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Abstract

In this paper, the notions of fuzzy dot subalgebras, fuzzy normal dot subalgebras and fuzzy dot ideals
of B-algebras are introduced and investigated some of their properties. The homomorphic image and
inverse image of fuzzy dot subalgebras and fuzzy dot ideals are studied. Also introduced the notion of
fuzzy relations on the family of fuzzy dot subalgebras and fuzzy dot ideals of B-algebras and investigated
some related properties.
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1 Introduction

The study of BCK/BCI-algebras [4] was initiated by Imai and Iseki in 1966 as a generalization of the concept
of set-theoretic difference and propositional calculus. Neggers and Kim [6] [7] introduced a new notion, called
B-algebras which is related to several classes of algebras of interest such as BCK/BCI-algebras. Cho and Kim
[3] discussed further relations between B-algebras and other topics especially quasigroups. Park and Kim [§]
obtained that every quadratic B-algebra on a field X with |X| > 3 is a BCI-algebra. Jun et al. [5] fuzzyfied
(normal) B-algebras and gave a characterization of a fuzzy B-algebras. Saeid [10] introduced the notion of
fuzzy topological B-algebras. Using the notion of interval-valued fuzzy set, Saeid [I1] introduced the concept
of interval-valued fuzzy B-subalgebras of a B-algebra, and studied some of their properties. Some systems of
axioms defining a B-algebra were given by Walendziak [I8] with a proof of the independent of the axioms.
In addition to it, Walendziak obtained a simplified axiomatization of commutative B-algebras. Senapati et
al. [16], 12l 7] introduced fuzzy closed ideals of B-algebras and fuzzy subalgebras of B-algebras with respect
to t-norm. Also, the authors [2] 13| 14, [15] done lot of works on BG-algebras which is a generalization of
B-algebras. For the general development of B-algebras, the ideal theory and subalgebras play important
role. To the best of our knowledge no works are available on fuzzy dot subalgebras and fuzzy dot ideals of
B-algebras. For this reason we motivated to develop these theories for B-algebras.

In this paper, fuzzy dot subalgebras of B-algebras are defined and lot of properties are investigated. The
notion of p-product relations on the family of all fuzzy dot subalgebras of a B-algebra are introduced and some
related properties are investigated. The remainder of this article is structured as follows: Section 2 proceeds
with a recapitulation of all required definitions and properties. In Section 3, the concepts and operations of
fuzzy dot subalgebras are introduced and discussed their properties in details. In Section 4, some properties
of fuzzy normal dot subalgebras are investigated. In Section 5, p-product relations on fuzzy dot subalgebras
are given. In Section 6, the notion of fuzzy dot ideals of B-algebras are considered and investigated their
properties in details. Finally, in Section 7, conclusion and scope for future research are given.

*Corresponding author. Email: math.tapan@gmail.com (T. Senapati).
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2 Preliminaries

In this section, some elementary aspects that are necessary for this paper are included. A B-algebra is an
important class of logical algebras introduced by Neggers and Kim [6] and was extensively investigated by
several researchers. This algebra is defined as follows.

Definition 1 ([6]) A non-empty set X with a constant 0 and a binary operation x is said to be B-algebra if
it satisfies the following axioms

Bl. z*xz =0;

B2. zx0=ux;

B3. (zxy)xz=xx*(zx(0xy)), for all z,y,z € X.

Example 1 ([6]) Let X be the set of all real numbers except the negative integer —n. Define a binary operation
xon X byxxy=n(x—y)/(n+y). Then (X,*,0) is a B-algebra.

Lemma 1 ([3]) If X is a B-algebra, then 0% (0 xz) =z for all x € X.
Lemma 2 ([6]) If X is a B-algebra, then (x xy) * (0xy) =z for all z,y € X.

A non-empty subset S of a B-algebra X is called a subalgebra [7] of X if x xy € S for any z,y € S. A
mapping f : X — Y of B-algebra is called a homomorphism [7] if f(z *y) = f(x) % f(y) for all z,y € X.
Note that if f: X — Y is a B-homomorphism, then f(0) = 0. A non-empty subset N of a B-algebra X is
said to be normal if (z * a) * (y *b) € N whenever z xy € N and a*b € N. Note that any normal subset
N of a B-algebra X is a subalgebra of X, but the converse need not be true [7]. A non-empty subset N of
a B-algebra X is called a normal subalgebra of X if it is both a subalgebra and normal. A partial ordering
“<” on X can be defined by « < y if and only if z xy = 0.

We now review some fuzzy logic concepts as follows:

Let X be the collection of objects denoted generally by x. Then a fuzzy set [19] A in X is defined as
A={<z,pua(x) > x € X}, where pa(x) is called the membership value of z in A and 0 < pa(z) < 1. The
complement of A is denoted by A¢ and is given by A° = {< z, u5(z) >: x € X} where u4(z) =1 — pa(z).
For any two fuzzy sets A = {< z,pa(x) >z € X} and B = {< x,up(z) >: 2 € X} in X, the following
operations [19] are defined

ACBS pa(r) <upup(z) Vee X, ANB=min{ua(z),us(x)} vre X.

Let f be a mapping from the set X into the set Y. Let B be a fuzzy set in Y. Then the inverse image [9]
of B, denoted by f~1(B) in X and is given by f~(ug)(z) = us(f(x)).
Conversely, let A be a fuzzy set in X with membership function p4. Then the image [9] of A, denoted by
f(A) in Y and is given by
sup pa(x), if fTH(y) # o

tiay(y) =4 =€/71@)
1, otherwise.

A fuzzy relation p on a set X is a fuzzy subset of X x X, that is, amap u: X x X — [0, 1].

Definition 2 ([5]) A fuzzy set A in X is called a fuzzy subalgebra if it satisfies the inequality pa(x * y) >
min{pa(z), paly)} for all x,y € X.

Definition 3 ([12]) A fuzzy set A in X is called a fuzzy ideal of X if it satisfies the inequality (i) pa(0) >
pa(z) and (i) pa(z) > min{ua(z*y), paly)} for al z,y € X.

3 Fuzzy Dot Subalgebras of B-algebras

In this section, fuzzy dot subalgebras of B-algebras are defined and some important properties are presented.
In what follows, let (X, *,0) or simply X denote a B-algebra unless otherwise specified.

Definition 4 Let A be a fuzzy set in a B-algebra X. Then A is called a fuzzy dot subalgebra of X if for all
z,y € X, pal(x*xy) > pa(x) - pa(y), where - denotes ordinary multiplication.
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Example 2 Let X={0,1,2,3,4,5} be a set with the following Cayley table:

Tl W N~ O %
Gt W= oo
WUt~ O N
B WUl O N N
N = O Ot W w
= O N W U
O N o W ot

Then (X, *,0) is a B-algebra (see [7], Example 3.5). Define a fuzzy set A in X by pa(l) = pa(2) = 0.7 and
pa(xz) =05 for all z € X\ {1,2}. Then A is a fuzzy dot subalgebra of X.

Note that every fuzzy subalgebra of X is a fuzzy dot subalgebra of X, but the converse is not true.

In fact, the fuzzy dot subalgebra in above example is not a fuzzy subalgebra, since pa(l*1) = pa(0) =
0.5<0.7=pa(l) =min{ua(l), pa(l)}.
Proposition 1 Every fuzzy dot subalgebras A of X satisfies the inequality pu(0) > (ua(z))? for all z € X.
Proof: For all z € X, we have x * x = 0. Then pa(0) = pa(z xz) > pa(x) - pa(z) = (na(z))? O
Theorem 1 Let A be a fuzzy dot subalgebra of X . If there exists a sequence {x,,} in X such that li_>m (pa(zy))?
=1, then pa(0) = 1.

Proof: By Proposition pa(0) > (pa(x))? for all z € X. Therefore, pa(0) > (pa(zy,))? for every positive
integer n. Consider, 1 > 14(0) > lim (na(zn))? = 1. Hence, pa(0) = 1. O
n o0

Proposition 2 If A is a fuzzy dot subalgebra of X, then A™ (m is any positive integer) is a fuzzy dot
subalgebra of X.

Proof: For any z € X, A™ is a fuzzy set on X defined by A™(z) = p'}(x), where m is any positive integer.
Let A is a fuzzy dot subalgebra of X. Then pa(x xy) > pa(x) - pa(y) for all x,y € X. We have
px(zxy) = [pal@=y)]"™ = [pa(@) - pa@)]™ = [pa(@)]™ - [pa)]™ = pi (x) - w4 ().

Consequently, A™ is a fuzzy dot subalgebra of X. O
The intersection of two fuzzy dot subalgebras is also a fuzzy dot subalgebra, which is proved in the following

theorem.

Theorem 2 Let Ay and As be two fuzzy dot subalgebras of X. Then A1 N Ag is a fuzzy dot subalgebra of X .

Proof: Let z,y € Ay N Ay. Then z,y € A; and As. Now,

pana,(x*xy) = min{pa, (z*y), pa,(z*y)}

> minfpa, () - pa, (), pa, () - pas (y)}
= (min{pa, (2), pa, (2)}) - (min{pa, (y), 1a, (y)})
= ,uA1ﬁA2( ) MAlﬂAQ( )
Hence, A1 N Ay is a fuzzy dot subalgebra of X. O

The above theorem can be generalized as follows.

Theorem 3 Let {4;|i =1,2,3,...} be a family of fuzzy dot subalgebras of X. Then () A; is also a fuzzy dot
subalgebra of X, where [ A; = min pg, (x).

As is well known, the characteristic function of a set is a special fuzzy set. Suppose A is a non-empty
subset of X. By x4 we denote the characteristic function of A, that is,

(@) = 1, ifze A
XAWL) = 0, otherwise.

Theorem 4 Let A be a non empty subset of X. Then A is a subalgebra of X if and only if x a is a fuzzy dot
subalgebra of X .
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Proof: Let A is a subalgebra of X and z,y € A. Then x xy € A. Then we have
xa(@+y) =12 xa(z)-xa(y).

IfreAandy¢ A (orx ¢ Aand y € A), then we get xa(z) =1 or xa(y) = 0. Therefore,

xa(+y) > xa(x) - xaly)=1-0=0.
Conversely, assume that x4 is a fuzzy dot subalgebra of X and let z,y € A. Then

xa(@*y) =2 xa(z) -xaly) =1-1=1
and so z *y € A. This completes the proof. 0
Theorem 5 Let f: X — Y be a homomorphism of B-algebras. If B = {< x,up(z) >: x € Y} is a fuzzy
dot subalgebra of Y, then the pre-image f~*(B) = {< x, f Y(up(x)) >: x € X} of B under f is a fuzzy dot
subalgebra of X.
Proof: Assume that B is a fuzzy dot subalgebra of Y and let x,y € X. Then

F 7 )@+ y) = pp(f (@ xy)) = pp(f (@) * () = ps(f (@) - ue(f(y) = F 7 (us)(@) - f~ (1s)(Y).
Therefore, f~1(B) = {< z, f Y (up(z)) >: x € X} is a fuzzy dot subalgebra of X. O

Theorem 6 Let f: X — Y be a homomorphism from a B-algebra X onto a B-algebra Y. If A is a fuzzy dot
subalgebra of X, then the image f(A) = {< z, foup(pta)(x) >: & € Y} of A under f is a fuzzy dot subalgebra
of Y.

Proof: Let A be a fuzzy subalgebra of X and let y;,y» € Y. Noticing that, {z; * 29 : 21 € f~!(y1) and
2 € fHy2)} C{zeX:z€ fl(y1*y2)}. We have

foup(pa)(yr xy2) = sup{pa(z):z € f (1 *12)}
> sup{ua(zi*a2) @1 € M (y1) and 2 € f7 (y2)}
> sup{(pa(z1)) - (pa(z2)) : 21 € f (1) and 2 € £~ (y2)}

(sup{pa(z1) : 21 € f1(y1)}) - (sup{pa(z2) : 22 € f~(12)})
(fsup(ra) (1)) - (fsup(pra)(y2))-

Hence, f(A) = {< z, foup(1ta)(x) >: x € Y} is a fuzzy dot subalgebra of Y. O

Theorem 7 ([1]) A fuzzy set A of a B-algebra X is a fuzzy subalgebra of X if and only if for every t € [0, 1],
a non-empty level subset U(pa :t) = {x € X : pa(x) >t} is a subalgebra of X.

Remark 1: If A is a fuzzy dot subalgebra of X, then U(u4 : t) need not be a subalgebra of X. In Example
A is a fuzzy dot subalgebra of X but U(ua : 0.7) ={z € X : pa(x) > 0.7} = {1,2} is not a subalgebra of
X since 1x1=0¢ U(pa:0.7).

Theorem 8 Let A be a fuzzy dot subalgebra of X. Then U(ua : 1) = {z € X : pa(x) = 1} is either empty
or is a subalgebra of X.

Proof: Assume that U(pua : 1) # ¢. Obviously, 0 € U(ua : 1). If 2,y € U(ua : 1), then pa(z xy) >
pa(z) - pa(y) = 1. Hence, pa(z *y) = 1, which implies that z xy € U(ua : 1). Consequently, U(ua : 1) is a
subalgebra of X. O

Definition 5 Let A = {< x,ua(z) >z € X} and B={< x,up(x) >: x € X} be two fuzzy sets in X. The
Cartesian product A x B : X x X — [0,1] is defined by (ua x pp)(z,y) = pa(x) - up(y) for all z,y € X.

Proposition 3 Let A and B be two fuzzy dot subalgebras of X, then A X B is a fuzzy dot subalgebra of X x X .
Proof: Let (z1,y1) and (22,y2) € X x X. Then
(na x pB)((w1,91) * (v2,92)) = (pa X pB) (@1 * T2, 41 % Y2)
= pa(@y xx2) - pe(y1 *y2)

(
)
((ra(@1) - (palz2)) - ((LB(Y1) - (1B(y2))
(
(

v

((pa(z1) - (uB(y1)) - (pa(z2) - (1B (Y2))
(a x pB)(w1, 1) - (pa X pB)(22,2).
Hence, A x B is a fuzzy dot subalgebra of X x X. O
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4 Fuzzy Normal Dot Subalgebras of B-algebras

In this section, fuzzy normal dot subalgebras of B-algebras are defined and discussed the relationship between
fuzzy normal dot subalgebra, fuzzy normal subalgebra and fuzzy dot subalgebra of B-algebras.

Definition 6 Let A be a fuzzy set in a B-algebra X. Then A is called a fuzzy normal dot subalgebra of X if
pa((zxa)*(xxb) > pa(xxy) palaxd) forallz,y € X.
Example 3 Define a fuzzy set A in X by ua(0) = 0.8, pa(l) = pa(2) =0.7 and pa(3) = pa(4) = pa(d) =
0.3 for all v € X in Example[3 Then A is a fuzzy normal dot subalgebra of X .

Note that every fuzzy normal dot subalgebra of X is a fuzzy normal subalgebra of X, but the converse is
not true.

In fact, if we define a fuzzy set A in Ezample[3 by p14(0) = 0.8, pa(1) = 0.5, pa(2) = 0.6 and pa(3) =
pa(d) = pa(5) =0.7 for all x € X, then it is a fuzzy normal dot subalgebra but not a fuzzy normal subalgebra
since (1) = pa(0%2) = pa((0%0)x (0% 1)) = 0.5 < min{pa(0%0), ua(0x1)} =min{ua(0),4(2)} = 0.6.

Theorem 9 FEvery fuzzy normal dot subalgebra is a fuzzy dot subalgebra.

Proof: Let A be a fuzzy normal dot subalgebra and z,y € X. Then
pa(@xy) = pa((x=y)* (0%0)) = pa(z*0) - pa(y *0) = pa(z) - pa(y).
Consequently, A be a fuzzy dot subalgebra. O

Remark 2: The converse of the above theorem is not true in general. Let A be a set in Example [2| such that
1a(2) =046, pa(0) = pa(3) = 0.7 and pa(3) = pa(4) = pa(5) = 0.6 for all x € X. Then it a fuzzy dot
subalgebra but not a normal dot subalgebra since 4 ((2%5)*(4%1)) = pa(2) = 0.46 < 0.49 = pA(2%4)-pua(5x1).

Definition 7 A fuzzy set A in X is called a fuzzy normal dot B-algebra if it is a fuzzy dot B-algebra which
18 fuzzy mormal.

Proposition 4 If a fuzzy set A in X is a fuzzy normal dot B-algebra with s (0) = 1, then pa(xxy) = pa(y*x)
forallx,y € X.

Proof: Let z,y € X. Then by (B1) and (B2),
pa(zxy) = pa((zry) « (vx2)) = pale =) - paly* ) = pa0) - paly *x) = paly * z).
Interchanging = and y, we obtain pa(y * 2) > pa(x * y), which proves the proposition. O

The intersection of two fuzzy normal dot subalgebras is also a fuzzy normal dot subalgebra since every
fuzzy normal dot subalgebra is a fuzzy normal B-algebra. This can be generalized as follows.

Theorem 10 Let {A;|i = 1,2,3,4,...} be a family of fuzzy normal dot subalgebra of X. Then () A; is also a
fuzzy normal dot subalgebra of X, where (| A; = min g, (z).

5 Fuzzy p-product Relation of B-algebra

In this section, strongest fuzzy p-relation and fuzzy p-product relation of B-algebras are defined and presented
some of its properties.

Definition 8 Let p be a fuzzy subset of X. The strongest fuzzy p-relation on X is the fuzzy subset p, of
X x X given by py(z,y) = p(x) - p(y) for all z,y € X.

Theorem 11 Let u, be the strongest fuzzy p-relation on X, where p is a subset of X. If p is a fuzzy dot
subalgebra of X, then p, is a fuzzy dot subalgebra of X x X.

Proof: Suppose that p is a fuzzy dot subalgebra of X. For any (x1,y1) and (z2,y2) € X x X, we have

fo((1,y1) % (@2,12)) = pp(®1 % @2, y1 % y2) = p(x1 % 22) - p(y1 * yo)
> (p(z1) - p(z2)) - (p(y1)-p(y2)) = (p(z1) - p(y1)) - (p(x2) - p(y2))
= pp(m1,y1)pp(T2,Y2)-

Hence, 1, is a fuzzy dot subalgebra of X x X. O
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Definition 9 Let p be a fuzzy subset of X. A fuzzy relation pu on X is called a fuzzy p-product relation
u(z,y) > p(x) - p(y) for allz,y € X.

Definition 10 Let p be a fuzzy subset of X. A fuzzy relation p on X is called a left fuzzy relation p(x,y) =
p(x) for all z,y € X.

Similarly, we can define a right fuzzy relation on p. Note that a left (respectively, right) fuzzy relation on
p is a p-product relation.

Theorem 12 Let p be a left fuzzy relation on a fuzzy subset p of X. If p is a fuzzy dot subalgebra of X x X,
then p is a fuzzy dot subalgebra of X.
Proof: Suppose that a left fuzzy relation p on p is a fuzzy dot subalgebra of X x X. Then

p(x1 * m2) = plxy * 2,91 * y2) = p((z1,41) * (¥2,42)) 2 p(z1, y1) - pl(we, y2) = p(21) - p(a2)
for all x1,x9,y1,y2 € X. Hence, p is a fuzzy dot subalgebra of a B-algebra X. O
Theorem 13 Let p be a fuzzy relation on X satisfying the inequality p(x,y) < u(x,0) for allx,y € X. Given

s € X, let ps be a fuzzy subset of X defined by ps(x) = p(x,s) for allx € X. If p is a fuzzy dot subalgebra of
X x X, then ps is a fuzzy dot subalgebra of X for all s € X.

Proof: Let z,y,s € X. Then

ps(rxy) = plrxy,s)=plx*y,s*0)=pu((z,s)*(y,0))
w(z,s) - u(y,0) > p(z,s) - uly, s) = ps(z) - ps(y)-

Y

Therefore, pg is a fuzzy dot subalgebra of X. 0

Theorem 14 Let p be a fuzzy relation on X and let p, be a fuzzy subset of X given by p,(x) = ing’( w(x,y) -
ye

w(y,x) for allx € X. If u is a fuzzy dot subalgebra of X x X satisfying the equality p(x,0) =1 = p(0,x) for
all x € X, then p, is a fuzzy dot subalgebra of X.

Proof: Let z,y,z € X, we have

waxy,2) = plrxy,zx0)=pu((r,2)*(y,0) >
wzoxxy) = plzx0,2xy) = pu((z,z)*(0,y)) >

It follows that

wx*y,z) plzz*xy) > plz,z) wzz) > (u(,2) - plz,0) - (1y, 2) - plz,9))

so that
pulzxy) = inf plexy, 2)-u(z,zxy) 2 (inf ulz,2) - plz @) - (iof wly,2) - w(z9) = pu(@) - puy)-
Therefore, p, is a fuzzy dot subalgebra of X. 0

6 Fuzzy Dot Ideals of B-algebras

In this section, fuzzy dot ideals of B-algebras are defined and studied some of its results.

Definition 11 Let A be a fuzzy set in a B-algebra X. Then A is called a fuzzy dot ideal of X if it satisfies:
(B4)  pa(0) = pa(z),

(B5)  palx) = pa(zxy) - paly)
forall x,y € X.
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Example 4 Let X={0,1,2,3} be a set with the following Cayley table:

3

W N = O %
w N = oo
N WO |
— O W NN

3
2
1
0

Then (X, *,0) is a B-algebra. Define a fuzzy set A in X by pa(0) = pa(l) = 0.8, pa(2) = 0.6 and
1a(3) =0.5 for allx € X. Then A is a fuzzy dot ideal of X.

Note that every fuzzy ideal of X is a fuzzy dot ideal of X, but the converse is not true.

In fact, the fuzzy dot ideal in above example is not a fuzzy ideal, since 0.5 = p14(3) # min{0.6,0.8} =

min{jia(3 % 1), ja(1)}.
Theorem 15 If A is a fuzzy ideal of X such that pa(0*xx) > pa(x) for allx € X. Then A is a fuzzy dot
ideal of X.

Proof: Let z,y € X. Then (z xy) = (0 xy) = = by Lemma [2] We have pa(z) = pa((z *y) * (0% y)) >
pa(xxy) pa(0xy) > pa(zxy) - pa(y). Hence, A is a fuzzy dot ideal of X. O

Proposition 5 Let A be a fuzzy dot ideal of X. If x <y in X, then pa(x) > pa(0) - paly) for all z,y € X.

Proof: Let 2,y € X such that © <y. Then x xy = 0, and thus pa(z) > pa(x *y) - pa(y) = pa(0) - pa(y).
This completes the proof. O

Proposition 6 Let A be a fuzzy dot ideal of X. If the inequality x xy < z holds in X, then pa(x) >

1a(0) - wa(y) - pa(z) for all z,y,z € X.
Proof: Let x,y,z € X such that z xy < z. Then (x * y) x z = 0, and thus pa(z) > pa(x *y) - paly) >

pa((@xy) *2) - pa(z) - pa(y) = pa0) - pa(z) - pa(y) = pa(0) - pa(y) - pa(z). This completes the proof. [

Proposition 7 If A is a fuzzy dot ideal of X, then A™ (m is any positive integer) is a fuzzy dot ideal of X.

Proof: For any z € X, A™ is a fuzzy set in X defined by A™(z) = p'}(z), where m is any positive
integer. Let A be a fuzzy dot ideal of X. Then pa(0) > pa(z) and pa(z) > pa(x xy) - pa(y) for all
2,y € X. We have w7(0) = [14(0)]™ > [sa (@)™ = 177 (x) and () = [ (@)™ > [z *y) - paly)™ =
[pa(z =)™ [paly)]™ = Wi (x*y) - ¥ (y). Hence, A™ is a fuzzy dot ideal of X. O

Proposition 8 If A and A° are both fuzzy dot ideals of X, then A is constant function.

Proof: Let A and A° be both fuzzy dot ideals of X. Then pa(0) > pa(z) and p5(0) > pS(x) = 1—pa(0) >
1—pa(x) = pua(0) < pa(z) for all z € X. Therefore, pa(0) = pa(z). Hence, A is a constant function. [

The intersection of two fuzzy dot ideals is also a fuzzy dot ideal, which is proved in the following theorem.

Theorem 16 If A1 and As be two fuzzy dot ideals of X, then Ay N Ag is also a fuzzy dot ideal of X .
Proof: Let A; and Az be two fuzzy dot ideals of X. Then for any = € X, pa,(0) > pa, (x) and pa,(0) >

KA, (.’1?) Now HAINA, (0) = min{,uAl (0)7 HA, (0)} 2 min{:U’Al (!L‘), HA, (l‘)} = HAiNnA, (SL') Again for any z,y € X,
we have

HainA, (.Z') = min{:uAl ($>7 KAy (CL‘)} 2 min{:U’Al (‘T * y) C KAy (y)pﬂ‘h (CE * y) T A, (y)}'
= (min{:u’Al (SIJ * y)7 HAy ((E * y)}) : (min{ILLAl (y)7 HAy (y)}) = HAINA, (SIJ * y) *HAINA; (y)

Hence, A1 N As is a fuzzy dot ideal of X. O
The above theorem can be generalized as follows.

Theorem 17 Let {A;|i =1,2,3,...} be a family of fuzzy dot ideals of X. Then () A; is also a fuzzy dot ideal
of X, where (JA; = min py, (x).

Proposition 9 Let A and B be two fuzzy dot ideals of X, then A X B is a fuzzy dot ideal of X x X.
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Proof: Let (z1,y1) and (22,y2) € X x X. Then
(ma x pB)(@1,51) pa(wy) - ps(y1)

> (pa(@r*x2) - pa(r2)) - (1B (Y1 *Y2) - pB(Y2))
= (pa(z1*22) - pp(y1*y2)) - (La(z2) - np(y2))
= (pa x pp)(T1 *T2,y1 ¥ y2) - (LA X puB)(T2,Yy2)
= (pa x pp)((z1,y1) * (¥2,92)) - (LA X pp) (w2, Y2).
Hence, A x B is a fuzzy dot ideal of X x X. O

Theorem 18 ([12]) A fuzzy set A of a B-algebra X is a fuzzy ideal of X if and only if for every t € [0,1], a
non-empty level subset U(pua :t) ={x € X : pa(x) >t} is an ideal of X.

Remark 3: If A is a fuzzy dot ideal of X, then U(pa : t) need not be an ideal of X. In Example 4] A
is a fuzzy dot ideal of X but U(ua : 0.6) = {z € X : pa(x) > 0.6} = {0,1,2} is not an ideal of X since
1%2=3¢ U(pa :0.6).

Theorem 19 Let A be a fuzzy dot ideal of X. Then U(ua : 1) ={z € X : pa(x) = 1} is either empty or an
ideal of X.

Proof: Assume that U(p : 1) # ¢. Obviously, 0 € U(pa : 1). Let 2,y € X such that xxy and y € U(pa : 1).
Then pa(x*xy) =1 = pa(y). It follows that pa(x) > pa(x*y) - paly) = 1. So, pa(x) =1ie,xz € U(ua:1).
Consequently, U(pa : 1) is an ideal of X. O

Theorem 20 Let f : X — Y be a homomorphism of B-algebras. If B is a fuzzy dot ideal of Y, then the
pre-image f~1(B) = f~Y(up) of B under f is a fuzzy dot ideal of X.
Proof: Assume that B is a fuzzy dot ideal of Y. For all x € X, f~Y(up)(z) = up(f(x)) < up(0) =
up(f(0)) = f~1(up)(0). Again let x,y € X. Then
FHus)@) = p(f(2) 2 ps(f(@)* f() - 1e(fy))
> pp(flexy) pe(f) = (us)@*y) - F (us)(y).

Therefore, f~1(B) is a fuzzy dot ideal of X. O

Theorem 21 Let f : X — Y be an epimorphism of B-algebras. Then B is a fuzzy dot ideal of Y, if f~1(B)
of B under f in X is a fuzzy dot ideal of X.

Proof: For any x € Y, there exists a € X such that f(a) = x. Then up(z) = up(f(a)) = f~H(us)(a) <
Y (uB)(0) = up(f(0)) = up(0). Let z,y € Y. Then f(a x and f( )fyfor some a,b € X. Thus

) =
pp(x) = pp(fla))=f""us)(a) > f (us)(axb) - f~ (up)(b)
= uB(f(a*b))-uB(f(b))—uB(f(a)* ) - us(f(b) = pp(x*y) - pus(y)

Then B is a fuzzy dot ideal of Y. O

Theorem 22 Let pu, be the strongest fuzzy p-relation on X, where p is a subset of X. Then p is a fuzzy dot
ideal of X if and only if u, is a fuzzy dot subalgebra of X x X.

Proof: Suppose that p is a fuzzy dot ideal of X. For any z,y € X, we have 1,(0,0) = p(0)-p(0) > p(z)-p(y) =
Lo(x,y). Let (z1,91) and (z2,y2) € X x X. Then

to(z1,91) = plz1) - ply1)
= (p(z1*22) - p(22)) - (p(y1 * y2) - p(y2))
= (p(w1*22) - p(y1 *y2)) - (p(w2) - p(y2))
= Mp(fﬁ * X2, Y1 * y2) 'Np(9€27y2)
= pp((@1,91) * (v2,92)) - pp(x2,Y2)

Hence, 1, is a fuzzy dot ideal of X x X.

Conversely, assume that j, is a fuzzy dot ideal of X x X. By applying (B4), we get (p(0))?

—N/I(Ov )
po((@,2) * (y,9)

pp(x,z) = (p(x))? and so p(0) > p(x) for all z € X. Next we have (p(x))? = p,(z,z) > u, ) -
1oy y) = tp((@y, xy) - 11, (y,y) = (p(z*y)- p(y))?, which implies that p(z) > p(z+y)-p(y) for all 7,y € X.
Therefore, p is a fuzzy dot ideal of X. O
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7 Conclusions

In the present paper, the notions of fuzzy dot subalgebras, fuzzy normal dot subalgebras and fuzzy dot ideals
of B-algebras has been introduced and some important properties of it are also studied. We have shown that
the Cartesian product of any two fuzzy dot subalgebras is a fuzzy dot subalgebra. We have proved that the
strongest fuzzy p-relation is a fuzzy dot subalgebra if the fuzzy subset is a fuzzy dot subalgebra. Also, we
have proved that the strongest fuzzy p-relation is a fuzzy dot ideal if and only if the fuzzy subset is a fuzzy
dot ideal. In our opinion, these definitions and main results can be similarly extended to some other algebraic
systems such as BG-algebras, BF-algebras, lattices and Lie algebras. It is our hope that this work would
other foundations for further study of the theory of B-algebras.
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