—a,
Therefore,
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Cr(éeC’|K)-Cr(£eC|K)

1%t —2a, S
2(b, —a,)

Ha

Ly

dy bl ay Cy Xp bj

Size < region

Figure 4.1: X,,C, €(a,,b,)

On the other hand, if x, € (b,,c,) as shown in Figure 4.2, we have

Cr(geC|K):%[ Sup £, (X)+1— Sup g, (X)

Xe(Co. %) X¢(Co.%)

:1_1max{co_a2 Cz_xo}
2

|

bz_az’cz_bz
1_100—612, .. C,—a, C,—X,
_ 2b2_a2 bz_az Cz_bz
- 116X 6% Gd
2¢c,—b, c,—b, b,-a,

L J

) bl [25] C‘D bq

Size o region

Figure 4.2: x, € (b,,c,), ¢, €(a,,b,)

Using (4.4) and (4.7) we get

Cr(¢eC’|K)-Cr(£eC|K)=

2

Thus we have proved irrespective of the position of x,, for everyC e F,

1Ge=% _C-2
Cz_bz bz_az

Cr(£eC’|K)=Cr(£eC|K).

if

bz -

G—%

C,

X

_b2

C, —a
>0 2
bz_az

C— &, S C, =X,
Cz_bz

4.7
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Now we shall prove the inequality (4.2) by considering credibility rejection regions CeF, where

F, ={x|xe(X,8), % >4a}.

L J

Size & region

Figure 4.3 x,,8,,¢, €(a,,b,)

If x, €(a,,b,) as shown in the Figure 4.3 then we have

Cr(feClK)%{ SUp 1, +1— Sup uz(x)}i{—a“az}.

xe(Xo,89) X2(X),8p) 2 bz_az
Hence
. 1(c-a, a-a
Cr(¢eC’|K)-Cr(¢eC|K)=1-Z| >—24 22|,
(§eCTIK)-Cr(§eCIK) 2(b2—a2 bz—aJ
Therefore,

Cr(¢eC’|K)-Cr(£eC|K)>0.

The case X, € (b,,c,) will not arise because x, < a,and a, (a,,b, ). Thus we have proved (4.2) for all C e F,.

By the maximum property of credibility measure, we observe that when the rejection region C of size « is

constructed by taking the union of two or more regions belonging to F and /or F, , the inequality

Cr(£eC’|K)=Cr(£eC|K)
continues to hold good.
Thus we have proved under all possible scenarios existing under case 1,

Cr(£eC’|K)=Cr(£eC|K).
Case 2: ¢, €(b,,c,)
In this case,

1 1| c,—c
Cr(§€C*|K)=Cf(§>%|K)=§{5Upﬂz(X)+1—Supﬂz(X)}=5{—02 b‘)}.
X>Cy X<Cy , — 0,

Therefore,

Cr(£C*|K) =5{M}.
2| c,—h,
Now we shall prove the inequality (4.2) by considering different possibilities as in the previous case.
LetC e Fwhere F, ={x|Xxe(Cy, %), % <C . If X, €(b,,c,) asshown in Figure 4.4 then we have

Cr(feCIK)%{ SUp 1,()+1- Sup uz(x)}i[%‘%].

X(Co. %) x2(Co. %) 2 C2 - b2

(4.8)

Hence Cr(geC* | K)—Cr(feC|K):0. Thus we have proved (4.2) is satisfied with equality sign. The case

X, € (a,,b,) does not arise in this situation.
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—

ay bl (5 f)a CO .10 [ I}

Size o region

Figure 4.4: x,,c, € (b,,C,)

LetC e F, where F, ={x|xe(X,,a,),% >a}. If X, €(a,,b,)as shown in the Figure 4.5, then

Cr(¢eC|K)= 2{ Sup 4, (X)+1- Sup ,uZ(X):| 2{:0_:?}

xe(Xo,89) x2(Xy,3)
By Propositions 1 and 3, we have

8- G -G 2a.

2a

ay dp Xg dp bl b, cp o] Cr

Size (¥ region
Figure 4.5: x, €(a,,b,),c, € (b,,c,)
Under the condition a, <a,,b, <b, and c1 < cz,

(a)=2"% 87&% _ oy (refer Figure 4.5)
b — 8, bl_
which gives
1273 ,
2b,-a,
Therefore,
la,—-a
Cr ClK)y==22<a
¢eCl) =5

Using a similar argument, we get

cr(geC’ |K)—1°2—b>a

Hence Cr(£eC”|K)-Cr(&e AT|K)=



Journal of Uncertain Systems, Vol.9, No.1, pp.62-74, 2015 73

As pointed out in the previous case, by the maximality property of Credibility measure when the rejection region
C of size o is constructed by taking the union of two or more regions belonging to F and /or F,, the inequality

Cr(£eC"|K)=Cr(&eC|K) continues to hold good.
Thus we have proved (b) of the theorem. =
Proceeding as in the case of Theorem 4.1, for the case of left shift triangular credibility distributions, the best
credibility rejection region can be developed easily. The region identified by the membership ratio criterion and its
optimal property are stated in the theorem 4.2 without proof.
Theorem: 4.2 If Tri(a,,b,,c,) is a left shift of Tri(a,b,c,), then for testing the null credibility hypothesis
H:&~Tri(a,b,c) against the alternative credibility hypothesis K : £ ~ Tri(a,,b,,c,),
(@) membership ratio criterion credibility rejection region of level « isgivenbyC" = {x| X<a + Zoz(bl —al)} and

(b) the credibility rejection region C* = {x| x<a +2a(b —al)} is the best credibility rejection region of level a..

Ilustration

It is believed that the menstrual cycle length of young women is lunar cycle length. However, it is suspected that
the change in life style and living conditions have affected the menstrual cycle length in a group of women. A
gynecologist believes that the cycle length of women in the group under study has triangular credibility distributions

Tri(29,31,33) instead of triangular credibility distribution Tri(26,28,30) which supports the lunar cycle length
belief. In order to choose a proper set of values it is decided to treat this as a credibility hypotheses testing problem
where the null and alternative hypotheses are H : & ~Tri(26,28,30) and K : & ~Tri(29,31,33) with significance level
0.05.

Here we have a, = 26,b, =28,c, =30,a, =29,b, =31andc, =33. For the given data we note that the distribution
mentioned under K : & ~Tri(29,31,33) is a right shift of H : & ~Tri(26,28,30). Further, ¢, —2a(c, —b,)=29.80.
Hence by Theorem 4.1, we get the membership ratio criterion test as “Reject the null credibility hypothesis if the
observed value of the fuzzy variable is an element of the set{x| X > 29.80}. ” Hence, the best credibility rejection

region for the given testing problem is C" = {x | x > 29.80}.

For example, if it is observed that the menstrual cycle length of a young woman is 30 then we reject the null
credibility hypothesis and accept the alternative credibility hypothesis with level 0.05. That is, we conclude that the
belief of the gynecologist can be accepted with level 0.05.

Comparison of Best Credibility Region with Other Region with Same Levels
In the above example, the power of the test defined by the best credibility critical region under the alternative
credibility hypothesis is
cr(¢ecC| K):E 141-2980-29)_, 08_
2 31-29 4

Now consider the set A={x|x<26.1}u{x|x>30}. Evidently the set A satisfies the condition

0.8.

Cr(§ eA| H)£0.05 and hence it is a member of the regions of level 0.05. The power under alternative of the set
A={x|x<26.1}U{x|x>30}is

Cr(éeA| K)=0A1(1+1— 30_29]:1—1=0.75
2 31-29 4

which is obviously smaller when compared to Cr(& e {x | X > 29.80} | K) =0.80. This clearly supports the use of the
test defined by the best credibility test.

5 Conclusion

In the previous section of this paper, best credibility rejection regions have been identified for testing credibility
hypotheses related to fuzzy triangular distributions where the distribution under the alternative credibility hypothesis
is a right (left) shift of the triangular credibility distribution under null credibility hypothesis. Further, it is important
to note that the membership ratios corresponding to the cases 4, 7, 9 and 10 listed in Table 1 do not possess the
monotonicity. The ratios are concave downwards and hence the credibility rejection regions identified by the
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membership ratio criterion will be of the form {x | X e(ﬂi,ﬂz)} where A, and 4, are constants selected such that the

credibility rejection region has size «. In such cases, the credibility rejection region of the given size « can be
determined in more than one way. The following are various choices for 4 and A, yielding credibility rejection
regions of size a.

() 4 =2a,4 =3

(A =cnt=0

(i) 4 =%, 4, =25, % <8

(V) 4 =Cp 2, = %5, % > G

where a, =a, +2a(b, —a,) and ¢, =c, —2a(c, —h)) are as identified in Theorem 4.1. Existence of more than one set
of values for 4 and A, makes the process of identifying the best credibility rejection region a difficult one. Further,

in case 8 of Table 1, the ratio has more than one turning point which complicates the process of identifying the
rejection region. Hence further studies are needed for developing optimal tests in these cases. The tests developed in
this paper are meant only for testing a simple null credibility hypothesis against a simple alternative credibility
hypothesis. That is, the underlying hypothesis is about only one distribution. Hence, there is a good scope for future
work in developing test procedures when more than one distribution is involved in the credibility hypothesis being
considered.

The entire paper is focused only on triangular credibility distribution. The authors are working on other types of
credibility distributions like, exponential, normal and trapezoidal as well.

References

[1] Ke, H., and B. Liu, Fuzzy project scheduling problem and its hybrid intelligent algorithm, Applied Mathematical Modelling,
vol.34, pp.301-308, 2010.

[2] Liu, B., Uncertainty Theory, Springer-Verlag, Berlin, 2004.

[3]1 Liu, B., Uncertainty Theory, 3rd Edition, http://orsc.edu.cn/liu/ut.pdf, 2008.

[4] Liu, B., and Y.K. Liu, Expected value of fuzzy variable and fuzzy expected models, /EEE Transactions on Fuzzy Systems,
vol.10, no.4, pp.445-450, 2002.

[5] Peng, J., and B. Liu, Parallel machine scheduling models with fuzzy processing times, Information Sciences, vol.166, nos.1-4,
pp.49-66, 2004.

[6] Sampath, S., Hybrid single sampling plan, World Applied Sciences Journal, vol.6, no.12, pp.1685-1690, 2009.

[7] Sampath, S., and S.P. Deepa, Determination of optimal chance double sampling plan using genetic algorithm, Model Assisted
Statistics and Applications, vol.4, no.8, pp.265-273, 2013.

[8] Sampath, S., and R. Kalaivani, Clustering of fuzzy data using credibilistic critical values, Proceedings of the IEEE Xplore,
ICSIP, pp.227-232, 2010.

[9] Sampath, S., and B. Ramya, Distance-based test for uncertainty hypothesis testing, Journal of Uncertainty Analysis and
Applications, vol.1, article 4, 2013.

[10] Sampath, S., and V.S. Vaidyanathan, Credibilistic ISODATA Algorithm, Mathematical and Computational Models Recent
Trends, Narosha Publishing House, New Delhi, India, 2009.

[11] Wang, X., Gao, Z., and H. Guo, Delphi method for estimating uncertainty distributions, Information-An International
Interdisciplinary Journal, vol.2, n0.12, pp.449—460, 2012.

[12] Wang, X., Gao, Z., and H. Guo, Uncertain hypothesis testing for two experts’ empirical data, Mathematical and Computer
Modelling, vol.55, pp.1478-1482, 2012.

[13] Wang, X., and Z. Peng, Method of moments for estimating uncertainty distributions, http://www.orsc.edu.cn/online/100408.pdf,
2012.

[14] Wang, X., Tang, W., and R. Zhao, Fuzzy economic order quantity inventory models without backordering, Tsinghua Science
and Technology, vol.12, no.1, pp.91-96, 2007.

[15] Wang, J., Zhao, R., and W. Tang, Fuzzy programming models for vendor selection problem in a supply chain, Tsinghua
Science and Technology, vol.13, no.1, pp.106—111, 2008.

[16] Zheng, Y., and B. Liu, Fuzzy vehicle routing model with credibility measure and its hybrid intelligent algorithm, Applied
Mathematics and Computation, vol.176, no.2, pp.673—683, 2006.



	JUS-9-1-1.pdf
	Introduction
	Preliminary
	Problem of Hybrid Optimal Control
	Equation of Optimality
	A Portfolio Selection Model
	Conclusion and Recommendation

	JUS-9-1-3 Proof.pdf
	Introduction
	Preliminary
	Time Scale
	Uncertain Process on Time Scales

	Uncertain Initial Value Problem
	Uncertain Linear Systems
	Conclusion

	JUS-9-1-4.pdf
	Introduction
	Preliminary
	(,  q)-N-Ideals of Subtraction Algebras
	(,)-N-Ideals of Subtraction Algebras
	(,   q)-N-Ideals of Subtraction Algebras
	Conclusion

	JUS-9-1-7.pdf
	Introduction
	New Stochastic Models and Their Analytical Solutions
	Models Based on Price Decision before Quantity Decision
	Models Based on Quantity Decision before Price Decision

	Numerical Experiments
	Conclusions




