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Abstract

This study is concerned with the dynamic risk-analysis for finite state Markov decision processes.
As a measure of risk, we consider conditional value-at-risk(CVaR) for the real value of the discounted
total reward from a policy, under whose criterion risk optimal or deterministic policies are defined. The
risk problem is equivalently redefined as a non-linear optimization problem on the attainable set of the
distribution functions for the real values over all policies. Showing the weak-continuity of CVaR on the
space of attainable distribution functions, the mathematical existence theorem of optimal policies are
proved throughout the discussion of convex analysis and weak-compactness.
©2013 World Academic Press, UK. All rights reserved.
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1 Introduction and Notation

In probabilistic methods in financial engineering [§], many risk measures have been generalized and analyzed
in economically motivated optimization problems, for example, value-at-risk (VaR), conditional value-at-risk
(CVaR) [19, 20], coherent risk of measure [T, M1l 2], convex risk of measure [7, [6] and its applications
[9, 21]. In particular, CVaR has good properties and easy to analyze such complex models as sequential
decision processes because it can be expressed by a remarkable minimization formula. As for sequential
decision processes, Markov decision processes (MDPs) have many applications in such wide fields as ecology,
economics and communications engineering [16]. So it is important to analyze the dynamic risk-model for
MDPs, whose studies are done by many authors [14] 23] 22], in which the real value of total reward from
a policy is evaluated by the target-percentile risk measure. The key feature of analysis is to characterize
the risk-optimal policy and its corresponding value functions by dynamic programming methods. Applying
the results of these studies, Boda and Filar [3] has considered the risk problem for MDPs using “Value-at-
Risk (VaR)” or “Conditional Value-at-Risk (CVaR)” as a measure of risk. Also, Mundt [I3] has solved an
optimization problem for a risk-management model (dynamic portfolio optimization ) applying the theory
of MDPs. In this paper, we provide an alternative framework for the study of risk minimization problem
in finite state MDPs, which is solved based on convex analysis including continuity and compactness [4].
We consider CVaR for the real value of the discounted total reward from a policy, which is minimized over
all policies. Observing that CVaR of a random income variable is depending only on its distribution, the
problem to examined will be equivalently reformulated as non-linear optimization one on the attainable set
of distribution functions for the real values over all policies, which enables the discussion of convex analysis
and compactness. Showing the continuity of CVaR with respect to the distribution function, we will give the
existence theorem for risk-optimal or deterministic risk-optimal policies. In the remainder, we shall establish
notation that is used throughout the paper and define the problem to be considered.

Let R be the set of all real numbers. Let X be a random reward variable on some probability space
O, B, P), and Fx(x) the distribution function, i.e., Fx(z) = P(X < z) (x € R). The inverse function
Fi'(p) (0 < p < 1) will be defined by Fy'(p) = inf{x € R|Fx(x) > p}. Then, the conditional value-at-risk
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for a level v € (0,1) of X, CVaR,(X), is defined [19, 20] by

1
CVaR, (X) = 7= [ Pk (). 1)

We need the following two propositions used in the sequel.

Proposition 1.1 (Fundamental minimization formula) [20] For any random variable X with E|X| < oo,
CVaR,,(X) is finite for v € (0,1) and it holds that

X) = inf
CVaR, (X) Inf

{b+ %E[(—X - b)+]} . 2)

Moreover, the infimum is attained at b* = F~x (7).

For any Borel subset D of R, P(D) denotes the set of all probability measures on D.

Proposition 1.2 [2, 10, 17 Let G be a family of real-valued measurable function on a Borel set D of R.
Then, if G is uniformly bounded and equicontinuous at each © € D, for any sequence {P,} in P(D) which
converges weakly to P € P(D), it holds that

sup
geg

/gdPn/gdP‘%O as n — 0.

We consider standard MDPs specified by (5, A, ¢, ), where both S and A are finite sets and denote the
sets of the state of the process and actions available at each state, respectively, and ¢ = (g;;(a)) is the matrix
of transition probabilities satisfying that > .. ¢gij(a) = 1 for all i € S and a € A, r(i,a) is an immediate
reward function defined on S x A. The sample space is the product space Q = (S x A)* such that the
projection Xy, A; on the t—th factor S, A describe the state and the action of t—time of the process (t > 0).
Let Q; = (S x A)t x S (t >0). A policy m = (mg, 71, ...) is a sequence of conditional probability m; such that
mt(Alhy) = 1 for all ¢ > 0 and hy = (0, a9, 1,01, ..,2¢) € Q. The set of all policies is denoted by II. Let
H; = (Xo,AQ, .. .7At_1,Xt) € Q, for t > 0.

We assume that for each 7 = (mg,m1,...) € I, Pr(Xy11 = j|Hi—1, A1, Xe = 4, Ay = a) = ¢;5(a) for all
t>0,4,j €5, a€ A. Then, for any initial probability measure v € P(S) and policy = € II, we can define the
probability measure PY on {2 in an obvious way. The expectation with respect to PY is denoted by E¥. Also,
the initial distribution degenerate at state i € S is denoted simply by 7. The real value of the discounted total
reward of the state-action processes {X;, A; :t=0,1,2,...} under a policy 7 € II is defined by

~v 1 ~v, T
Pr = Jim o, (3)
where
T
gl =" Br(Xi, A), (4)
t=0

The problem is to minimize the conditional value-at-risk of ¢, CVaR, (@), over all policies 7w € II. The
policy 7* € II is said to be risk-optimal for v € P(S) if it holds that

CVaR,(¢x.) < CVaR,(¢%) for any €Il (5)

For notational convenience, v will be suppressed for P¥, 3, 3“7 and EY here onwards.
In Section 2 by the discussion of continuity and compactness, the existence of a risk-optimal policy is
shown. In Section 3, a deterministic policy is considered through convex analysis.
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2 Continuity and Compactness

In this section, we give the existence theorem of risk-optimal policies. For a sequence of policies {n" : n =
1,2,...} C Il with 7" = (7,7}, 7%, ...) and ™ = (mg, 71, 72, ...) € II, we say that a sequence {7™} converges
to m if nf'(alhy) — m(alhy) as n — oo for any a € A, hy € Q; and t > 0.

The following facts have been proved by Derman [5].

Lemma 2.1 [5] It holds that
(i) The class 1T is compact,
(il) PY(H; = hy, Ar = ay) is continuous in w € I for each hy € Q4 yap € A and t > 0.
Let, for each v € P(S) and 7 € 11,

Fr(2) = Pi(=¢x <),
() = {F{()|w € 11}
Since both S and A as finite sets, there exists a constant M such that |r(i,a)] < M for all i € S and a € A.

Then, F' € ®(v) is a distribution function on [M, M], where M := —M/(1 — 8) and M := M /(1 — B).
We denote by C[M, M] the set of all bounded and continuous functions on [M, M].

Lemma 2.2 For any g € C[M, M], E.g(¢r) is continuous in m € II.
Proof: By Lemma (i), E%g($x) is continuous in 7 € II. Since g is uniformly continuous on [M, M], for any

¢ > 0 there exist § > 0 such that |g(z)—g(y)| < ¢ if [r—y| < §. On the other hand, |1 —&.| < BT+ M/(1-7),
so that there exist T* > 0 with |pL — @, | < 4§ for all T > T*. Thus, it yields that

|Brg(87) = Exg(@n)l < Ex (l9(27) = 9(@x)l) <& for T >T",

which E,g(¢L) uniformly converges to E,g($r). This shows the continuity of EZg(@x). O

Lemma 2.3 It holds that
(i) For any v € P(S), ®(v) is weak-compact;

(ii) If a sequence {m™} C II converges to w € II as n — oo, the corresponding sequence {Frn} C ®(v) weakly
converges to Fr € ®(v).

Proof: For any sequence {Fy» : n = 1,2,...} C ®(v), we prove that there exists a subsequence of {Fyn}
which weakly converges to some F € ®(v). In fact, from Lemma (i)7 IT is compact, so that without loss of

generality we can assume that there exists a 7 € II such that {7} converges to w. For any g € C[M, M],

/ 9(2)dFyn = Byng(@n) (n> 1)

and

/ 9(2)dFy = Erg(@r).

Therefore, by Lemma the sequence {Fy»} weakly converges to Fi.
From Lemma [2.2] (ii) follows easily. a
The continuity of CVaR. (@) is given in the following theorem.

Theorem 2.1 For any level v with 0 < v < 1, CVaR, (@) is continuous in m € II.
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Proof: Since M < ¢, < M a.s-P,, it holds that M < F_‘%ﬂ (7) € M. So, restricting the range of the
infimum, from Proposition [I.1] in Section [I] we have

CVaR, (¢r) = inf {b+ ﬁ/(m - b)+dF7r}. (6)

M<b<M

Here, we apply Proposition [1.2] in Sectio to prove the theorem.
Let G := {g(x) € CIM,M]|M < b< M}, where

1

(z—b)". (7)

go(2) :=b+ 7

Obviously, the class ¢ is uniformly bounded and equicontinuous at each x € [M, M]. Writing the equation
@ as CVaR, (¢x) = infgeg [ gp(2)dFx, for any m, " € I, it yields that

/ g(x)dFs — / o(z)dFs

Applying Proposition in Section (1| together with Lemma (ii), the right hand in converges to 0 as
7 — 7, which implies the continuity of CVaR. (¢). This completes the proof. a
Now we are ready to state the existence theorem of risk-optimal policies.

|CVaR, (@) — CVaR, (@) < 51612
9

: (8)

Theorem 2.2 For any v € P(S), there exists a 7* € II which is risk-optimal for v.

Proof: By Theorem CVaR, (@) is continuous in 7w € II. From Lemma [2.1(i), the class II is compact.
Thus, it follows that there exists a 7* € II, for which CVaR,(¢-) is minimized over all # € II. This means
that 7* is risk-optimal for v. a

Corollary 2.1 There exists a ™ which is risk-optimal for each initial state i € S.

Proof: Theorem shows that for each ¢ € S there is a m(¢) which is risk-optimal for i. Here, we define the
new policy 7* € II by
7 =x() if Xo=1 (i€S9).

*

Obviously, 7* is risk-optimal for each i € S. O

3 Further Results

In this section, the convex analysis for our optimization problem are given, for which the existence of risk-
optimal and deterministic policies will be shown.

Lemma 3.1 ®(v) is convez.

Proof: For any m = (mg, 71,...) € I, let w{n} := (7g, m1,...,mp—1) n > 1. Observing that for any h,, € Q,.
Pr(H, = hy,) is depending on 7{n}, it holds that Pr(H, = hyn) = Priny(Hn = hy) and Prn (1) € P(Qy).
Let us prove that for any 7!, 72 € I and 0 < a < 1, there exists m € II such that

Pr=aP + (1 - Oz)PTr2 (9)
which implies that
Fr=aF + (1 - Oz)F7T2. (10)

We note that by Kolmogorov extension theorem, for @ to holds it is sufficient to show that the following
equation holds:
Pﬂ.{n} = Oé.Pﬂ.l{n} +(1- Oé)Pﬂ.z{n} for n>1. (11)

The construction of w{n} satisfying the above equation proceeds inductively.
For n =0, is obviously true.
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For the inductive step, assume that hold for n. For h,, € Q,, let H, ;1 = (hn,a,j) € Q4 1. Here, we
define Q € P(Q,,) by

Q(Hn =hn, A = an, Xpnp1 = .7) 5:ap7r1{n} (Hn = hn)‘]mnj(a)'frl(a|hn)

) (12)
+ (1 — a)sz{n}(Hn = hn)q%j(a)ﬂ (alhn)
for hy, € Q,,a € A,j € S. Then, from the inductive hypothesis, we have
Q(Hn = hn) = Z Q(Hn =hp, Ay = a, Xny1 = ])
acA,jES
’ (13)

= aPTrl{n} (Hn = hn) + (1 - a)PW2{n}(Hn = hn)
= w{n}(Hn = hn);

Q(Hn :hnzAn = a) = ZQ(Hn = hnaAn = aan-i-l = .])
jes (14)
= aPrn (Hy = hy )t (alhy) + (1 — ) P2y (Hy = hy )72 (alh).
Here, we define 7,,(+|h,,) as follows: For each a € A,

U=t if Q(Hn=hy) >0

7 (alhy) = { Q(H,=hy) (15)

n(a), otherwise
where n(-) € P(A) is a arbitrarily given probability.
We put n{n + 1} = (7{n}, ) = (70, 71, ..., Tn-1,7n). Then, for hpi1 = (hn,a,j) € Qpni1,
Print1y(Hp1 = hpg1) = Prpny (Hp = ha)mn(alhn)gs,,5(a)
=Q(H, = hn)ﬂn(amn)%n,j(a) (from )
= Q(H, = hn, Ap = a)qzmj(a) (from )
=Q(Hp =hn, Ay, =0, X101 =7) (from and )
= anl{n+1}(Hn+l = hn+1) + (1 - a)Pvrz{nJrl}(HnJrl = thrl)a
which shows that holds for n + 1. This completes the proof. ]
By Lemma and ®(v) is convex and weak-compact. The set of extreme points of ®(v) will be
denoted by Ext ®(v). We say that the policy m = (mg,7m1,...) € II is deterministic if «(-|hy) is a Dirac

measure on A for each h,, € 2, and n > 0. We denote by Il the set of deterministic policies. The set of
distribution functions of ¢, corresponding to m € Il is denoted by ®p(v), that is

(I)D(l/) = {F,r‘ﬂ' c HD}

Lemma 3.2 &p(v) D Ext ®(v).

Proof: Let © ¢ IIp. To show F™ ¢ Ext ®(v), we prove that there exists 7!, 72 € IT (7! # 72) with

1 1
PW:§Pﬂ1+§Pﬂ-2. (16)

As 7 = (7o, 71, ...) ¢ lIp, there are n > 1 and h,, € Q,, for which it holds that Py (H, = h,) > 0 and m,,(-|h,,)
is not a Dirac measure. So, 7, is represented as

T (i) = 5MC) + 5870) (1)

for some ! ¢? € P(A) with ' # 2. Here, using 7 = (m,71,...),%" and 2, we construct 7! =
(n§, i, w3, ...), ©2 = (w3, 7%, 73,...) as follows:

mhi=m if t#n, t>0) (1=1,2) (18)
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and
_ [N i ha=Ty
”rlt( |hn) = { Tn(|hy)  otherwise, (19)
W) if b =hy
7Tn( |hn) = { ﬂ—n(.|hn) otherwise.

Now, we prove that (16 holds for this 7! and 72. To this end, by the Kolmogorov extension theorem, it
suffices that

Pr(Hy = hy) = ; V(Hy = hy) + ;P 2(Hy = hy) (20)

for all hy € Q; and t > 0.
Incase 0 <t <n— 1 by . . obviously holds.
In case t = n, by (19) it holds that

11 1 2( % . n
_ _ _ ) amalalhn) + 3ma(alhn) if hn = hy
Pr(An = alHn = hn) { 7k (alh,) = 72 (alhy) otherwise.
This shows that holds for ¢t = n.
In case t > n + 1, we rewrite hy € Q; as hy = (h(") an,hﬁt‘n)), where hg") = (zo, a0, .-,%n), hEt‘”) =
(Tnt1,Ant1,---,x¢). Similarly, we put H(n) (Xo0,A0,...,X,), and Ht(t‘n) = (Xpn+1,Ans1, .-, Xy). Let
hy € Q. When A" = h,,, we have

Pr(Hy = hy) = Po(H{") = T) Pr(A, = an|H(”) n)
x Pr(H{™ = hMH = 0V, Ay = a,)
=1
= PW(Ht( ) = h7L>(§w1(an) + §¢2(an))
x Po(HA™ = B g™ = 5™ AL = ay)

1
= 5Pn V(H™ = TP (A, = an|[H™ = hy)
x P (H1 = ™™ = h(" A, = a,)

1 N n T
+ 5 P (H™ =TRp)Pra (A = an|H™ =)

% Poa (U = B Z 30 AL — g )

1 1
= §Pﬂ-1 (Ht = ht) + §P7-r2(Ht = ht)

When A % T, by (18) and (19) we have
Po(H, = hy) = Poi(Hy = hy) = Pyz(H, = hy).

From the above the proof is complete. O
We need the following lemma, which is obtained by an application of Choquet’s theorem (Theorem (Cho-
quet) in [I5], p.19-p.20).

Lemma 3.3 For any I € ®(v), there is a probability measure yu on Ext ®(v), such that
/u(m)sz/ d,u/u(x)dF forall uw € C[M, M].
Ext ®(v)

Theorem 3.1 There exists a deterministic policy which is risk-optimal for v, that is,

anelgCVaR (P )—Wrgll_InD CVaR, (¢%). (21)
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Proof: From Proposition [I.1] in Section [T} we have

K = min CVaR, (¢x)

— inf  inf dF
pit) gp(z)dF () (22)

— inf  inf / y(2)dF (z)

M<b<M Fe2(v)

where g,(z) is defined in @) Applying Lemma for any b € [M, M] there exists F* € ®p(v) such that

min / gp(z)dF = / gv(z)dF®.

Fed(v)

By there exists a sequence {F** C ®p(v)} such that [ gy, (2)dF" — K as k — co. With the compactness

of ®(v) there is F* € ®(v) for which we can assume without loss of generality, that {F°} weakly converges

to F*. Since F* € ®p(v), n* corresponding F* is deterministic and risk-optimal for v. This completes the

proof. |
Similarly as Corollary 2.1]in Section 2] we can prove the following.

Corollary 3.1 There exists a deterministic policy which is risk-optimal for each initial state i € S.

4 Concluding Remarks

In this paper, we have considered CVaR-minimization problem for finite state MDPs. Using the fact that
CVaR of a random income variable depends only on its distribution function, the problem is equivalently
redefined as a non-linear programming problem on the attainable set of the distribution functions over all
policies, by which the corresponding CVaR-minimization problem is successfully reduced to the one in the
area of convex analysis and weak-compactness. Optimal risk or deterministic policies are defined and their
existence theorem are proved. The results are purely mathematical. However, the existence theorem is im-
portant to develop an algorithm for finding an optimal policy, which will be in future works.
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