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Abstract

Uncertain calculus deals with the integral and differential of some uncertain processes. So far, uncertain
integrals have been defined with respect to Liu process, renewal process, finite variation process, and
multiple Liu processes. This paper presents an uncertain integral of a matrix of uncertain processes with
respect to multi-dimensional Liu process, and verifies its linearity property. Then an uncertain differential
of a multi-dimensional uncertain process with respect to a multi-dimensional Liu process is defined, and a
fundamental theorem is derived. In addition, a concept of multi-dimensional uncertain differential equation
is proposed, and solutions of some special types of multi-dimensional uncertain differential equations are
given.
c©2014 World Academic Press, UK. All rights reserved.
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1 Introduction

Uncertainty theory, established by Liu [10] in 2007 and refined by Liu [13] in 2010, is a branch of axiomatic
mathematics to deal with human’s belief degree based on normality, duality, subadditivity and product axioms.
An uncertain measure is a set function satisfying these four axioms, which indicates the belief degree that an
uncertain event will occur. Then a concept of uncertain variable was proposed by Liu [10] to model a quantity
under human uncertainty. In order to describe uncertain variables, concepts of uncertainty distribution,
expected value, variance, entropy as well as independence were presented, and an uncertainty theory was thus
founded. So far, many researchers have contributed a lot in this area. Peng and Iwamura [20] gave a sufficient
condition for a function being an uncertainty distribution. Liu and Ha [19] derived a formula to calculate
the expected value of a function of uncertain variables. Yao [27] gave a formula to calculate the variance of
an uncertain variable via its inverse uncertainty distribution. Dai and Chen [6] verified the linearity of the
entropy operator for uncertain variables.

In our daily life, some uncertain quantities evolve with the time. In order to model these quantities, a
concept of uncertain process was proposed by Liu [11] as a sequence of uncertain variables driven by the time.
As an example, Liu [12] designed a Liu process, that is an uncertain process with independent and stationary
normal increments. Meanwhile, Liu [12] proposed an uncertain integral of an uncertain process with respect
to Liu process, which was generalized to an uncertain integral of multiple uncertain processes with respect to
multiple Liu processes by Liu and Yao [15] in 2012. In addition, an uncertain integral of an uncertain process
with respect to an uncertain renewal process was defined by Yao [24], and an uncertain integral with respect
to finite variation process was defined by Chen [2].

Uncertain differential equation is a type of differential equation driven by an uncertain process. Uncer-
tain differential equation driven by Liu process was proposed by Liu [11]. A sufficient condition for such
a differential equation having a unique solution was first given by Chen and Liu [4], which was weakened
by Gao [7] later. The concept of stability was first proposed by Liu [12], and a sufficient condition for an
uncertain differential equation being stable was given by Yao et al. [30]. After that, concepts of stability
in mean [31], stability in p-th moment [22], almost sure stability [16], and stability in distribution [32] were
proposed. In addition, Gao and Yao [8] studied conditions of continuous dependence for the solution of an
uncertain differential equation with respect to the initial value.

∗Corresponding author.
Email: yaokai@ucas.ac.cn (K. Yao).



Journal of Uncertain Systems, Vol.8, No.4, pp.244-254, 2014 245

The solution methods of uncertain differential equation have also drawn a lot of attentions from the
researchers. In 2010, Chen and Liu [4] gave the analytic solution of a linear uncertain differential equation.
After that, Liu [17] and Yao [25] gave some methods to solve some special types of nonlinear uncertain
differential equations. However, it is impossible to obtain the analytic solutions of some types of uncertain
differential equations. In this case, Yao and Chen [29] designed a numerical method to solve an uncertain
differential equation via a concept of α-path. After that, Yao [26] extended this result, and obtained the
uncertainty distributions of extreme value and time integral of the solution via the α-path.

Uncertain differential equation was first introduced to finance by Liu [12], where he proposed an uncertain
stock model via the geometric Liu process, and derived its European option pricing formulas. After that,
Chen [1] derived its American option pricing formulas, and Sun and Chen [23] derived its Asian option pricing
formulas. Besides, Yao [28] gave a sufficient and necessary condition for an uncertain stock market being
no-arbitrage. In addition, Peng and Yao [21] proposed a mean-reverting stock model, and Chen et al. [5]
proposed a stock model with dividends. Uncertain interest rate model was first proposed by Chen and Gao [3],
and was further investigated by Jiao and Yao [9]. Uncertain currency model was proposed by Liu et al. [18],
of which the exchanged rate was described by an uncertain differential equation.

In order to describe the irregular movement of a particle in a high dimensional space, a multi-dimensional
Liu process was proposed by Zhang and Chen [33]. In this paper, we will propose an uncertain calculus
with respect to multi-dimensional Liu process. The rest of this paper is organized as follows. Uncertain
variable and traditional uncertain calculus will be introduced in Section 2 and Section 3, respectively. Then
an uncertain integral of a matrix of uncertain processes with respect to a multi-dimensional Liu process will
be introduced in Section 4, and an uncertain differential of a multi-dimensional uncertain process with respect
to a multi-dimensional Liu process will be introduced in Section 5. Besides, a multi-dimensional uncertain
differential equation will be introduced in Section 6, whose solution is a multi-dimensional uncertain process.
At last, some remarks are made in Section 7.

2 Uncertain Variable

In this section, we introduce some basic concepts about uncertain variable, including uncertainty space,
uncertainty distribution, expected value, and operational law.

Definition 1 ([10]) Let L be a σ-algebra on a nonempty set Γ. A set function M : L → [0, 1] is called an
uncertain measure if it satisfies the following axioms:
Axiom 1: (Normality Axiom) M{Γ} = 1 for the universal set Γ.
Axiom 2: (Duality Axiom) M{Λ}+ M{Λc} = 1 for any event Λ.
Axiom 3: (Subadditivity Axiom) For every countable sequence of events Λ1,Λ2, . . . , we have

M

{ ∞⋃
i=1

Λi

}
≤
∞∑
i=1

M {Λi} .

The triple (Γ,L,M) is called an uncertainty space. Product uncertain measure was defined by Liu [12] in
2009, thus producing the the fourth axiom of uncertainty theory.
Axiom 4: (Product Axiom) Let (Γk,Lk,Mk) be uncertainty spaces for k = 1, 2, . . . Then the product uncertain
measure M is an uncertain measure satisfying

M

{ ∞∏
k=1

Λk

}
=

∞∧
k=1

Mk{Λk}

where Λk are arbitrarily chosen events from Lk for k = 1, 2, . . ., respectively.
An uncertain variable is essentially a measurable function on an uncertainty space, and it is used to model

an uncertain quantity.

Definition 2 ([10]) An uncertain variable is a measurable function ξ from an uncertainty space (Γ,L,M) to
the set < of real numbers, i.e., for any Borel set B of real numbers, the set

{ξ ∈ B} = {γ | ξ(γ) ∈ B}

is an event.
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Definition 3 ([10]) The uncertainty distribution Φ of an uncertain variable ξ is defined by

Φ(x) = M{ξ ≤ x}

for any real number x.

The uncertainty distribution Φ is said to be regular if its inverse function Φ−1 exists and is unique for each
α ∈ (0, 1). In this case, the inverse function Φ−1 is called the inverse uncertainty distribution, which plays an
important role in the operation of independent uncertain variables.

Definition 4 ([12]) The uncertain variables ξ1, ξ2, . . . , ξm are said to be independent if

M

{
m⋂

k=1

(ξi ∈ Bi)

}
=

m∧
k=1

M{ξi ∈ Bi}

for any Borel sets B1, B2, . . . , Bm of real numbers.

Theorem 1 ([13]) Let ξ1, ξ2, . . . , ξn be independent uncertain variables with uncertainty distributions Φ1,
Φ2, . . . ,Φn, respectively. If f(x1, x2, · · · , xn) is strictly increasing with respect to x1, x2, . . . , xm and strictly
decreasing with respect to xm+1, xm+2, . . . , xn, then ξ = f(ξ1, ξ2, · · · , ξn) is an uncertain variable with an
inverse uncertainty distribution

Φ−1(r) = f
(
Φ−1

1 (r), · · · ,Φ−1
m (r),Φ−1

m+1(1− r), · · · ,Φ−1
n (1− r)

)
.

Definition 5 ([10]) Let ξ be an uncertain variable. Then its expected value E[ξ] is defined by

E[ξ] =

∫ +∞

0

M{ξ ≥ r}dr −
∫ 0

−∞
M{ξ ≤ r}dr

provided that at least one of the two integrals is finite.

For an uncertain variable ξ with an uncertainty distribution Φ, we have

E[ξ] =

∫ +∞

0

(1− Φ(r))dr −
∫ 0

−∞
Φ(r)dr.

If the inverse uncertainty distribution Φ−1 exists, then

E[ξ] =

∫ 1

0

Φ−1(α)dα.

Definition 6 ([10]) Let ξ be an uncertain variable with a finite expected value e. Then its variance is defined
by

V [ξ] = E
[
(ξ − e)2

]
.

We cannot derive the precise variance of an uncertain variable just from its uncertainty distribution, so
Liu [10] suggested to accept

V [ξ] =

∫ +∞

0

(
1− Φ(e+

√
x) + Φ(e−

√
x)
)

dx

as a stipulation, where Φ is the uncertainty distribution of ξ. Based on this stipulation, Yao [27] gave the
formula

V [ξ] =

∫ 1

0

(
Φ−1(α)− e

)2
dα

to calculate the variance via inverse uncertainty distribution.
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3 Uncertain Calculus

In this section, we introduce some definitions about uncertain process and uncertain calculus. An uncertain
process is a sequence of uncertain variables indexed by time or space.

Definition 7 ([11]) Let T be an index set and (Γ,L,M) be an uncertainty space. An uncertain process is a
measurable function from T × (Γ,L,M) to the set of real numbers, i.e., for each t ∈ T and any Borel set B
of real numbers, the set

{Xt ∈ B} = {γ |Xt(γ) ∈ B}
is an event.

Definition 8 ([12]) An uncertain process Ct is said to be a canonical Liu process if
(i) C0 = 0 and almost all sample paths are Lipschitz continuous,
(ii) Ct has stationary and independent increments,
(iii) every increment Cs+t − Cs is a normal uncertain variable with expected value 0 and variance t2, whose
uncertainty distribution is

Φ(x) =

(
1 + exp

(
−πx√

3t

))−1

, x ∈ <.

Based on canonical Liu process, an uncertain integral named Liu integral was defined by Liu [12], thus
offering a theory of uncertain calculus.

Definition 9 ([12]) Let Xt be an uncertain process and Ct be a canonical Liu process. For any partition of
closed interval [a, b] with a = t1 < t2 < · · · < tk+1 = b, the mesh is written as

∆ = max
1≤i≤k

|ti+1 − ti|.

Then Liu integral of Xt is defined by∫ b

a

XtdCt = lim
∆→0

k∑
i=1

Xti · (Cti+1 − Cti)

provided that the limit exists almost surely and is finite. In this case, the uncertain process Xt is said to be
Liu integrable.

For example, the canonical Liu process Ct is a Liu integrable process, and∫ s

0

CtdCt =
1

2
C2

s .

Definition 10 ([12]) Let Ct be a canonical Liu process and Zt be an uncertain process. If there exist uncertain
processes µs and σs such that

Zt = Z0 +

∫ t

0

µsds+

∫ t

0

σsdCs

for any t ≥ 0, then Zt is said to have a Liu differential

dZt = µtdt+ σtdCt.

For example, the uncertain process C2
t has a Liu differential dC2

t = 2CtdCt. The uncertain process tCt

has a Liu differential d(tCt) = Ctdt+ tdCt.
Liu [12] verified the fundamental theorem of uncertain calculus, i.e., for a canonical Liu process Ct and a

continuously differentiable function h(t, c), the uncertain process Zt = h(t, Ct) has a Liu differential

dZt =
∂h

∂t
(t, Ct)dt+

∂h

∂c
(t, Ct)dCt.

Based on the fundamental theorem, Liu [12] proved the integration by parts theorem, i.e., for two Liu differ-
entiable processes Xt and Yt, the uncertain process XtYt has a Liu differential

d(XtYt) = YtdXt +XtdYt.
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Definition 11 ([14]) Uncertain processes X1t, X2t, . . . , Xnt are said to be independent if for any positive
integer k and any times t1, t2, . . . , tk, the uncertain vectors

ξi = (Xit1 , Xit2 , · · · , Xitk), i = 1, 2, . . . , n

are independent, i.e., for any k-dimensional Borel sets B1, B2, . . . , Bn, we have

M

{
n⋂

i=1

(ξi ∈ Bi)

}
=

n∧
i=1

M {ξi ∈ Bi} .

Definition 12 ([33]) Let Cit, i = 1, 2, . . . , n be independent canonical Liu processes on an uncertainty space
(Γ,L,M). Then Ct = (C1t, C2t, · · · , Cnt)

T is called an n-dimensional canonical Liu process on the uncertainty
space (Γ,L,M).

The multi-dimensional canonical Liu process Ct is a multi-dimensional Lipschitz continuous uncertain
process with stationary and independent increments.

4 Multi-Dimensional Uncertain Integral

In this section, we will study the uncertain integral of a matrix of uncertain processes with respect to a
multi-dimensional canonical Liu process, and verify some properties of the uncertain integral.

Definition 13 An m × n matrix Xt = [Xijt] is called an uncertain matrix process if its elements Xijt are
uncertain processes for i = 1, 2, . . . ,m, j = 1, 2, . . . , n.

Definition 14 Let Ct = (C1t, C2t, · · · , Cnt)
T be an n-dimensional canonical Liu process, and Xt = [Xijt] be

an m×n uncertain matrix process whose elements Xijt are integrable uncertain processes. Then the uncertain
integral of Xt with respect to n-dimensional canonical Liu process Ct is defined by

∫ b

a

XtdCt =



n∑
j=1

∫ b

a

X1jtdCjt

n∑
j=1

∫ b

a

X2jtdCjt

...
n∑

j=1

∫ b

a

XmjtdCjt


.

In this case, Xt is said to be uncertain integrable with respect to Ct.

Example 1 Let Ct = (C1t, C2t, · · · , Cnt)
T be an n-dimensional canonical Liu process, and Xt = (X1t,

X2t, · · · , Xnt) be an n-dimensional integrable uncertain process. Then∫ b

a

XtdCt =

n∑
j=1

∫ b

a

XjtdCjt.

Example 2 Let Ct be a canonical Liu process, and Xt = (X1t, X2t, · · · , Xnt)
T be an n-dimensional inte-

grable uncertain process. Then

∫ b

a

XtdCt =



∫ b

a

X1tdCt∫ b

a

X2tdCt

...∫ b

a

XmtdCt


.
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Example 3 Let Ct = (C1t, C2t)
T be a 2-dimensional canonical Liu process, and

Xt =

(
C1t 0

0 C2t

)
be an uncertain matrix process. Then ∫ t

0

XsdCs =
1

2

(
C2

1t

C2
2t

)
.

Theorem 2 Let Ct be an n-dimensional canonical Liu process, and Xt be an m × n integrable uncertain
matrix process on [a, b]. Then Xt is uncertain integrable with respect to Ct on each subinterval of [a, b].
Moreover, if c ∈ [a, b], then ∫ b

a

XtdCt =

∫ c

a

XtdCt +

∫ b

c

XtdCt.

Proof: Since Xt is uncertain integrable with respect to Ct on [a, b], the uncertain process Xijt is Liu
integrable with respect to Cjt on [a, b]. Then Xijt is Liu integrable with respect to Cjt on each subinterval of
[a, b]. By Definition 14, the matrix process Xt is uncertain integrable with respect to Ct on each subinterval
of [a, b]. Next, for each point c ∈ [a, b], we have

∫ b

a

XtdCt =



n∑
j=1

∫ b

a

X1jtdCjt

n∑
j=1

∫ b

a

X2jtdCjt

...
n∑

j=1

∫ b

a

XmjtdCjt


=



n∑
j=1

∫ c

a

X1jtdCjt +

n∑
j=1

∫ b

c

X1jtdCjt

n∑
j=1

∫ c

a

X2jtdCjt +

n∑
j=1

∫ b

c

X2jtdCjt

...
n∑

j=1

∫ c

a

XmjtdCjt +

n∑
j=1

∫ b

c

XmjtdCjt



=



n∑
j=1

∫ c

a

X1jtdCjt

n∑
j=1

∫ c

a

X2jtdCjt

...
n∑

j=1

∫ c

a

XmjtdCjt


+



n∑
j=1

∫ b

c

X1jtdCjt

n∑
j=1

∫ b

c

X2jtdCjt

...
n∑

j=1

∫ b

c

XmjtdCjt


=

∫ c

a

XtdCt +

∫ b

c

XtdCt.

The proof is thus completed.

Theorem 3 Let Ct be an n-dimensional canonical Liu process, Xt and Y t be two m×n integrable uncertain
matrix processes on [a, b]. Then for any real numbers α and β, we have∫ b

a

(αXt + βY t)dCt = α

∫ b

a

XtdCt + β

∫ b

a

Y tdCt.

Proof: It follows from Definition 14 that

∫ b

a

(αXt + βY t)dCt =



n∑
j=1

∫ b

a

(αX1jt + βY1jt)dCjt

n∑
j=1

∫ b

a

(αX2jt + βY2jt)dCjt

...
n∑

j=1

∫ b

a

(αXmjt + βYmjt)dCjt


=



α
n∑

j=1

∫ b

a

X1jtdCjt + β

n∑
j=1

∫ b

a

Y1jtdCjt

α
n∑

j=1

∫ b

a

X2jtdCjt + β

n∑
j=1

∫ b

a

Y2jtdCjt

...

α
n∑

j=1

∫ b

a

XmjtdCjt + β

n∑
j=1

∫ b

a

YmjtdCjt
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= α



n∑
j=1

∫ b

a

X1jtdCjt

n∑
j=1

∫ b

a

X2jtdCjt

...
n∑

j=1

∫ b

a

XmjtdCjt


+ β



n∑
j=1

∫ b

a

Y1jtdCjt

n∑
j=1

∫ b

a

Y2jtdCjt

...
n∑

j=1

∫ b

a

YmjtdCjt


= α

∫ b

a

XtdCt + β

∫ b

a

Y tdCt.

The theorem is verified.

5 Multi-Dimensional Uncertain Differential

In this section, we will study the uncertain integral of a multi-dimensional uncertain process with respect to
a multi-dimensional canonical Liu process, and verify the fundamental theorem.

Definition 15 Let Ct = (C1t, C2t, · · · , Cnt)
T be an n-dimensional canonical Liu process, and Zt = (Z1t,

Z2t, · · · , Zmt)
T be an m-dimensional uncertain process. If there exists an m-dimensional uncertain process

µt = (µ1t, µ2t, · · · , µmt) and an m× n uncertain matrix process σt = [σijt] such that

Zt = Z0 +

∫ t

0

µsds+

∫ t

0

σsdCs

for any t ≥ 0, then Zt is said to be uncertain differentiable with respect to Ct, and has an uncertain differential

dZt = µtdt+ σtdCt.

Example 4 Let Ct = (C1t, C2t, · · · , Cnt)
T be an n-dimensional canonical Liu process. Since

Ct =

∫ t

0

dCs

for any t ≥ 0, we have that the n-dimensional canonical Liu process Ct is uncertain differentiable, and has
an uncertain differential dCt.

Example 5 Let Ct = (C1t, C2t, · · · , Cnt)
T be an n-dimensional canonical Liu process. Since

tCt =

∫ t

0

Csds+

∫ t

0

sdCs

holds for any t ≥ 0, the n-dimensional uncertain process tCt is uncertain differentiable with respect to Ct,
and has an uncertain differential

d(tCt) = Ctdt+ tdCt.

Example 6 Let Ct = (C1t, C2t)
T be a 2-dimensional canonical Liu process, and Zt = (C2

1t, C
2
2t)

T be a
2-dimensional uncertain process. Since(

C2
1t

C2
2t

)
= 2

∫ t

0

(
C1s 0
0 C2s

)
d

(
C1s

C2s

)
holds for any t ≥ 0, the uncertain process Zt is uncertain differentiable with respect to Ct, and has an
uncertain differential

dZt = 2

(
C1t 0
0 C2t

)
dCt.
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Theorem 4 (Fundamental Theorem) Let Ct = (C1t, C2t, · · · , Cnt)
T be an n-dimensional canonical Liu pro-

cess, and let h(t, c) = (h1(t, c), h2(t, c), · · · , hm(t, c))T be a continuously differentiable m-dimensional vector-
valued function, where c = (c1, c2, · · · , cn)T is an n-dimensional vector. Then the m-dimensional uncertain
process Zt = h(t,Ct) is uncertain differentiable with respect to Ct, and has an uncertain differential

dZt =
∂h

∂t
(t,Ct)dt+

∂h

∂c
(t,Ct)dCt,

where

∂h

∂t
(t,Ct) =



∂h1

∂t
(t, C1t, · · · , Cnt)

∂h2

∂t
(t, C1t, · · · , Cnt)

...
∂hm
∂t

(t, C1t, · · · , Cnt)


and

∂h

∂c
(t,Ct) =



∂h1

∂c1
(t, C1t, · · · , Cnt) · · · ∂h1

∂cn
(t, C1t, · · · , Cnt)

∂h2

∂c1
(t, C1t, · · · , Cnt) · · · ∂h2

∂cn
(t, C1t, · · · , Cnt)

...
. . .

...
∂hm
∂c1

(t, C1t, · · · , Cnt) · · · ∂hm
∂cn

(t, C1t, · · · , Cnt)


.

Proof: Write ∆Ct = Ct+∆t −Ct. Then ∆Ct and ∆t are infinitesimals with the same order. Since h(t, c)
is a continuously differentiable function, we have

∆Zt =
∂h

∂t
(t,Ct)∆t+

∂h

∂c
(t,Ct)∆Ct.

Letting ∆t → 0, we have that Zt is uncertain differentiable with respect to Ct, and it has an uncertain
differential

dZt =
∂h

∂t
(t,Ct)dt+

∂h

∂c
(t,Ct)dCt.

Example 7 Consider the uncertain differential of Zt = (C2
1t, C

2
2t)

T with respect to Ct = (C1t, C2t)
T . In

this case, we have h(t, c) = (c21, c
2
2)T . It is clear that

∂h

∂t
(t, c) =

(
0
0

)
∂h

∂c
(t, c) = 2

(
c1 0
0 c2

)
.

It follows from the fundamental theorem that

dZt = 2

(
C1t 0
0 C2t

)
dCt.

Corollary 1 ([15])Let (C1t, C2t,· · ·, Cnt)
T be an n-dimensional canonical Liu process, and let h(t, c1, c2,· · ·, cn)

be a continuously differentiable function. Then the uncertain process Zt = h(t, C1t, C2t, · · · , Cnt) is uncertain
differentiable and has an uncertain differential

dZt =
∂h

∂t
(t, C1t, C2t, · · · , Cnt)dt+

n∑
i=1

∂h

∂ci
(t, C1t, C2t, · · · , Cnt)dCit.

Proof: Take m = 1 in the fundamental theorem, and the corollary is verified.
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Theorem 5 Let X1t,X2t, . . . ,Xnt be differentiable vector-valued uncertain processes, and h(t,x1,x2, · · · ,
xn) be a continuously differentiable vector-valued function. Then the uncertain process Xt = h(t,X1t,
X2t, · · · ,Xnt) is uncertain differentiable and has an uncertain differential

dXt =
∂h

∂t
(t,X1t,X2t, · · · ,Xnt)dt+

n∑
i=1

∂h

∂xi
(t,X1t,X2t, · · · ,Xnt)dXit.

Proof: Since the function h is continuously differentiable, the infinitesimal increment of Xt has a first-order
approximation

∆Xt =
∂h

∂t
(t,X1t,X2t, · · · ,Xnt)∆t+

n∑
i=1

∂h

∂xi
(t,X1t,X2t, · · · ,Xnt)∆Xit.

Letting ∆t→ 0, we have

dXt =
∂h

∂t
(t,X1t,X2t, · · · ,Xnt)dt+

n∑
i=1

∂h

∂xi
(t,X1t,X2t, · · · ,Xnt)dXit.

The theorem is thus proved.

Example 8 Suppose that Xt and Y t are m-dimensional vector-valued differentiable uncertain process.
Then

d(XT
t Y t) = Y T

t dXt +XT
t dY t.

Proof: Taking h(t,x,y) = xTy, we have

∂h

∂t
= 0,

∂h

∂x
= yT ,

∂h

∂y
= xT .

It follows from Theorem 5 that
d(XT

t Y t) = Y T
t dXt +XT

t dY t.

6 Multi-Dimensional Uncertain Differential Equation

Definition 16 Let Ct be an n-dimensional canonical Liu process. Suppose f(t,x) is a vector-valued function
from T ×<n to <m, and g(t,x) is a matrix-valued function from T ×<n to the set of m× n matrices. Then

dXt = f(t,Xt)dt+ g(t,Xt)dCt (1)

is called a multi-dimensional uncertain differential equation driven by a multi-dimensional canonical Liu pro-
cess. A solution is an m-dimensional uncertain process that satisfies (1) identically at each t in <.

Remark 1 When m = 1, the uncertain differential equation (1) degenerates to the following equation

dXt = f(t,Xt)dt+

n∑
i=1

gi(t,Xt)dCit.

Example 9 Consider a 2-dimensional uncertain differential equation

dXt =

(
u1t

u2t

)
dt+

(
v11t v12t

v21t v22t

)
dCt

with an initial value X0 = (0, 0)T , where Ct = (C1t, C2t)
T is a 2-dimensional canonical Liu process. It is easy

verified that the equation has a solution

Xt =

(
X1t

X2t

)
=


∫ t

0

u1sds+

∫ t

0

v11sdC1s +

∫ t

0

v12sdC2s∫ t

0

u2sds+

∫ t

0

v21sdC1s +

∫ t

0

v22sdC2s

 .
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Example 10 Consider a 2-dimensional uncertain differential equation

dXt =

(
0 1
−1 0

)
XtdCt

with an initial value X0 = (0, 1)T , where Ct is a canonical Liu process. It is easy verified that the equation
has a solution

Xt =

(
X1t

X2t

)
=

(
sin(Ct)
cos(Ct)

)
.

Example 11 Let Ct = (C1t, C2t)
T be a 2-dimensional canonical process. Consider an uncertain differential

equation
dXt = Xtdt+ (Xt, Xt)dCt = Xtdt+XtdC1t +XtdC2t

with an initial value X0 = 1. It is easy verified that the equation has a solution

Xt = exp(t+ C1t + C2t).

7 Conclusions

This paper founded an uncertain calculus with respect to a multi-dimensional Liu process, and proposed
a multi-dimensional uncertain differential equation driven by multi-dimensional Liu process. In detail, an
uncertain integral of a matrix of uncertain processes with respect to a multi-dimensional Liu process was
defined, and its linearity property was verified. Then an uncertain integral of a multi-dimensional uncertain
process with respect to a multi-dimensional Liu process was defined, and the fundamental theorem was
provided. In addition, a multi-dimensional uncertain differential equation was proposed, and solutions of
some special types of multi-dimensional uncertain differential equations were given. Further research will
cover the existence and uniqueness of the solution of a multi-dimensional uncertain differential equation as
well as its stability.

Acknowledgements

This work was supported by National Natural Science Foundation of China (Grant No.61403360).

References

[1] Chen, X., American option pricing formula for uncertain financial market, International Journal of Operations
Research, vol.8, no.2, pp.32–37, 2011.

[2] Chen, X., Uncertain calculus with finite variation processes, Soft Computing, to be published.

[3] Chen, X., and J. Gao, Uncertain term structure model of interest rate, Soft Computing, vol.17, no.4, pp.597–604,
2013.

[4] Chen, X., and B. Liu, Existence and uniqueness theorem for uncertain differential equations, Fuzzy Optimization
and Decision Making, vol.9, no.1, pp.69–81, 2010.

[5] Chen, X., Liu, Y., and D. Ralescu, Uncertain stock model with periodic dividends, Fuzzy Optimization and
Decision Making, vol.12, no.1, pp.111–123, 2013.

[6] Dai, W., and X. Chen, Entropy of function of uncertain variables, Mathematical and Computer Modelling, vol.55,
nos.3-4, pp.754–760, 2012.

[7] Gao, Y., Existence and uniqueness theorem on uncertain differential equations with local Lipschitz condition,
Journal of Uncertain Systems, vol.6, no.3, pp.223–232, 2012.

[8] Gao, Y., and K. Yao, Continuous dependence theorems on solutions of uncertain differential equations, Applied
Mathematical Modelling, vol.38, pp.3031–3037, 2014.

[9] Jiao, D., and K. Yao, An interest rate model in uncertain environment, Soft Computing, doi:10.1007/s00500-014-
1301-1.

[10] Liu, B., Uncertainty Theory, 2nd Edition, Springer-Verlag, Berlin, 2007.



254 K. Yao: Multi-Dimensional Uncertain Calculus with Liu Process

[11] Liu, B., Fuzzy process, hybrid process and uncertain process, Journal of Uncertain Systems, vol.2, no.1, pp.3–16,
2008.

[12] Liu, B., Some research problems in uncertainty theory, Journal of Uncertain Systems, vol.3, no.1, pp.3–10, 2009.

[13] Liu, B., Uncertainty Theory: A Branch of Mathematics for Modeling Human Uncertainty, Springer-Verlag, Berlin,
2010.

[14] Liu, B., Uncertainty distribution and independence of uncertain processes, Fuzzy Optimization and Decision
Making, vol.13, no.3, pp.259–271, 2014.

[15] Liu, B., and K. Yao, Uncertain integral with respect to multiple canonical processes, Journal of Uncertain Systems,
vol.6, no.4, pp.250–255, 2012.

[16] Liu, H., Ke, H., and Y. Fei, Almost sure stability for uncertain differential equation, Fuzzy Optimization and
Decision Making, vol.13, no.4, pp.463–473, 2014.

[17] Liu, Y., An analytic method for solving uncertain differential equations, Journal of Uncertain Systems, vol.6,
no.4, pp.244–249, 2012.

[18] Liu, Y., Chen, X., and D. Ralescu, Uncertain currency model and currency option pricing, International Journal
of Intelligent Systems, to be published.

[19] Liu, Y., and M. Ha, Expected value of function of uncertain variables, Journal of Uncertain Systems, vol.4, no.3,
pp.181–186, 2010.

[20] Peng, Z., and K. Iwamura, A sufficient and necessary condition of uncertainty distribution, Journal of Interdisci-
plinary Mathematics, vol.13, no.3, pp.277–285, 2010.

[21] Peng, J., and K. Yao, A new option pricing model for stocks in uncertainty markets, International Journal of
Operations Research, vol.8, no.2, pp.18–26, 2011.

[22] Sheng, Y., and C. Wang, Stability in p-th moment for uncertain differential equation, Journal of Intelligent and
Fuzzy Systems, vol.26, no.3, pp.1263–1271, 2014.

[23] Sun, J., and X. Chen, Asian option pricing formula for uncertain financial market, http://orsc.edu.cn/online/
130511.pdf.

[24] Yao, K., Uncertain calculus with renewal process, Fuzzy Optimization and Decision Making, vol.11, no.3, pp.285–
297, 2012.

[25] Yao, K., A type of nonlinear uncertain differential equations with analytic solution, Journal of Uncertainty
Analysis and Applications, vol.1, article 8, 2013.

[26] Yao, K., Extreme values and integral of solution of uncertain differential equation, Journal of Uncertainty Analysis
and Applications, vol.1, article 2, 2013.

[27] Yao, K., A formula to calculate the variance of uncertain variable, Soft Computing, doi:10.1007/s00500-014-1457-8.

[28] Yao, K., A no-arbitrage theorem for uncertain stock model, Fuzzy Optimization and Decision Making,
doi:10.1007/s10700-014-9198-9.

[29] Yao, K., and X. Chen, A numerical method for solving uncertain differential equations, Journal of Intelligent and
Fuzzy Systems, vol.25, no.3, pp.825–832, 2013.

[30] Yao, K., Gao, J., and Y. Gao, Some stability theorems of uncertain differential equation, Fuzzy Optimization and
Decision Making, vol.12, no.1, pp.3–13, 2013.

[31] Yao, K., and Y. Sheng, Stability in mean for uncertain differential equation, http://orsc.edu.cn/online/120611.pdf.

[32] Zhang, Y., Stability in distribution for uncertain differential equation, http://orsc.edu.cn/online/130503.pdf.

[33] Zhang, T., and B. Chen, Multi-dimensional canonical process, Information: An International Interdisciplinary
Journal, vol.16, no.2(A), pp.1025–1030, 2013.


	jus-8-4-1.pdf
	Introduction
	Uncertain Variable
	Uncertain Calculus
	 Multi-Dimensional Uncertain Integral
	Multi-Dimensional Uncertain Differential
	Multi-Dimensional Uncertain Differential Equation
	Conclusions

	jus-8-4-2.pdf
	Introduction
	Preliminary
	Problem Description and Formulation
	Single-Flow Pattern
	Multi-Flow Pattern

	Uncertain Hierarchical Location Models
	Uncertain Expected Cost Minimization Model
	Uncertain -cost Minimization Model

	Crisp Equivalent Models
	Expected Cost Minimization Model
	-cost Minimization Model

	Numerical Examples
	Example Description
	Expected Cost Minimization
	-cost Minimization
	Comparisons of These Two Flow Patterns

	Conclusions

	jus-8-4-3.pdf
	Introduction
	Preliminaries
	Uncertainty Theory
	Linear Uncertainty Distribution

	Determination of the Importance of ECs with Uncertainty
	Problem Notations
	Formulation of the Importance of ECs
	An Uncertain Expected Value Operator Method

	Numerical Example
	Conclusions

	jus-8-4-4.pdf
	Introduction
	Uncertain Set
	Uncertain Logic
	Uncertain Inference
	Conclusion

	jus-8-4-5.pdf
	Introduction
	Preliminary
	The Relationship Between Uncertain Random Variables 
	The URMOP Problem under PE Principle
	Pareto Efficient Solution
	Uncertain Random Method

	Linear Weighted Method
	Conclusion

	jus-8-4-6.pdf
	Introduction
	Preliminary
	Uncertain Variable
	Uncertain Random Variable

	Efficient Solutions for URMOP Problem
	Conclusions

	jus-8-4-7.pdf
	Introduction
	Preliminary
	Geometric Average Asian Option Pricing 
	Conclusion




