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Abstract

Uncertain calculus is a branch of mathematics that deals with the integral of functions of uncertain
process. This paper will extend uncertain integral from single canonical process to multiple ones. Some
mathematical properties of uncertain integral with respect to multiple canonical processes are proved,
including the fundamental theorem of uncertain calculus.
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1 Introduction

In our daily life, due to economical or technical difficulties, very often we are lack of observed data about the
unknown state of nature. Then we have to invite some domain experts to evaluate their belief degree that
each event will occur. Because human being tends to overweight unlikely events [d], the belief degree usually
has a much larger range than the real frequency. In 2012, Liu [d] declared that probability theory fails to
model the belief degree under this situation via a counterexample about the strength of a bridge.

In order to deal with the belief degree, an uncertainty theory was founded by Liu [6] in 2007, and refined by
Liu [R] in 2010 based on normality, duality, subadditivity and production axioms. Sometimes, the uncertain
phenomena evolve with time. For modeling such phenomena, a concept of uncertain process was proposed
by Liu [B] as a sequence of uncertain variables indexed by time. After that, Liu [7] designed a canonical
process which is an independent and stationary increment uncertain process with normal uncertain variables
as the increments. Meanwhile, Liu [[d] founded uncertain calculus to deal with the integral and differential of
a function of uncertain process with respect to canonical process. Canonical process is a type of continuous
uncertain process, and can only model continuous uncertain systems. In order to model the sudden jumps
in an uncertain system, Liu [B] proposed uncertain renewal process. Inspired by Liu [[@], Yao [I3] founded
uncertain calculus with respect to uncertain renewal process. After that, Chen [B] generalized the work by
Liu [[@] and Yao [I3], and proposed uncertain calculus with respect to finite variation process.

Based on uncertain calculus, an uncertain differential equation was proposed by Liu [6] in 2008 as a type
of differential equation driven by canonical process. Following that, Chen and Liu [I] gave an existence
and uniqueness theorem of the solution of an uncertain differential equation. Then Yao et al. [I4] gave a
sufficient condition for an uncertain differential equation being stable. In 2010, Chen and Liu [l] gave an
analytic solution for linear uncertain differential equation. Then Liu [I1] and Yao [I6] presented a spectrum
of analytic methods to solve some special classes of nonlinear uncertain differential equations. Besides, Yao
and Chen [5] designed a numerical method for solving general uncertain differential equations. Uncertain
differential equation found many applications such as uncertain stock model [, 7], uncertain currency model
[0], uncertain interest rate model [B], and uncertain optimal control [I7].

In this paper, we will present uncertain calculus with multiple canonical processes. The rest of this paper
is structured as follows. The next section is intended to introduce some concepts of uncertainty theory and
uncertain calculus with respect to single canonical process. In Section 3, an uncertain integral with respect
to multiple canonical processes is proposed. In Section 4, the fundamental theorem of multifactor uncertain
integral is proposed. Finally, some remarks are made in Section 5.

*Corresponding author. Email: liu@tsinghua.edu.cn (B. Liu).



Journal of Uncertain Systems, Vol.6, No.4, pp.250-255, 2012 251

2 Preliminary

Uncertainty theory is a branch of axiomatic mathematics to deal with human uncertainty. As a fundamental
concept, uncertain measure is a set function satisfying normality, duality, subadditivity and production axioms.

Definition 1 [6] Let £ be a o-algebra on a nonempty set I'. A set function M : L — [0,1] is called an
uncertain measure if it satisfies the following azioms:

Axiom 1: (Normality Aziom) M{T'} = 1 for the universal set T

Axiom 2: (Duality Aziom) M{A} + M{A°} =1 for any event A.

Axiom 3: (Subadditivity Axiom) For every countable sequence of events A1, Ag, ..., we have

M{GAZ} giM{Ai}.

The triple (T, £, M) is called an uncertainty space. Product uncertain measure was defined by Liu [] in 2009,
thus producing the the fourth axiom of uncertainty theory.

Axiom 4: (Product Azxiom) Let (U, Ly, My) be uncertainty spaces for k = 1,2, ... Then the product uncertain
measure M is an uncertain measure satisfying

M{ﬁAk} = R M {Ax}

where Ay are arbitrarily chosen events from Ly for k = 1,2, ..., respectively.
An uncertain variable is essential a measurable function on an uncertainty space. The formal definition of
uncertain variable is given as follows.

Definition 2 [6] An uncertain variable is a measurable function & from an uncertainty space (I', L, M) to the
set R of real numbers, i.e., for any Borel set B of real numbers, the set

{€e B} ={1lé(v) € B}
s an event.
Definition 3 [8] The uncertainty distribution ® of an uncertain variable £ is defined by
O(z) = M{¢ < x}
for any real number x.

The uncertainty distribution @ is said to be regular if its inverse function ®~! exists and is unique for each
a € (0,1). In this case, the inverse function @1 is called the inverse uncertainty distribution, which plays an
important role in the operation of uncertain variables.

Theorem 1 Let&y,&o, ..., &, be independent uncertain variables with uncertainty distributions ®1, o, ..., ®,,
respectively. If f(x1,2a,...,2xy) is strictly increasing with respect to x1,xa, . .., Ty and strictly decreasing with
respect 0 Tppt1, Tm+2, - - -5 T, then & = f(&1,&2,...,&) s an uncertain variable with an inverse uncertainty
distribution

(I)_l(r) = f (q>;1(r)v'"7<I)r_n1(7a)aq);z:-1(1 _r)""vq);l(l _T)) .

An uncertain process is essentially a sequence of uncertain variables indexed by time or space. Canonical
process is one of the most important uncertain processes.

Definition 4 [[d] An uncertain process Cy is said to be a canonical process if

(i) Co = 0 and almost all sample paths are Lipschitz continuous,

(ii) Cy has stationary and independent increments,

(i1i) every increment Csyy — Cs is a normal uncertain variable with an uncertainty distribution

O(z) = <l—|—exp (g»_l zER.
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Note that AC} and At are infinitesimals with the same order. Based on canonical process, Liu [{] defined
an uncertain integral, thus founding an uncertain calculus theory.

Definition 5 [[@] Let X; be an uncertain process and Cy be a canonical process. For any partition of closed
interval [a,b] with a =t] <ty < -+- <ty = b, the mesh is written as

A= 1§?§Xl€ ‘tiJrl — ti‘.

Then the uncertain integral of X; is defined by

b k
/a XedCy = AiLHOZ;Xti (Gt — C)

provided that the limit exists almost surely and is finite. In this case, the uncertain process X; is said to be
integrable.

For example, a continuous function f(¢) is integrable, and

| swace~ (o ["1ncoar)

is a normal uncertain variable at any time s.

Definition 6 [[@] Let C; be a canonical process and Z; be an uncertain process. If there exist uncertain
processes s and os such that

Zy = Z0+/Otusds+/0tasd05
for any t > 0, then Z; is said to have an uncertain differential
dZy = pdt + o4 dCh.
In this case, the uncertain process Z; is called a differentiable uncertain process with drift py and diffusion oy.

Liu [7] verified the fundamental theorem of uncertain calculus, i.e., for a canonical process C; and a
continuous differentiable function h(t,c), the uncertain process Z; = h(t,C;) is differentiable and has an
uncertain differential

oh oh
dZt = E(t, Ct)dt + E(t, Ct)dCt

Based on the fundamental theorem, Liu [[@] proved the chain rule, i.e., for two continuously differentiable
functions f and g, the uncertain process f(g(C})) has an uncertain differential

df(g(Cr)) = f'(9(C1))g'(Cr)dC,

and the integration by parts theorem, i.e., for two differentiable uncertain processes X; and Y;, the uncertain
process X;Y; has an uncertain differential

d(XYr) = YVd X, 4+ X, dY;.

3 Multifactor Uncertain Integral

Definition 7 Let Xy, Xot, ..., Xt be integrable uncertain processes, and Ciy,Coy, . .., Cpt be canonical pro-
cesses. Then
nooat
Zy = Z/ X;5dCis
i=170
18 called an uncertain integral of Xq¢, Xot, ..., Xne with respect to multiple canonical processes Ctiy, Coy,

.oy, Cht.
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Theorem 2 Assume that Z; is an uncertain integral of Xyy, Xog, . .., Xny with respect to multiple canonical
processes Ciy, Cop, ..., Chy. Then Z; is a sample-continuous uncertain process.

Proof: It follows from the definition of multifactor uncertain integral that

; /O Xis(7)dC3s(7) —; /0 Xis(7)dCis(7) ; / Xie(7)dCis(7)

for each v € I as r — t. Thus Z; is sample-continuous, and the theorem is proved.

—0

|Ze(v) = Z, ()| =

Theorem 3 (Linearity of Uncertain Integral) Assume Xi¢, Xot, ..., Xne and Yig, Yo, ..., Yor are integrable
uncertain processes with respect to Cit,Cat, ..., Cht on [a,b]. Then for any given real numbers a and 5, we

have , , ,
Z/ (aXi + BYy) dCye = OéZ/ XitdCit + Z/ YirdCie.
=179 i=1v4a i=1v4a

Proof: It follows immediately from the linearity of uncertain integral with respect to single canonical process
that

n b n b b n b n b
Z/ (aXi + YY) dCy = Z (a/ XidCy + 5/ Yz’tdC’it> = OZZ/ X1 dCy + BZ/ Y dCyy.
=172 i=1 a a i=17a i=17a

4 Multifactor Uncertain Differential

Definition 8 Let Cy4,Coy,...,Chs be canonical processes and let Z; be an uncertain process. If there exist
uncertain processes iy and 014, 0ot ..., 0nt Such that

t n t
Zt = ZO + / /J/sds + Z/ Uisdcis (1)
0 i=170

for any t > 0, then we say Z; has an uncertain differential

dZt = ,Lttdt + Z Uitdcit~ (2)
i=1
In this case, Z; is called a differentiable uncertain process with drift py and diffusions o1¢,09¢, ..., 0nt-

The following theorem gives the uncertain differential of a function of multiple canonical processes.

Theorem 4 (Fundamental Theorem) Let Cyy,Co, ...,Cpt be canonical processes. If h(t,c1,ca,...,¢pn) iS a
continuously differentiable function, then the uncertain process Zy = h(t,Chs,Cot,...,Cnt) is differentiable
and has an uncertain differential

oh " oh
A2y = 5 (t,Crp, Co -, Cog)dlt + ; a—q(t, Cit,Cat, . . ., Cy)dCi.

Proof: Since the function A is continuously differentiable, by using Taylor series expansion, the infinitesimal
increment of Z; has a first-order approximation

oh " oh
AZt = E(ta Clt7 CQt, sy Cnt)At + Z:ZI aicl(u Clt) 02t7 LY Cnt)ACit'

Thus the theorem is proved.
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Example 1 Let us calculate the uncertain differential of Cy;+ Cy;. In this case, we have h(t, ¢1,c2) = ¢1+co.
It is clear that
oh Oh

Oh
E(taclch) =0, Tq(t’cl’q) =1, 8702(15761762) =1

It follows from the fundamental theorem of uncertain calculus that
d(Clt + CQt) = dClt + dCQt.

Example 2 Let us calculate the uncertain differential of exp(C1; + Ca). In this case, we have h(t,c1,c2) =
exp(cy + ¢2). It is clear that

oh oh oh
E(t,cl,@) =0, 8—01(15, c1,c2) = exp(er + ¢a), 6—02(15, c1,c2) = exp(er + ¢2).

It follows from the fundamental theorem of uncertain calculus that
dexp(Ci¢ + Cy) = exp(Ciy + Cat)dC1s + exp(Ciy + Cor)dCo;.

Example 3 Let us calculate the uncertain differential of tC1;Co;. In this case, we have h(t,c1,ca) = teico.
It is clear that
oh

h
— (t,cr,c2) = cico,  F—(t,c1,62) =tca, —(t,c1,c2) = tey.

ot der dcy

It follows from the fundamental theorem of uncertain calculus that
d(tCMCQt) - CltCQtdt + tCQtdClt + tCltdCQt.

Example 4 Let us calculate the uncertain differential of ¢ sin Cy; sin Cy;. In this case, we have h(t,c1,ca) =
tsincy sincy. It is clear that

—(t,c1,c2) =sineysines, ——(t,¢1,c2) =tcoscysince, ——(t,¢1,c2) = tsiney coscs.

ot O0cy dca

It follows from the fundamental theorem of uncertain calculus that

d tsin Ci¢ sin Cop = sin Cyy sin Copdt + t cos C1¢ sin Co dC1y + tsin Oy cos CopdCyy.

5 Conclusion

This paper presented the concepts of uncertain integral and uncertain differential of uncertain processes with
respect to multiple canonical processes. Besides, it proved the sample-continuity and linearity of uncertain
integral, as well as the fundamental theorem of uncertain calculus.
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