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Abstract

We have introduced intuitionistic fuzzy number and its arithmetic operations based on extension principle of
intuitionistic fuzzy sets. Here two types of intuitionistic fuzzy sets, namely triangular intuitionistic fuzzy number and
trapezoidal intuitionistic fuzzy number is presented. We also present that the arithmetic operation of two or more
intuitionistic fuzzy number is again an intuitionistic fuzzy number. The starting failure of an automobile system is
presented by intuitionistic fuzzy system. Each components failure is represented by trapezoidal intuitionistic fuzzy
number of the system failure model to compute the imprecise failure. Finally, the presented concepts are analyzed
through suitable numerical example.
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1 Introduction

Intuitionistic fuzzy set (IFS) is one of the generalizations of fuzzy sets theory [22]. Out of several higher-order fuzzy
sets, IFS first introduced by Atanassov [1] have been found to be compatible to deal with vagueness. The conception
of IFS can be viewed as an appropriate/alternative approach in case where available information is not sufficient to
define the impreciseness by the conventional fuzzy set. In fuzzy sets the degree of acceptance is considered only but
IFS is characterized by a membership function and a non-membership function so that the sum of both values is less
than one [2]. Presently IFSs are being studied and used in different fields of science. Among the research works on
IFS we can mention Atanassov [2-6], Atanassov and Gargov [7], Szmidt and Kacprzyk [19], Buhaescu [9], Ban [8],
Deschrijver and Kerre [13], Stoyanova [18]. With the best of our knowledge, Burillo et al. [10] proposed definition of
intuitionistic fuzzy number (IFN) and studied perturbations of IFN and the first properties of the correlation between
these numbers. Several researchers [15, 17, 21] considered the problem of ranking a set of IFNs to define a fuzzy rank
and a characteristic vagueness factor for each IFN.

In the real world problems, the collected data or system parameters are often imprecise because of incomplete or
non-obtainable information, and the probabilistic approach to the conventional reliability analysis is inadequate to
account for such built-in uncertainties in data. Therefore concept of fuzzy reliability has been introduced and
formulated either in the context of the possibility measures or as a transition from fuzzy success state to fuzzy failure
state [11, 12]. Cheng and Mon [16] considered that components are with different membership functions, then
interval arithmetic and « -cuts were used to evaluate fuzzy system reliability. Verma [20] presented the dynamic
reliability evaluation of the deteriorating system using the concept of probist reliability as a triangular fuzzy number.
Mahapatra and Roy [14] evaluate system reliability by considering reliability of components as triangular
intuitionistic fuzzy number.
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In this paper, we have presented IFN according to the approach of fuzzy number presentation. Triangular
intuitionistic fuzzy number (TIFN) and trapezoidal intuitionistic fuzzy number (TrIFN) are defined, and their
arithmetic operations based on intuitoinistic fuzzy extension principle and (a, B)-cut method is presented. The grade
of a membership function indicates a subjective degree of preference of a decision maker within a given tolerance and
grade of a non-membership function indicates a subjective degree of negative response of a decision maker within a
given tolerance. Here we consider failure of components of starting failure of an automobile system as TrIFN.
Intuitionitic fuzzy fault tree analysis is presented for starting failure of the automobile system. Arithmetic operations
of TrIFN are used to evaluate imprecise system failure.

2 Basic Concept of Intuitionistic Fuzzy Sets

Fuzzy set theory was first introduced by Zadeh [22] in 1965. Let X be universe of discourse defined
by X ={X,%,,.... X} . The grade of membership of an element X, € X in a fuzzy set is represented by real value in

[0,1]. It does indicate the evidence for X, € X , but does not indicate the evidence against X, € X . Atanassov [1]

presented the concept of IFS, an IFS A in X is characterized by a membership function z,(X) and a non-
A

membership function v (X). Here z,(X) and v, (X) are associated with each point in X, a real number in [0,1] with
A A A

the values of £ (X) and v_(X) at X representing the grade of membership and non-membership of x in :AI\ . When :AI\
is an ordinary (:risp) set, itAs membership function can take only two values zero and one. An IFS becomes a fuzzy set
A when v, (=0 but yx(x)e[o,l]VXeX.

Definition 2.1 Intuitionistic Fuzzy Set: Let a set X be fixed. An IFS :AI in X is an object having the
form :Ai:{< X”UX(X)’VX(X) >:Xe X} , Where the ,ux(x) : X —> [0,1] and VA,(X) :X—[0,1] define the degree of
membership and degree of non-membership respectively, of the element xeX to the set A", which is a subset of X,

for every element of xeX, 0< 4, (X)+v,(X)<1.
A A

Definition 2.2 («,f) -level Intervals or (a,f) -cuts: A set of (a,f) -cut, generated by an IFS A, where

a, 8 €[0,1] are fixed numbers such that &+ 8 <1 is defined as
Ay =[x, 00w 00)ixe X (02 v, (02 4, @ pe[o]).
’ A A A A

We define (o, ) -level interval or (o, ) -cut, denoted by A, ,, as the crisp set of elements x which belong to A at

B

least to the degree o and which belong to A at most to the degree .

3 Presentation of Intuitionistic Fuzzy Numbers and Its Properties

Definition 3.1 Intuitionistic Fuzzy Number: An IFN ;‘l is defined as follows:

1) an intuitionistic fuzzy subset of the real line

ii) normal, i.e., there is any X, € R such that z, (X,)=1(so v.(X,)=0)
A A

iii) a convex set for the membership function . (), i.e.,
A

Ky (/1Xl +(1—/‘L)X2)Z min(,ug(xl),yg(xz)) VX, X, €R, 21€[0,1]

iv) a concave set for the non-membership function v (X) ,le.,
A
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v (A% +(1-A)%,) < max(v&, (%).v. (xz)) vx.X, €R, 21€[0,1].
A

A A

Definition 3.2 Triangular Intuitionistic Fuzzy Number: A TIFN 11 is a subset of IFS in R with following
membership function and non-membership function as follows:

-a a, — X
- fora, <x<a, 2 fora<x<a,
a,—-g a,—g
a, — X X-a
u.(x)=4——fora,<x<a, and v, (x)=q—>fora, <x<a;
A a, —a, A a,—-a,
0 otherwise 1 otherwise

where a/ <a, <a, <a, <a;and TIFN (Fig. 1) is denoted by Amen =(a,,8,,8,38/,a,,; ).
LV,
AR

1

0 7 T >
a a a, a, a,

Figuer 1: Membership and non-membership functions of TIFN
Note 1 Here 4, (X) increases with constant rate for X €[a,,a, | and decreases with constant rate for x €[a,,a,] but
A

v. (X) decreases with constant rate for X €[a;,a, | and increases with constant rate for x €[a,,a;].
A

Definition 3.3 Trapezoidal Intuitionistic Fuzzy Number: A TrIFN (Fig. 2) NAl is a subset of I[FS in R with membership
function and non-membership function as follows

X—a a, —X
- fora, <x<a, ——— fora/<x<a,

’

a,—gq a—-q
1 fora, <x<a 0 fora, <x<a
. (x)= 2 *  and v, (x)= 2 3
A a, - A X—a, ,
fora, <x<a, - fora, <x<a,

a,—a, a,—a,

0 otherwise 1 otherwise

wherea/ <a, <a, <a, <a, <ajand TrIFN is denoted by Aturv = (@,,8,,8,,8,;8/,8,,8;,8,)

LV
A A
1\

a, a,  a, a, a, a,
Figure 2: Membership and non-membership function of TrIFN
Note 2 Here u, () increases with constant rate for x €[a,,a, | and decreases with constant rate for x €[a,,a,] but
A

v (X) decreases with constant rate for X €[a;,a, | and increases with constant rate for x  [a,,a; | .
A
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Here we have presented a chart of [FN with transformation rule to fuzzy numbers and interval and real number.

TrIFN

Anmw = (@054, 9 ], &5, 4544 )

I ; }
whena) = aj, @, = ay and whend, = d;
P;[xj=1—#1[x),‘v‘xeR ¢
¥ TIFN
TrFN i . .
Arw = (ﬂ&,a:,a],ﬂl) Ao = (al’az’a4;a1’a2’a4}
¥
v ‘L when
when whend, = a a =ay,a, =aj
a Z a0 ¥ ¥
¥ ¥
Imterval Numher TFN
Az[%,‘%] A = fer.er. 0, )
' ¥
whend, = ds whend) =d, = dy
¥
+
Real Number
A=c,

Figure 3: Chart of transformation rule on IFN
4 Extension Principle for Intuitionistic Fuzzy Sets

Let f : X =Y be a mapping from a set X to a set Y. then the extension principle allows us to define the IFS Bin Y

induced by the IFS ;‘: in X through f as follows

B:{< y,yéi(y),vé(y) >y ="f(x),xe X}
with

sup ,LL,(X) :f*l(y)¢¢ inf V,,i(X) :f—l(y)¢¢
p(y) =41 A and v, (y)={"""® A

0 S (y)=¢ 0 N (y)=¢

where f~'(y)is the inverse image of y .
4.1 Cartesian Product of Intuitionistic Fuzzy Sets

Let 1:1,...,1:“ be IFSs in X,,.., X, with the corresponding membership functions g (Yy),...,4 (y) and non-
A A,
membership function v (Y),...,v. (y) respectively. Then the Cartesian product of the IFSs Al,...,z&n denoted by
A A

A:x---x,&n is defined as IFS in X, x---x X whose membership functions and non-membership functions are
expressed by

(X X)) = rnax(wi (X)5eeesV (Xl)) .
A A

A

i (X, X,) =min (,uwi (X))seees (Xl)) andv
Apxex Ay A A Ax
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4.2 Extension Principle in Cartesian Space

Let f: X, x---xX, =Y be a mapping from X,x:--x X, to a set Y such that y = f (X,,...,X,). Then the extension

principle allows us to define the IFS B in Y induced by the IFS AN11><~~~x ANIn in X, x---x X through f as follows

B= {< y,yg(y),vg(y) iy = (X X, )o (X Xy ) € (Xeees X, )}

with
sup 'LIAlx"'XA“ (Xl,...,Xn) f_](y)¢¢
y73 (y) — I XXy €X s Xy
B 0 f71 (y) _ ¢
and

where f~'(y) is the inverse image of y .

5 Arithmetic Operations on Intuitionistic Fuzzy Numbers

In this section, we have presented arithmetic operations of IFNs based on intuitionistic fuzzy extension principle and
approximation ((a, B)-cuts) method.

5.1 Arithmetic Operations of Intuitionistic Fuzzy Numbers based on Extension Principle

The arithmetic operation (*) of two IFNs is a mapping of an input vector X = [X] » Xy ]T define in the Cartesian product

space RxR onto an output y define in the real space R. If A‘and Az are IFN then their outcome of arithmetic
operation is also a IFN determined with the formula

kYo s ] oy 0, ]

to calculate the arithmetic operation of IFNs it is sufficient to determine the membership function and non-
membership function as follows

o, (V)= s, [mi“(“x. (%415 )ﬂ andv, ()= jnf, {m( (x).v, (% )ﬂ ‘

5.2 Arithmetic Operations of Intuitionistic Fuzzy Numbers based on (., p)-cuts Method

If A is an IFN, then (a, ) -level interval or (a, f) -cut is given by

[ A(a). A (a)] for degreeof acceptancea &[0,1]
N o witha + f <1.
[A"(ﬂ), A (ﬂ)} for degree of rejection 4 € [0,1]
. d d . dA dA,
Here (i) A(‘ji(a)>o, Aéia)w Vae(0.1), A(1)<A(1) and (i) A;;ﬂ)w, Aé(ﬂﬂ)>o vAe(0,1),
A(0)< A (0).

It is expressed as A, :{[A‘ (a),Az(a)J; [A{(/S’),Az’(ﬂ)]}, a+p<l, a pe[0l].

~i
For instance, if A=(a,,a,,a,,8,;a,,a,,a,,a; ) is a TrIFN, then (e, ) -level intervals or (e, 8) -cuts is
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A= {[A@A @ [AB). A atpstapelol]
where A (a)=a +a(a,-a,),A (a)=a,-a(a,-a,);A(B)=a,-f(a,-a]),A(S)=a,+f(a; -a,).
Property 5.1 (a) If TrIFN A= (a.a,,8,,8,;a/,8,,a,,a;) and y =ka (with k>0), then Y-KkA is a TrIFN
(ka,.ka,,ka,,ka,;ka/,ka, ka,,ka; ).

(b) If y=ka (with k<0), then Y =KA isa TrIFN (ka,,ka,, ka,, ka,; ka;, ka,, ka,, ka, ) .
Proof: (a) When k>0, with the transformation y =ka , we can find the membership function for membership
(acceptance) function of TrIFN \? =k :AI by a-cut method.

Left-hand and right-hand a-cut of A s K, (X)2a=]a +a(a,-a).a,-a(a,-a,)] for any a[0,1], iec.,
xela +a(a,-a).a,-a(a,-a,)]. So, y(=ka) e[ ka +a(ka, —ka,).ka, - (ka, —ka,)].

Thus, we get the membership function of Y =kA as

yoka, for ka, <y <ka,
ka, —ka,
1 forka, <y <ka
u (y)= @y 2 3 .1
’ — = forka, < y<ka,
ka, —ka,
0 otherwise.

Hence the rule is proved for membership function.
For non-membership function, B-cut of A isv,(x)<p= [az -p(a,-a)),a,+p(a; —a, )] for any S e[0,1],
A
ie, xela,-B(a,-a/),a,+B(a, -a,)]. So, y(=ka) e[ ka, - B(ka, —ka), ka, + B (ka} —ka, )]

Thus, we get the non-membership function of Y =KA as

LT A ka, <y <ka,
ka, —ka,
0 forka, <y <Kka,
Vﬂ(y): yka (5.2)
——— forka, <y<ka,
ka, —ka,
1 otherwise.

Hence rule is proved for non-membership function.
Thus we have Y =k A= (ka,.ka,,ka,,ka,;ka/,ka, ka,,ka; ) isa TrIFN.
(b) Similarly we can proof that, if y = ka and k<0 , then

yoka g ka, <y < ka, LT A ka, <y < ka,
ka, —ka, ka, —ka, ;
1 forka, <y <ka 0 forka, <y <ka
u={ R vy D TR (53)
S4Y forka, <y <ka, I forka, <y <ka)
ka, —ka, ka/ —ka,
0 otherwise. 1 otherwise.

Property 5.2 If Az(al,az,apa“;al’,az,apa[‘) and é:(bl,bz,bS,b4;b1’,b2,b3,b;) are two TrIFNs, then C = A® B is

also TrIFN A@NBz(al +b,a, +b,,a,+b,,a, +b,;a' +b,a, +b,,a, +b,,a; +b;).
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Proof: With the transformation z=x+y, we can find the membership function of acceptance (membership) IFS
C=A®B by a-cut method.

a-cut for membership function of A is [a+a(a,-a).a,-a(a,-a,)]|Vae[01],ie
xela +a(a,-a),a,-a(a,-a)].
a-cut for membership function of B is [ +a(b,—b).b,—a(b,—b)|vVae[0,1], ic

ye[b +a(b,—b).b,—a(b,-b)].
So,

Z(:x-i-y)e[a +b +a((a, -3, )+(b —b)),a4+b4—a((a4—a3)+(b4—b3))].

So, the membership (acceptance) function of C A@ B is

z—-a, —-b
fi b<z< b
(az—a])+(b2—bl) or a, +b sz=<a, +0,
1 for a,+h, <z<a,+b
'LIE(Z): a, +b, -2 - o 4
. for a,+b, <z<a,+h,
(a,—a;)+(b,—b,)
0 otherwise.
Hence additions rule is proved for membership function.
For non-membership function, -cut of A is [a -B(a,-2a)),a,+B(a; —a, )]Vﬂe[o,l],i.e.,
X€|:a— B(a, )a+ﬂ(a —a)]
B-cut for non-membership function of B is [b - (b, —b/),b, ]Vﬂ
ye[b, - B(b,—h).b, (b )]
S0,z (=xty)e|a, +b, - #((a, —a])+ (b, ~b/)).a, +b, —ﬂ((a;—a )+(b; -by))].
So, the non-membership (rejection) function of C A@ B is
a,+b,— v
fi b/<z< b
(aQ—al')+(b2—bl') or a/+h/<z<a, +b,
v (2)- 0 ; fora, +b,<z<a, +b, (5.5)
‘ _I7& % fora +b <z<a)+b)
(aj—a,)+(b;-by)
1 otherwise.

Hence additions rule is proved for non-membership function.

Thus we have A® B = (a,+b,a, +b,,a,+b;,a,+b,;a +bf,a, +b,,a, +b;,a; +b]) is a TrIFN.

Note 3 If we have the transformation C k, A+k B (ky, k, are (not all zero) real numbers), then the IFS
C =k, A+k B is the following TrIFN:

@ (ka +kb.ka, +kb, ka, +kb, ka, +kb,;ka +kb ka, +kb, ka, +kb, ka +k,a]) if k>0k,>0
ork 20, k, >0,

(ii) (ka +k,b,,ka, +k,b, ka, +kb, ka, +kb;ka +kb;ka, +kb, ka, +k, bz,k1a4+kb) if k >0,k,<0
or k, >0k, <0,

aii) (ka, +k,b,ka, +kb, ka, +kb, ka +kb,;ka; +kb/,ka, +kb, ka, + kb, ka +kb]) if k <0,k, >0,
or k, £0,k, >0
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Gv) (ka, +kb, ka +kb

Jb.ka +kb ,ka +k
or k; <0,k, <0.

27272

Zbl;klazi + kzbz:’klaz + kzbs’klaz + kzbz’k1a1, + kzbll) if kl <0,|(2 <0

Property 5.3 If A= (a,a,,a;,a,;a,8,,a;,a} ) and B= (b,,b,,by,b,;b,b, by, b)) are two TrIFN, then P-A®B is
approximated TrIFN A®B = (ab,,a,b,,ab;,a,b,;ab/,a,b,,a,b,ab]) .
Proof: With the transformation z=xxy, we can find the membership function of acceptance (membership) IFS

IN:; = NAI ®§ by a-cut method.
a-cut for membership function of Ads uy (X)za=|a+a(a,-7).a,-a(a,-a,)|Vae[0,1],iec.,
xela +a(a,-a).a,-a(a,-a,)].
a-cut for membership function of B is i (x)za=[b+a(b,-b).b,—a(b-b)]vacl01],ic,
ye[b +a(b,—h).b,—a(b,-b,)].
So, z (=xxy) € [(a1 +a(a,-a))(b +a(b,-b)).(a,-a(a,—a,))(b, — (b, —b3))] :

So, the membership (acceptance) function of P-A®B is

—-B, +,/B>—4A (ab -z
: \/1 A(ab-2) for abh, <z<a,b,
2A
1 forab, <z<ab
”B(Z): B, —/B> —4A, (a,b, ) - h GO
- - a,b, -z
. b fora,b, <z <a,b,
2A,
0 otherwise

where A =(a, -a,)(b,~b ) , B, =b, (3, & ) +a,(b, ~b,), A, =(a, —a,)(b, b, ) and B, =— (b, (a, —a, ) +a, (b, =b,)) -
For non-membership function, p-cut of A is v (%)< p=[a,-p(a,-a)).a+p(a; -a,)|VAe[0,1], ie.,
xe[a,-p(a,-a/).a,+pB(a;-a,)], p-cut of B is vg(x)Sﬁ:[bz—ﬁ(bQ—b;),b3+ﬂ(b4—b3)]Vﬂe[o,1], ie.,
ye[b,—B(b,—b),b, + B(b;-b,)].
So, z(=xxy) €[ (a, - #(a, —a)))(b, - B(b, ~b/)).(a, + B(&; —a,)) (b, + B(b; ~b,))]. So, the non-membership

(rejection) function of P=A®B is

—-B/+,/B*-4A/(ab/ -z
1-— \/1 alGlint) for ab/<z<a,b,
2A
v (z) _ 0 for ab,<z<ab, 5.7
P BI_ BIZ_4 ’ albr_z
1-— VB~ 44 (alt ~2) for ab, <z<ajb;
2A)
1 otherwise

where A’ =(a, -a/) (b, -b/) , B/ =b/(a, —a]) +a/ (b, -b/) , A =(a} —a, ) (b —b,) and B; = —(b; (a; —a,)+a; (b -b,)).
So I; = :AI\ ®él represented by (5.6) and (5.7) is a trapezoidal shaped IFN. It can be approximated to a TrIFN

A®B=(ab,,a,b,,ab,,a,b,;ab,a,b,,ahb,,ab;) (shown in Fig:3 with - - - - line).
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i . s X
abl ab  ab, asb; ab, ajb,
Figure 4: Membership and non-membership functions for product of two TrIFN

0

Theorem 1 The divergences due to approximation of trapezoidal shaped IFN to TrIFN for multiplication of two

TrIFN are as follows:
(a) Maximum left divergence for membership (non-membership) function = 1/4 product of left spread of TrIFN

A and B for membership (non-membership) function.
(b) Maximum right divergence for membership (non-membership) function =1/4 product of right spread of TrIFN

A and B for membership (non-membership) function.

Proof: A®B represented by (5.6) and (5.7) is a trapezoidal shaped IFN. It can be approximated to a TrIFN

P=(ab.a,b,,a;b,,a,b,;ab,a,b,,8,b,,a}b;) .

Now  consider (a, p ) —cut of the above approximated TrIFN, which is given by P, ,=
{[F’l (a),P, (a)],[Pl'(ﬂ), Pz'(ﬂ)}} where P (a)=ab +a(ab,-ab), P,(a)=ab,-a(ab,—ab,), B (B)=
a2b2 —ﬁ(82b2 - al'bl') > le(ﬂ) = a3b3 +ﬁ(a§b‘; - a3b3) .

The corresponding left divergent for membership function (5|m (a)) is

&n(a)=(a,+a(a,-a))(b +a(b,-b))-(ab +a(ab, —ah)).

de, (@ . . .
To find out the optimum divergence M:O gives o =0.5€[0,1] . The maximum left divergence for
a

membership is &, (a*) =—(a,-a)(b,—b)/4.
Again the corresponding right divergent for membership function (&, () is
em(a)=(a,~a(a,—a,))(b,—a(b,—b,))—(ab, —a(ab, —a)b,)).

de, (a .
To find out the optimum divergence M:O gives « :O.Se[O,l] . The maximum right divergence for

membership is &, (a* ) =—(a,—-a,)(b,—b,)/4.
The corresponding left divergent for non-membership function &, ( p ) is

Ein (ﬂ) = (az _ﬂ(az _a;))(bz _ﬂ(bz _bl'))_(azbz _ﬂ(azbz _al’bl’)) .

d .
To find out the optimum divergence #: 0 givesf =0.5¢€ [0,1]. The maximum left divergence for non-

membership is &, (,B*) =—(a,-a)(h,-b)/4.
Again the corresponding right divergent for non-membership function &, ( p ) is

&m (,B) = (a3 +ﬂ(a; _a3))(b3 +ﬁ’(b§ _b3))_(a3b3 +ﬂ(af‘b4( _a3b3)) .
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€ (ﬁ)

dg
membership is &, (ﬁ) =—(a;—a,)(b; —b,)/4.

To find out the optimum divergence =0 gives f~ =0.5€[0,1]. The maximum right divergence for non-

Note 4 It may conclude that when spreads are increasing, divergences due to approximation for product of two
TrIFNs are also increasing. Divergences are insignificant for very small spreads. In such a situation product of two
TrIFNs can directly be written as approximated TrIFN.

Property 5.4 If Az(al,az,a3,a4;a{,a2,a3,a;) and é:(b],bz,bS,b4;b]',b2,b3,b;) are two TrIFN, then D=A=+B is
approximated TrIFN

BB BB BB

Proof: With the transformation z=x+y, we can find the membership function of acceptance (membeship) IFS

5 = :AI+ él by a-cut method.

ABo (al 8, 8 3.8 & & aa)

a-cut for membership function of A is w(x)za=[a+a(a,-a),a,-a(a,-a,)] Yael[ol], ie,
A

Xe[al+a(a2—a1),a4—a(a4—a3)]. a-cut for membership function of B is u,(X)2a=
(b +a(b,=b).b,—a(b,—-b)] Vae[0,1], ie, ye[b+a(b,—b),b,—a(b,-b;)] So,

a+afa,-a,) a,-a(a,~a]

b4—a[b4—b3)’ b1+a(bz—bl)

So, we have the membership (acceptance) function of D=A=xB as

Z (=x+y) e

bz-2, foril<z<2

(a,—a)+z(b,—b) P&~ B

1 for2<z<

ys(z): ) by by (5.8)

a-hz & )

f <=

(@ -a)rz(b,b) B-'5H
0 otherwise.

For non-membership function, B-cut of A is v, (x)< ,8:>[a2— -a/),a,+f(a; - }Vﬁ [0,1],
A

xe[a, - f(a,~a).a, + A(a;—a,)]. pcut of B is vé(x)sﬁ:[bz—ﬁ(bz—bl’),b3+ﬂ(b§—b3)}Vﬂe[O,l], e
ye[b,—B(b,—1),b, + B(b; b, )] . So,

a,-p(a,-a]] ay+p(a;-a;)
by-+5(b;~by | ” b, - b, by

So, we have the non-membership (rejection) function of D=A=B as follows

7 (=x7y)e

a,—b;z a . )
for —- <=
(az_a1,)+z(bz;_b3) orb =7 b3
0 for2<z<3
v, (2)= i (5.9)
’ b,z-2, for2 <7<
(a;—a,)+z(b, -b/) b, ="
1 otherwise.
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So D=A+B represented by (5.8) and (5.9) is a trapezoidal shaped IFN. It can be approximated to TrIFN
AB_ R IR Y

b >by *B, > 7By By 7B,y
Theorem 2 Divergences due to approx1mat1on of trapezoidal shaped IFN to TrIFN for division of two TrIFNs

A=(a,a,,a,,a,a/,a,,a,,a;) and B =(b,b,,b,,b,:b/,b,,b,,b;}) are as follows:
(a) Maximum left and right divergences for membership function are

EE(2-t)u RE-3

respectively.
(b) Maximum left and right divergences for non-membership function are
@f(a_z_i) J—J—(a4_a_3)
b (B 6] and R \E T,

o
respectively.

Proof: Let D = A+ B represented by (5.8) and (5.9) is a trapezoidal shaped IFN. It can be approximated to a TrIFN
NAIB' (a1a2a3a4ala2a3a;1)

by > by 7by 7 by 2 by 2 by by 7 by
Now consider (a, p ) —cut of the above approximated TrIFN, which is given by

D ﬂ:{[Dl(“)’Dz(“)]’[D{(ﬂ)»Dz,(ﬁ)]}
where Dl(a):—+a(E—§—4‘), Dz(a):ﬁ—a(—l—s—j) D]'(ﬂ):%—ﬂ(%—s—j), D, (B)= +ﬂ(———)

The corresponding left divergent for membership function (&, () is &, (a)= aim(ara‘) - (%+ a(;—z—z—i)) . To

b, —a(by —by)
. . de, (a) . . .
find out the optimum divergence d—:O gives a' = f f e[O 1] . The maximum left divergence for
a
membership is &, (a*) = —%(2—;—;—:) .

Again the corresponding right divergent for membership function (&, () is

om (@) =3~ (S-a(-2)).

de (a . . . .
To find out the optimum divergence M:o gives a” = b €[0,1]. The maximum right divergence for
do oy + by
.. * —_“/E_*/E(ﬂ_ai)

membership is &, (a )— g \B B )

The corresponding left divergent for non-membership function &, () is &, (8) = %—(%— ﬂ(%‘%))

. . d En ( ﬂ ) NCY . .

To find out the optimum divergence T =0 gives f = Tl © [0 1] The maximum left divergence for non-

membership is &, (ﬂ*) = —%(;—Z—S—l) .

Again  the  corresponding  right  divergent for  non-membership  function & ( ﬂ) is

5 +4(a)—ay a3 4 ay : . d Em ﬂ . *
&n (B) :%_(E‘*ﬂ(%_t_)) . To find out the optimum divergence % =0 gives f = JE_JEH; e[0,1].
The maximum right divergence for non-membership is &, ( ﬂ*) = —%(% —:—:) .

Note 5 When spreads increases, divergences due to approximation for division of two TrIFNs also increases.
Divergences are insignificant for very small spreads. In such a situation division of two TrIFNs can directly be
written as approximated TrIFN.



Journal of Uncertain Systems, Vol.7, No.2, pp.92-107, 2013 103

6 Numerical Exposure of Arithmetic Operation on Intuitionistic Fuzzy
Number

Here we have presented numerical example of arithmetic operations of IFNs based on intuitionistic fuzzy extension
principle and on approximation ((a, §)-cuts) method.

6.1 Addition of Two TrIFN by Intuitionistic Fuzzy Extension Principle

Let A=(1.5,2,3.5,4;,0.5,2,3.5,4.5), B=(2,3,4,5.5;1.5,3,4,6) and C= A®B (Fig.5). Then

i (2)= sup{min(,u,, (X), . (y)) X+y= z} and v, (z)= inf{max(v_, (x),v, (y)) X+y= z} )
C A B C A B
Let us exhibit the computational procedure involve in above equation for membership function, first pick a value
for z, then evaluate min ( (X)), (y)) for x and y which add up to z=4.5. We have done this for certain values of x
A B

and y as shown in Table 1. It appear that the max occurs for x=2 and y=2.5, therefore v, (4.5) =0.5. Now do this for
C
other values of z. Similarly for non-membership function, evaluate max(vw, (x),v, (y)) for x and y which add up to
A B

z=4.5. We have done this for certain values of x and y as shown in Table 2. The min occurs for x=1.75 and y=2.75 so

that v, (4.5) = 0.16666 . Now do this for other values of z. Finally, we get C-= (3.5,5,7.5,9.5;2,5,7.5,10.5) a TrIFN.
C
v

1

0.5

0

Figure 5: Addition of two TrIFN based on IF Extension principle

Table 1: Finding membership function of sum of two TrIFN

x | () |y | () | min(col#2, col4)
5] 0 3 1 0

175 05 [ 275 | 075 0.25
2 1 25 0.5 0.5

225 1 225 | 025 0.25

25 1 2 0 0

6.2 Addition of Two TrIFN by (a, p)-cut Method

Let us consider two TrIFN Is=(1.5,2,3.5,4;0.5,2,3.5,4.5) and b=(2,3,4,5.5;1.5,3,4,6). Using Eq.(5.4) and

Eq.(5.5), the addition of these two TrIFN is defined by b@é =(3.5,5,7.5,9.5;2,5,7.5,10.5) with membership and

non-membership function as follows
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X235 if35<x<5 37X if2<x<s
1.5 3
1 if5<x<175 0 if 5<x<7.5
i (%)= 05 and v, ,(x)= 75
PO - PO -
N > X it75<x<95 ° X“72 if 75<x<10.5
0 otherwise 1 otherwise.

Table 2: Finding non-membership function of sum of two TrIFN

6.3 Multiplication of Two TrIFN by (a, p)-cut Method

x | () |y | (V)| max(col#2, colid)
05 [ 1 4 0 1
0.75 [ 0.83333 | 3.75 0 0.83333
1 [0.66666 | 3.5 0 0.66666
125 05 [ 325 0 0.5
15 (033333 3 0 0.33333
175 | 0.16666 | 2.75 | 0.16666 0.16666
2 0 2.5 033333 0.33333
225 0 225 | 05 0.5
25| 0 2| 0.66666 0.66666
275 0 175 | 0.83333 0.83333
3 0 15 1 1

Let us consider two TrIFN IND:(1.5,2,3.5,4;0.5,2,3.5,4.5) and 62(2,3,4,5.5;1.5,3,4,6). Using Eq.(5.6) and

Eq.(5.7), the multiplication of these two TrIFN 1is defined by the approximate TrIFN [3®NQ:

(3, 6,14, 22;0.75,6,14,27) with membership and non-membership function as follows

#y 1 (X)

P®Q

X-3

1
22-X

0

if3<x<6
if6<x<14
ifl4<x<22

otherwise

and v, (x)

P®Q

6—X

0
X —

14

1

if 0.75<x<6
if 6<x<14
if 14<x<27

otherwise.

The corresponding left, right divergence for membership and non-membership functions are 0.25, 0.1875 and

0.5625, 0.5 respectively.

6.4 Division of Two TrIFN by (a, B)-cut Method

Let us consider two TrIFN P =(2,5,6,8:1.5,5,6,9) and Q = (1,3,4,5;0.5,3,4,6) . Using Eq.(5.8) and Eq.(5.9), the

division of TrIFN is defined by E’+é:(0.4,1.25,2,8;0.25,1.25,2,18) with membership and non-membership

function as follows
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X=04 4 0a<x<125 1257X e 025<x<1.25
0.85
1 if 1.25<x<2 0 if 1.25<x<2
i o (x)= . and v, ,(X)= 5
+ - P+ —
P 87X if2<x<8 @ X720 if2<x<18
6 6
0 otherwise 1 otherwise

The corresponding left and right divergence for membership are 0.047368 for a=0.527864 and 1.607695 for
0=0.633974 respectively. Left and right divergence for non-membership are 0.10102 for p=0.55051 and 6.723266 for
B=0.710102 respectively.

7 Application of System Failure using Intuitionistic Fuzzy Number

Starting failure of an automobile depends on different facts. The facts are battery low charge, ignition failure and fuel
supply failure. There are two sub-factors of each of the facts. The fault-tree of failure to start of the automobile is
shown in the Fig.6.

F, represents the system failure to start of automobile.

Fm represents the failure to start of automobile due to Battery Low Charge.
F, represents the failure to start of automobile due to Ignition Failure.

FL represents the failure to start of automobile due to Fuel Supply Failure.
FL represents the failure to start of automobile due to Low Battery Fluid.

F represents the failure to start of automobile due to Battery Internal Short.

represents the failure to start of automobile due to Wire Harness Failure.

F., represents the failure to start of automobile due to Spark Plug Failure.
ka represents the failure to start of automobile due to Fuel Injector Failure.
F represents the failure to start of automobile due to Fuel Pump Failure.

The intuitonistic fuzzy failure to start of an automobile can be calculated when the failures of the occurrence of
basic fault events are known. Failure to start of an automobile can be evaluated by using the following steps:
Step 1.

F, -10(10F, )(1 OF,) 7.1

F -10(10F, )(16F, )

F, ~16(16F, )(16F, )
Step 2.
F. =16(1OF,

(IOF, J1OF, ) (7.2)
Here we present numerical explanation of starting failure of the automobile using fault tree analysis with

intuitionistic fuzzy failure rate. The components failure rates as TrIFN are given by
~i i

Fir =(0.02,0.05,0.06,0.07;0.01,0.05,0.06,0.08) , F,, =(0.02,0.03,0.05,0.06;0.01,0.03,0.05,0.07),
Fpy =(0.03,0.04,0.05,0.07:0.01,0.04,0.05,0.09) , F.y =(0.02,0.04,0.06,0.08;0.01,0.04,0.06,0.09),

Fy =(0.03,0.05,0.07,0.08;0.02,0.05,0.07,0.09) and F,, =(0.04,0.06,0.07,0.08;0.03,0.06,0.07,0.09).

fpf
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Failure to Start

i

Battery Low s . Fuel Supply
Charge Ignition Failure Failure
Low Battery Battery Wire Harness| [Spark Pla Fuel Injector) |Fuel Pump
Fluid Internal Short Failure Failure Failure Failure

Figure 6: Fault-tree of failure to start of an automobile

So in the stepl (using Eq.7.1) the results are as follows
F;,c =(0.0396,0.0785,0.107,0.1258;0.0199,0.0785,0.107,0.1444) ,
IEif =(0.0494,0.0784,0.107,0.144;0.0199,0.0784,0.107,0.1719),
FNfsf =(0.0688,0.107,0.1351,0.1536;0.0494,0.107,0.1351,0.1719) .
In the step 2 (using Eq.7.2), we obtain the failure to start of the automobile. The fuzzy failure to start of an
automobile (Fig.6) is represented by the following TrIFN

IEfs =(0.149855,0.241615,0.310286,0.366922;0.086857,0.241615,0.310286,0.413272) .

So the failure to start of the automobile is about an interval [0.241615, 0.310286] with tolerance level of
acceptance is [0.149855, 0.366922] and tolerance level of rejection is [0.086857, 0.413272].

Here the left and right divergences are not significant since elements of these TrIFN are very small. Therefore,
we consider TrIFN instead of trapezoidal shaped IFN to compute system failure.

0.8r

0.6

0.4r

0.2r

Membership/non-membership value

0 L L L L
0.05 0.1 0.15 0.2 0.25 0.3 035 04 0.45
System failure to start

Figure 7: TrIFN representing the system failure to start of an automobile

8 Conclusion

In this paper, we have proposed a definition of IFN according to the fuzzy number presentation approach. Also
arithmetic operations of proposed TrIFN are evaluated based on intuitionistic fuzzy extension principle and (o, B)-
cuts method. The major advantage of using IFSs instead of fuzzy sets is that IFSs separate the positive and the
negative evidence for the membership of an element in a set. We discuss the fault-tree of failure to start of an
automobile with components having failure rates as trapezoidal intuitionistic fuzzy numbers. Finally, our approaches
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and computational procedures are efficient and simple to implement for calculation in intuitionistic fuzzy
environment for all field of engineering and sciences where vagueness is occur.
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