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Abstract

It has been proved that uncertain differential equation (UDE) has a unique solution, under the condi-
tions that the coefficients are global Lipschitz continuous. This paper extends this existence and uniqueness
theorem from the following aspect: UDE has a unique solution, under the conditions that the coefficients
are local Lipschitz continuous. Besides, it is also proved that UDE has at least one solution, under the
conditions that the coefficients are continuous and linear growth.
©2012 World Academic Press, UK. All rights reserved.
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1 Introduction

For a long time, nondeterministic phenomenon was mainly described by probability and fuzzy theory. However,
lots of surveys show that some nondeterministic phenomenon behaves neither like randomness nor fuzziness.
It gave the motivation to Liu [@, 00] to propose uncertainty theory. Many researchers have done a lot of work
in this area, such as Gao et al [d], Peng et al [13], You [I6] and Zhu [T4]. To learn more, the readers may
reference to Liu’s works [, [0].

In probability, the stochastic differential equation (SDE) is a type of differential equation driven by Wiener
process. Similarly, in uncertainty theory, there exists uncertain differential equation (UDE), a type of differ-
ential equation driven by canonical process. Canonical process is one of the most important uncertain process
[®].

As in the ordinary differential equation (ODE) [B, 0] and the stochastic differential equation (SDE)
[2, B, 2], existence and uniqueness are the fundamental problems in UDE. The first existence and uniqueness
theorem was proved by Chen and Liu [1] in 2010. In their paper, they proved that if the coefficients are global
Lipschitz continuous, UDE has a unique continuous solution on [0,400). Later, Liu etc. [I1] gave another
existence and uniqueness theorem for the homogeneous UDEs when the coefficients satisfy global Osgood
conditions.

However, the global conditions of these existing theorems are too strict. As is known, there are few func-
tions satisfying global Lipschitz continuity. The vast majority of functions are only local Lipschitz continuous.
Does there exist an existence and uniqueness theorem for a UDE with local Lipschitz continuous coefficients?
This paper gives the answer.

In this paper, a general existence and uniqueness theorem is presented. We obtain the same conclusion
with Chen and Liu’s existence and uniqueness theorem, but in our theorem the Lipschitz condition is only
required a local one. This largely extends the existence and uniqueness theorem.

Sometimes, even the local Lipschitz condition is strict. The more general case is that we just know that the
coefficients are continuous. Fortunately, this paper proves another conclusion: without Lipschitz condition, at
least one continuous solution exists on [0, 4+00). This is only an existence theorem, and it can not guarantee
the uniqueness of a solution. The main application of this existence theorem is on numerical solution of UDE.
Yao and Chen [[5] can give a numerical solution under the condition that the UDE is solvable.

The remainder of this paper is organized as follows. In Section 2, some basic concepts and properties of
uncertainty theory used throughout this paper are introduced. In Section 3, the existence and uniqueness
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theorem under the local Lipschitz condition is proved. Section 4 proves that the UDE have at least one
solution under the condition that the coefficients are continuous. Section 5 gives a brief summary to this

paper.

2 Preliminary Concepts and Definitions

In this section, we introduce some foundational concepts and properties of uncertainty theory, which are used
throughout this paper.

Let I" be a nonempty set, and L a o-algebra over I. Each element A € L is assigned a number M{A} € [0,1].
In order to ensure that the number M{A} has certain mathematical properties, Liu [@, 1] presented the four
following axioms: (1) normality, (2) self-duality, (3) countable subadditivity, and (4) product measure axioms.
If the first three axioms are satisfied, the set function M{A} is called an uncertain measure.

Definition 1 [7] Let I be a nonempty set, L a o-algebra over T', and M an uncertain measure. Then the
triplet (T, £, M) is called an uncertainty space.

Definition 2 [7] An uncertain variable is a measurable function & from an uncertainty space (I', £, M) to the
set of real numbers, i.e., for any Borel set B of real numbers, the set

{€eB}={yeT |&) € B}

is an event.

Definition 3 [R] Let T' be an index set and let (T, £, M) be an uncertainty space. An uncertain process is a
measurable function from T x (', L, M) to the set of real numbers, i.e., for each t € T and any Borel set B
of real numbers, the set

{&ee By ={yel|&(y) € B}

is an event.

That is, an uncertain process X;(7) is a function of two variables such that the function Xy« (-y) is an uncertain
variable for each t*.

Definition 4 [9] An uncertain process Cy is said to be a canonical process if

(i) Co = 0 and almost all sample paths are Lipschitz continuous,

(ii) Cy has stationary and independent increments,

(iii) every increment Cyyy — Cy is a normal uncertain variable with expected value 0 and variance t2.

An uncertain variable £ is called normal if it has a normal uncertainty distribution

P(z) = M{{ <z} = (1 +exp(7r(\e[;gx)))l,x eR

whose expected value is e and variance is 2.

Definition 5 Let X; be an uncertain process and let Cy be a canonical process. For any partition of closed
interval [a,b] with a =t; <ty < -+ < tp11 = b, the mesh is written as

A= 1§?§ch ‘ti+1 — ti‘.

Then the uncertain integral of X; with respect to Cy is

b k
/a X0 = fim 32 X1 (Coy = Cu)
=

provided that the limit exists almost surely and is finite. For this case, the uncertain process X, is said to be
integrable.
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In 2010, Chen and Liu [l] gave the following existence and uniqueness theorem on UDEs.
Theorem 1 ([ll] Existence and Uniqueness Theorem) The UDE
dX, = f(¢t, X¢)dt + g(¢t, X¢)dC, (1)
has a unique solution if the coefficients f(t,x) and g(t,x) satisfy the global Lipschitz condition
If(tz1) — f(t,22)| + [g(t, 21) — g(t, 22)| < L|z1 — 22|, Vo,y € R, t >0
and the linear growth condition
|[f(t, )|+ |g(t,x)| < L(1+ |z]), VaxeR,t>0
for some constant L. Moreover, the solution is sample-continuous.

Indeed, the global Lipschitz condition in Theorem (M) is too strict, and few equations can satisfy these
conditions. In this paper, we will extend this theorem by replacing global Lipschitz condition by local Lipschitz
condition. For the sake of simplicity, our discussion is not based on the form of UDE (I) but on its equivalent
integral form, or say, uncertain integral equation

X: = Xo —l—/o f(s,Xs)ds—i-/0 g(s, X;)dCs. (2)

3 Existence and Uniqueness Theorem with the Local Lipschitz
Condition

Since almost all sample paths of canonical process C; are Lipschitz continuous functions, there exists a set I'g
in I' with M{Tg} = 1 such that for any v € I'y, C;(7) is Lipschitz continuous. For the sake of simplicity, in
this paper we set I'g = I'. Thus, for each path ~, there exists a positive number K (7) such that

Cs(v) = GV < K()]s — ¢, Vs,t > 0.

The uncertain integral of C} is equivalent to Riemann-Stieltjes integral from the point of each sample path.
Hence, we can focus on the integral equations as follows

Xi(7) = Xo + / F(s, Xa(7))ds + / 9(5, Xo(1))AC, (7). 3)

We will prove that under some conditions, for each sample path ~, the integral equation (B) has a unique
solution on [0, +00).

We first prove the existence and uniqueness theorem on a local interval [tg, tg + c| for some positive c¢. The
integral equations (B) becomes

X,(7) = Xoo (1) + / F(s, Xo(7))ds + / 95, Xa(1))AC. (7). (4)

to
Condition 1 The functions f(t,x) and g(t,x) satisfy a local Lipschitz condition on (t,z) € [0,+00) X R.
Condition 1 indicates that for any v € I' and ¢y € [0, +00), there exists a rectangular region
R = R((to, Xt (7)), a,0) = {(t,x) : to <t <t +a,|r — Xy (y)] < b},
on which f(t,z) and g(t, z) satisfy a Lipschitz condition, i.e., there exists a positive constant L such that
|f(t,x1) = f(t,22)] < Llwy — 2|, [g(t,21) — g(t, @2)| < Llzy — a2

whenever (¢,z1) and (¢,22) € R. Obviously, L is dependent on the region R.
Since f(t,z) and g(t,x) are continuous on R, f(¢, ) and g(¢,z) are bounded. Set

H = max (1f(t)] + K(7) - |g(t,2)]) +1,

where K (7) is the Lipschitz constant to the sample path Cy(7y). Now, set @ = min(a, b/H).
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Lemma 1 Fiz vy €T, under Condition 1, the integral equation

X,(7) = Xoo (v /‘st >m»+/ 95, Xo(1))AC4(7) (@)

to

has a unique solution on the interval [to,to + a. Moreover, the solution is continuous.

Proof: We will prove this lemma in three steps by using the following successive approximations

X () = X4, (7), (5)
X"V () = Xog () + J £(s, X ()ds + [ (s, X ())dC(7), n > 0.

Obviously, for each n > 0, {Xt(n) (7)} is continuous in .

Step 1. In this step, we will prove that (¢, Xt(n)(v)) € R, V¥n >0 when t € [to,to + .

Here, we employ mathematical induction. The conclusion is obvious when n = 0. Assume that when
t € [to, to + o], (t, X (7)) € R. Then,

t

X () = Xo(0)| = ﬂ&HWm@+/ 9, XM (7))dC; ()

to to ‘

t £ (s, XM (y))|ds + t |9(8 XM (y)dCs(v)
t (5, XM (7)) |ds + K () - t lg(s, X (M (v))|ds

< H|t —to| < Ha < b.

This means that (¢, Xt(nﬂ)(v)) € R when ¢ € [tg,to + .

Step 2. In this step, we will prove that the sequence {Xt(") (7)1, given by (B) converges uniformly to
the solution of integral equation (d) on [to,to + a] as n — oco.

First, as in Step 1, mathematical induction is employed. When n = 0, we have

X060 - Xl = | [ 56, xO@as + [ gt xOac

to to ‘

1F(s. XO())ds + [ |g(s, X2 (7))]dCs(7)

t to
y :
U@XPWM®+KM /w@X@wm%
to to
< HIt — o).

H(L+ K(y)-L)" !
n!

Second, assume that when ¢ € [to, to + al, | X (v) — X"V (y)| < |t — to|™. Then

X" () = X ()]

/Yﬂaxwmw—fmxﬁ*ww)m+/¢@@Xﬁwm—gwxﬁ*wm)«uw\

t() t(]

t
S/‘
to

ﬂL+K@»mlwawrn%“%st
<H@+§pr"mb_mmB:H@&ﬁ%%“"

(£, X () = f(s5, XD () N®+f

to

(905, XD () = g5, XD ()| s ()

[t — to" . (6)
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The above inequality (B) gives an upper bound of | X" ()= X™ (~)| on [to, to+a], for n > 1. Obviously,
Ve > 0, there exists a integer N such that

ST () = X ()]

(L+ K(v) ~L)”+1|t — to|? L
!

I A

n>N n>N n + 1)'
H L K . L n+1,.n+1
< (L+K(y) L)" o™ 7
L+K(y) L = (n+1)!

Since Xt(") (v) = Xt(o)(w) + > (Xt(i) (v) — Xt(i*l)(fy))7 inequality (@) indicates that Xt(n) (7) converges uni-
i=1

formly on [to,to + a] as n — oco. Denote X;(v) = lim Xt(n) ().
n— oo
It is known that

X (y) = X, (v /f ds+/t (5, XM (7))dCy(v), n=>0.

to

Since f(t,z) and g(t, ) are continuous, and Ci(7) is Lipschitz continuous, we have

X,(7) = Xou (v /st >>ds+/ 9(5, Xo(1))AC. (7).

to

In short, the sequence {Xt(")}, n > 0 given by (H) converges uniformly to the solution of integral equation (@)
on [to, to+ ] as m — oo. Since for each n > 0, {Xt(n) ()} is continuous, X;(v) is also continuous on [tg, to + .
This completes the proof of existence.

Step 3. In this step, we will prove that X;(v) obtained in Step 2 is the unique solution of integral
equation (@) on [tg,to + @]

Suppose that X,(v) is another solution of of integral equation (), i.e.,

t t
() = Xy + [ Fs Xu)ds + [ gl ZACL) € ltosto + )
to tO
where 0 < 8 < a.
Following the local Lipchitz condition, we have

| X (y) — Xt(7)|

/ (5. X))~ £l Kl ) ds / (96 X)) — 905 ) dcsm\

< [ ](r05. 00 st %) s+ [ | (965,000 gt o) st
<(L+K(y)-L) t|Xs(’Y)—XS(7)|dS. (8)

to
By Gronwell inequality [6], expression (B) leads to
| Xe(7) = Xe(0)| < 0-exp((L + K (v) - L)t) = 0,

that is, on [to, to 4 @], X¢(7) = X;(7). This completes the proof of uniqueness. O
According to Lemma [, the integral differential equation (8) has a unique solution on some local interval
[0, @]. We will show that the solution can be extended to [0,400) under the following condition.

Condition 2 The functions f(t,z) and g(t,x) satisfy a local linear growth condition on (t,z) € [0,+00) x R,
i.e., for each T > 0, there exists a constant G such that

[f(t2)] < Gr(L+[z]), g(t,2)] < Gr(1+|z), VeeRtel0,T]
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Lemma 2 Fiz~ € T, under Condition 1 and Condition 2, the solution of integral equation (8) can be extended
uniquely to [0, 4+00).

Proof: Define 7 = {t : integral equation (B) has a unique continuous solution on [O,t)}7 and 7 = sup7T.

According to Lemma [, the set 7 is nonempty. We will prove that 7 = +o0.
Assume that 7 < 400, and a contradiction will be derived. As the definition, X, () is the unique solution
of integral equation (B) on [0, 7). Then,

I&WWH%MH/U%JMM®ﬁ/M&&MM@M
0 0
suwm+4vwxmwm+Km»Awmxmwm
gmwmﬁ/aaﬂ&mwwwwy/aaﬂnmws
0 0
SU%WWHO+MwWH+O+MwWQAMuﬂw,WGMﬂ
Setting A = [Xo(v)| + 7(1 + K(v))G-, by Gronwell inequality [6], we have

[Xe ()] < A-exp[(1 4+ K(7))Grt] < A-exp[(1 + K(7))G-7] = Hi < 400, Vi € [0,7),

that is, X¢(7y) is bounded on [0, 7).
Moreover, X;() is uniformly continuous on [0, 7). Setting

M= e, ('f(t’xﬂ +K(0)- |9(t756)\),

we have

wdw—xawv:/Wﬂa&wmm+/”wwxwmm&wﬂ

tl tl

2

[ 1. Xl + K- [ lgts. Xa()lds

tl tl
< Halty —ta|, Viti,t2 €[0,7).

<

It follows that lim X;(v) exists. Set
T—>T—
X (v) = lim X(y).

t—7—

Then X; () is continuous on [0, 7], and

Xt(w)=Xo('y)+/O f(s,Xs(v))dSJr/O 9(s, Xs(7))dCs(y), Vte[0,7].

Consider the following integral equation

t

&mzxww/f@&mej@@&wm@m,wr (9)

Lemma [ says that there exists a positive number ¢ such that integral equation () has a unique continuous
solution X,(v) on [r,7 + .
Hence, functin
Yi(y) = { )gt('y)7 if tE[O,T],
X:(v), if telr,T+]

is the unique continuous solution of integral equation (&) on [0, T + ¢].
It is a contradiction from 7 = sup 7 < 4+o00. Thus, 7 = 400, and the solution of integral equation (B) can
be extended uniquely to [0, 4+00). O
Since + is an arbitrary sample path, we have
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Theorem 2 Under Condition 1 and Condition 2, the uncertain integral equation

t t
X=X+ [ 1. X005+ [ gls.X)aC,
0 0

has a unique solution. Moreover, the solution is sample-continuous.
Or, equivalently, we have

Theorem 3 Under Condition 1 and Condition 2, the UDE
dXy = f(t, X¢)dt + g(t, X¢)dCy

has a unique solution. Moreover, the solution is sample-continuous.

Example 1. Consider the UDE
dX; = tXdt + t X dC.

Obviously, the coefficients f(s,z) = tx and ¢(¢, ) = tx are local Lipschitz continuous but not global Lipschitz
continuous. For this UDE, Chen and Liu’s existence and uniqueness theorem does not work. However,
according to Theorem 3, it has a unique continuous solution. In fact, the solution is

t2 t
X; = Xoexp(g +/ sdCy).
0

4 An Additional Conclusion: Existence Theorem Without the Lip-
schitz Condition

In this section, we only study the existence theorem. The Lipschitz condition is removed, and it only requires
that the coefficients f(¢,z) and g(t,x) are continuous. Under the condition without the Lipschitz condition,
we can find a solution to the integral equation (@) on [0, +00). However, we cannot guarantee that this solution
is unique.

Condition 3 The functions f(t,z) and g(t,x) are continuous on (t,z) € [0, +00) X R.
Under Condition 3, for any v € ' and ¢( € [0, 4+00), we can find a rectangular region
R = R((to, Xt, (’7))7 a,b) = {(t7x) tto <t <to+a, ‘CL’ — Xy, (7)| < b}7

on which f(t,z) and g(¢,z) are continuous. We will prove that on some subinterval, say [to,to + o], of the
interval [to,to + a], there exists a continuous solution of integral equation (H).
As in Section 3, set

H = max (1f(t2)| + K(7) - g(t,2)]) +1,

where K (v) is the Lipschitz constant to the sample path Ci(v), and set « = min(a,b/H).
Before go further, we must introduce two concepts and Ascoli-Arzela Theorem.

Definition 6 (Equicontinuity) On a bounded interval [a,b], a sequence of functions {fn}>, is said to be
equicontinuous if for every e > 0, there exists a 6(e) > 0 such that

‘fn(tl) — fn(tg)‘ < €, Vn > 1, |t1 — tg‘ < 6(6)

Definition 7 (Uniform Boundedness) On a bounded interval [a,b], a sequence of functions {fn}52, is said
to be bounded if there exists a non-negative number B such that

|f(t)] < B, Vn>1, Vt€[a,b].

Theorem 4 (Ascoli-Arzela Theorem) On a bounded interval [a,b], every bounded and equicontinuous sequence
of functions {f,}52, contains a subsequence which is uniformly convergent on [a,b].
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Based on Ascoli-Arzela Theorem, we can prove the following existence theorem on a local interval.
Lemma 3 Fixz v € I', under Condition 1, the integral equation

&MZXMW+Kf@me@+/g@&WWQW) (@)

to

has at least one continuous solution on the interval [to,to + .

Proof: We construct a sequence of continuous functions {Y, (¢)}52; by

Xty (7)5 if t<to,
Xto(v)+ffo F(5,Yn(s = 2))ds + [} g(s,Ya(s — 1)dCs(y), if tE€ [to.to+al.

For each n, Y,,(t) is well defined. Indeed, if tg <t < tg+ 1/n, then t — 1/n < tg and Y, (t — 1/n) = X3, (7).
Also, Y;,(t) is continuous on [tg,to + 1/n]. Moreover, on the interval o < ¢ <ty + 1/n,

Yo (t) = {

Ylt) = Xig () < [ 1Yol = 2)lds + [ la(s,Yals = 2)IACL(2)

= [ (s Xe(Mlds + [ g(s, X (7))[dCs

to to
< t | (s, Xt (7))ds + K (7) - t l9(s, X1, (7))|ds

< H|t —to| < Ha < b.

Hence (t,Y,(t)) € R, when to <t < to+1/n. If tg+1/n <t <tyg+2/n, then to <t —1/n <ty+1/n. So,
Y, (t —1/n) is determined from the previous step and |Y,,(t — 1/n) — Xy, (7)| < b. Also, Y, (t) is continuous
on [tg,tg + 2/n]. Moreover, on the interval to + 1/n <t <ty + 2/n,

Yalt) = Xey()| < [ 175, Yals = )lds + [ lg(s, Yals = 2)IAC, ()

t(J t()

< [ U Yals = 2ls+ [ la(s.Yals = 2)IC)

to
t t
< [ 15 Yals = 2 )las + K - [ lg(s, Yals — +))lds
to to n

< H|t —to] < Ha < b.

After a finite number steps, we construct Y, (t). Meanwhile, Y,,(¢) is bounded on [t,ty + «], since |V, (t) —
Xy (M < 0.

From the construction, it is found that Y,,(¢) is Lipschtiz continuous on [tg, o + a]. Indeed,

Yoltn) = Yalta)l < | [ £ Vals = 2ls+ [ ol Yals = )lCL0)
< [l = s+ KG)- [ ot Vil = 2l
§H|t1—t2|, VTLZI (10)

Thus, {Y,,(t)}52, is equicontinuous and bounded. According to Ascoli-Arzela Theorem, there exists a

subsequence of {Y,,(t)}52; that converges uniformly on [to, ¢ + «]. For the sake of simplicity, we still denote
this subsequence as {Y;,(t)}22 ;.

Denote X;(y) = lim Y,,(¢). X:(v) is continuous on [tg, to + «]. From the definition of Y,,(¢) and inequal-
n—00
ity (), we have

Yalt = ) = Xu(3)]

IN

Yalt = ) = Yalo)l + [¥a(t) — X,()

H
- + Y. (t) — Xe(7)], VYn>1, Vi€ [to,to + af.

IN
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Hence, Y, (t — 1) converges uniformly to X (7).
Since f(t,z) and g(t,x) are continuous, from the definition of Y, (¢),

i 1 t 1
Yo (t) = X4, (7) +/ f(8,Yn(s — —))ds +/ 9(s, Yn(s = —))dCs(v), (11)
to n to n
we obtain . .
Xi() = X0+ [ Fs Xe)ds+ [ gl Xa()C ()
to to
by taking limit on both sides of expression (). The proof of Lemma 3 is completed. g

As in Section 3, we can extend the solution to [0, +00) under the linear growth condition.

Lemma 4 Fiz~ € T, under Condition 3 and Condition 2, the solution of integral equation (B) can be extended
to [0, +00).

Proof: The proof of this lemma is similar to that of Lemma 2. O
Since «y is an arbitrary sample path, we have

Theorem 5 Under Condition 3 and Condition 2, the uncertain integral equation

t t
Xt:XO—i—/ f(s,Xs)ds—i—/ g(s, Xs)dCs
0 0

has at least one sample-continuous solution.
Or, equivalently, we have

Theorem 6 Under Condition 8 and Condition 2, the UDE
dXt = f(t7 Xf)dt + g(t, Xt)dC’t

has at least one sample-continuous solution.

5 Conclusion

This paper mainly gave an existence and uniqueness theorem for UDEs under the local Lipschitz condition.
This theorem is more general than the existence and uniqueness theorem proved by Chen and Liu [{]. Then,
an existence theorem without Lispchitz condition was given. Although only under continuous condition, the
uniqueness of solution is not guaranteed, this theorem largely extends the set of solvable UDEs.
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