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Abstract 

 
 By confining the parametera in confident threshold 1 2 1a £< in rough set model based on uncertain measure, 

variable precision rough set model based on uncertain measure is given. The lower approximation and upper 
approximation are defined in approximation uncertainty space, and their properties are discussed. 
© 2011 World Academic Press, UK. All rights reserved. 
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1 Introduction 
 
In order to deal with imprecise, uncertain and incomplete data, the rough set was introduced by Pawlak [3] in 1982, 
which was a branch of uncertain mathematics. Since the rough set has been proposed, the rough set attracts more and 
more people’s attention and is widely used in practice. Now, it becomes a popular branch of information and systems 
science [9]. The extension of rough set model is a main research direction of the theory of rough sets [8]. 

Considering the shortcoming of Pawlak rough set model in [3], the probabilistic rough set model based on 
probability measure is established [6]. Because the condition of additivity of probability measure is more restrictive, 
probabilistic rough set model is confined in some applications [7]. Therefore, many scholars studied rough set model 
based on non-additivity measures [1], which expanded the rough set model. For example, Tian et al. [5] proposed 
rough set model based on uncertain measure. 

The rough set model in [5] contains two parameters a b, , and their restrictive condition is same; the constraint 
between a and b is not strict simultaneously. With different values of a b, , we have a different understanding a 
notion of the universe [4]. Therefore, decision risk may increase in decision-making practical application. In order to 
deal with the above problem, variable precision rough set model based on uncertain measure is proposed in this paper.  
 

2 Preliminaries 
 
In this section, we will introduce the notations of uncertain measure, conditional uncertain measure, and the 
approximations of rough set model based on uncertain measure. 

Definition 1([2]) Let G be a nonempty set and L  be a s -algebra onG .  Each element LLÎ  is called an event. An 
extended real valued set function M  defined on L  is called an uncertain measure, if it satisfies: 

(1) (Normality) ( )M 1G = ; 

(2) (Monotonicity) ( ) ( )1 2
M ML L£ whenever 1 2 L,L L Î , and 1 2L LÍ ; 

(3) (Self-Duality) ( ) ( )CM M 1L L+ = for every LLÎ ; 

(4) (Countable Subadditivity)  
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For every countable sequence{ }iL of sets in L.  The triplet ( )L M, ,G  is an uncertainty space. 

Theorem 1([2]) Let M be an uncertainty measure and be defined on( )L,G . If 1 2A A L, Î , then 

( ) ( ) ( )1 2 1 2
M A A M A M AÈ £ + . 

Definition 2([2]) Let ( )L M, ,G  be an uncertainty space, A B L, Î . Then the conditional uncertain measure of A  

given B is defined by 

( )

( )
( )

( )
( )

( )
( )

( )
( )

C C

M A B M A B
if 0 5

M B M B

M A B M A B
M A B 1 if 0 5

M B M B

0 5 otherwise
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<

Ç Ç
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Definition 3([5]) Let U be a nonempty set, R be an equivalence relation on U , and the equivalence classes of R  
be { }1 2 nU R X X X, , ,=  . The equivalence class containing x  is denoted by [ ]x . Let M  be an uncertain measure on 

s -algebra assembled by subsets of U . Then the triplet ( )MA U R M, ,= is called an approximation uncertainty space. 

Any subset of U is called a notion, which represents a random event. ( )M A B is the conditional uncertain measure of 

A given B . 
Definition 4([5]) Let 0 1b a£ < £ and X UÍ .  Then the lower and upper approximations with respect to the 
approximation uncertainty space ( )MA U R M, ,=  according to parameters ,a b are defined as follows: 

( ) [ ]( ){ }M X x U M X xa a= Î ³ ; 

( ) [ ]( ){ }M X x U M X xb b= Î > . 

Definition 5([5]) If 0 1b a£ < £ , then the approximation accuracy ( )X, ,h a b of X with respect to approximation 

uncertainty space ( )MA U R M, ,= according to ,a b is defined by 

( )
( )

( )

M X
X

M X
, ,

a

b

h a b = . 

The numbers of the elements contained in X are expressed by X . 

 

3 Variable Precision Rough Set Model Based on Uncertain Measure 
 
Definition 6 Let U be a nonempty set, R  be an equivalence relation on U , and the equivalence classes of R  
be { }1 2 nU R X X X, , ,=  . The equivalence class containing x is denoted by[ ]x . Let M  be an uncertain measure over 

s -algebra assembled by subsets of U . Then the triplet ( )MA U R M, ,=  is called an approximation uncertainty space. 

Let 1 2 1a £< and  X U" Í . Then its lower and upper approximations with respect to the approximation uncertainty 

space ( )MA U R M, ,= according to parametersa are defined as follows: 

( ) [ ]( ){ }M x U MX X xa a= Î ³ , 

( ) [ ]( ){ }M x U M X xX 1a a= Î -> . 

The positive region, negative region and boundary region of X with respect to ( )MA U R M, ,= according to 

parametersa are defined by: 

( ) ( ) [ ]( ){ }M Xpo x U M X xs X, a aa = Î ³= , 

( ) [ ]( ){ }bn X x U 1 M X xa a a= Î - < £, , 
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( ) ( ) [ ]( ){ }neg X x U MU M 1X X xaa a= Î -= £, . 

Obviously, the above definitions are equivalent to the following equations: 

( ) [ ] [ ]( ){ }x M X x xX UMa a= È Î³ , , [ ] [ ]( ){ }M X x M X x 1 x U,a a= È - Î> , 

( ) ( ) [ ] [ ]( ){ }pos X x M X xM X x Uaa a= = È Î³, , , 

( ) [ ] [ ]( ){ }bn X x 1 M X x x U, ,a a a=È - < £ Î , 

( ) ( ) [ ] [ ]( ){ }Uneg X x M XM 1X x x Uaa a= È - Î= £, , . 

The positive region, negative region and boundary region of X with respect to ( )MA U R M, ,=  according to 

parameter a form a division of U , which is 

( ) ( ) ( ) ( ) ( ) ( )M X pos X bn X bn X M X pos X, , , , ,a aa a a a= È = . 

When ( ) ( )M X M Xa a= , or ( )bn X,a f= , X is called a defined set with respect to ( )MA U R M, ,=  according to 

parameter a , otherwise X is called a rough set with respect to ( )MA U R M, ,= according to parameter a . 

Theorem 2 Let ( )MA U R M, ,=  be an approximation uncertainty space. If 1 2 1a £< , X UÍ and X U X= - , then 

( ) ( )pos X neg Xa a= . 

Proof: Because 
( ) ( ) [ ]( ){ }pos X M X x U M X xaa a= = Î ³ , 

( ) [ ]( ){ }M X x U M X x 1a a= Î > - , 

( ) ( ) [ ]( ){ }neg X U M X x U M X x 1aa a= = Î £ - , 

and X U X= - , 
so                  

( ) ( ) ( )pos X pos U X U M Xaa a= - = . 

We have  
( ) ( )pos X neg Xa = . 

Example 1([5]) Let { }1 2 3 4U x x x x, , ,= be the universe and R be an equivalence relation on U . Let { }M x be the 

uncertain measure defined on a s -algebra over U.  Its equivalence class be { }1 2 3U R E E E, ,= , { }1 1 2E x x,= , 

{ }2 3E x= , { }3 4E x= , { }1 4
X x x

,
= is one of the subsets of U . We define 

( )1
M E 0 4.= , ( ) ( ) ( )1 3 2

M X E 0 2   M E 0 3   M X E 0. , . ,Ç = = Ç = . 
Then  

( )
( )
( )

1

1

1

M X E 1
M X E

M E 2

Ç
= = , ( )

( )
( )

2

2

2

M X E
M X E 0

M E

Ç
= = , 

( )
( )
( )

3

3

3

M X E 3
M X E

M E 4

Ç
= = . 

According to the above Definition 4, we can obtain the lower and supper approximate sets of X with respect 
to R according to the parametersa b, in rough set based on uncertain measure. 

Let 0 3 0a b= =. , .  

( )0 3 1 3
M X E E. = È , 0 1 3

M E E= È . 

Let 0 6 0 4a b= =. , . . 

( )0 6 3
M X E. = , 0 4 1 3

M E E. = È . 
According to the above Definition 6, we can obtain the lower and supper approximate sets of X with respect 

to R according to the parameters a b, in variable precision rough set based on uncertain measure. 

Let 0 7 1 0 3a a= - =. , . . 

( )0 7 3
M X E. = , 0 7 1 3

M E E. = È . 
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Let 0 9 1 0 1a a= - =. , . . 

( )0 9M X. f= , 0 9 1 3
M E E. = È . 

According to the above Example 1, we obtain: With different values of ,a b , both ( )M Xa  and ( )M Xa  have 

different values in rough set based on uncertain measure; if for any a ( )1 2 1a< £ ，then ( ) 1 3
M X E Ea = È  and 

( ) ( )M X M Xaa Í  are permanent establishment in variable precision rough set based on uncertain measure. By 

comparing with the model in Definition 4, the model in Definition 6 decreases the decision risk in dealing with 
practical problems.  
Definition 7 Let U be a nonempty set and ( )M

A U R M, ,= be an approximation uncertainty space. If for any X UÍ  

and 1 2a = , the boundary of X with respect to ( )M
A U R M, ,=  according to parametersa is defined by: 

( ) [ ]( ){ }bn X x U M X x
1

2
a

= Î = ， 

then ( )1 2
bn X  is the boundary region according to the parametersa in ( )M

A U R M, ,= . 

Theorem 3 Let 1 2 1a £<  and X Y U, Í . Then the approximation operators satisfy the flowing dual properties: 

(1) ( ) ( ) ( )M X M X M XX, aa aÍ Í ; 

(2) ( ) ( ) ( ) ( )M M M U M U U,a aa af f f= = = = ; 

(3) ( ) ( ) ( )M X M Y M X Ya a aÈ ÈÍ ;  

(4) ( ) ( ) ( )M X M Y M X Ya a aÇ ÇÊ ; 

(5) ( ) ( ) ( )M X M Y M X Ya a aÈ ÈÍ ; 

(6) ( ) ( ) ( )M X M Y M X Ya a aÇ Ê Ç ; 

(7) ( ) ( ) ( ) ( )M X M X M X M X,a aa a= =    ; 

(8) If X YÍ , then 

( ) ( ) ( ) ( )M X M Y M X M Y, a aa aÍ Í ; 

(9) If 
1 2

a a£ , then 

( ) ( ) ( ) ( )1 2
1 2

M X M X M X M X,a a a aÍ Ê , ( ) ( )1 2
bn X bn X, ,a aÍ , 

( ) ( )2 1
neg X neg X, ,a aÍ . 

Proof:  ⑴ and ⑵ can be obtained directly from Definition 6. 
⑶ Because   

( ) [ ]( ){ }M X x U M X x 1a a= Î > - , 

( ) [ ]( ){ }M Y x U M Y x 1a a= Î > - , 

if ( ) ( )x M X M Ya aÎ È , then ( ) ( )x M X   M Yora aÎ . 

According to Theorem 1 we can obtain that  
( ) [ ]( ) [ ]( ) [ ]( ){ }M X Y x M X x M Y xÈ > max , . 

Then ( ) [ ]( )M X Y x 1 aÈ > - , ( )x M X YaÎ È . So ( ) ( ) ( )M X M Y M X Ya a aÈ Í È . 

⑷ Let ( )x M X YaÎ Ç . Then ( ) [ ]( )M X Y x aÇ > . 

According to the nature of uncertainty measure we can obtain that 
( ) [ ]( ) [ ]( ) [ ]( ){ }M X Y x M X x M Y xÇ < min , . 

Then 

( ) [ ]( ){ }M X x U M X xa a= Î ³ , 

( ) [ ]( ){ }M Y x U M Y xa a= Î ³ , 

( ) ( )x M X M Ya aÎ Ç . 
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So ( ) ( ) ( )M X M Y M X Yaa aÇ Ê Ç . 

Similarly, we can conclude that (5) holds true. 
(6) is proved according to the proof of (4). 
(7) is proved according to Theorem 2. 
(8) and (9) are obtained according to the definitions of the lower and upper approximations. 

Theorem 4 Let U be a nonempty set and ( )
M

A U R M, ,= be an approximation uncertainty space. If X UÍ and 

1 2a  , then 

(1) ( ) ( ) ( )1 2
1 2 1 2

M X M X M Xlim a a
a a >

= È = ; 

(2) ( ) ( ) ( )1 2
1 2 1 2

M X M X M Xlim a a
a a >

= Ç = ; 

(3) ( ) ( )
1 2 1 2

1
bn X bn X bn X

2
lim , , ,
a a

a a
 

= Ç =
æ ö÷ç ÷ç ÷çè ø

; 

(4) ( ) ( ) ( )1 2
1 2 1 2

neg X neg X neg Xlim a a
a a 

= È = . 

Proof: ⑴ As 1 2 1a £< , we have  

( ) [ ]( ){ }M X x U M X xa a= Î ³ , 

( ) [ ]( )1 2

1
M X x U M X x

2
= Î ³
ì üï ïï ïí ýï ïï ïî þ

. 

And according to the properties of the uncertain measure and the feature of the set we can obtain that 
( ) ( )1 2M X M Xa Í . 

Then  
( ) ( ) ( )1 2

1 2 1 2
M X M X M Xa a

a a >
= È Ílim . 

If ( ) ( )1 20
1 2

x M X M Xa
a>

$ Î È\ ,  then ( )1 20
x M XÎ , so [ ]( )0

M X x 1 2³ . 

Because ( )0
x M XaÏ , [ ]( )0

M X x a< . And because 1 2  , this is a contradiction.  

Because [ ]( )0
M X x a< , [ ]( )0

M X x 1 2> . So 

( ) ( )1 2
1 2

M X M Xa
a>
È = . 

Then  
( ) ( ) ( )1 2

1 2 1 2
M X M X M Xlim a a

a a >
= È = . 

Similarly, (2), (3) and (4) are proved. 

In order to describe the approximation of X with respect to ( )
M

A U R M, ,=  according to parametersa , then 

approximation accuracy ( )X,h a and approximation roughness ( )X,r a  are defined by 

( )
( )

( )

M X
X 1

M X
,

a

a

r a = - , 

( ) ( )
( )

( )

M X
X 1 X

M X
, ,

a

a

h a r a= - = . 

( )M Xa  represents the number of elements contained in the lower approximation. 

Theorem 5 Let ( )X,h a  be approximation accuracy in an approximation uncertainty space ( )A U R M, ,a = . Then 

( )0 X 1,h a£ £ . 

Proof: Because X  is definite set, ( ) ( ) ( )M X M X bn X, ,aa a f= = , we obtain ( )X 1,h a = . 

If X  is rough set, 

( ) ( )M X M Xaa ¹ , ( )bn X,a f¹ , ( ) ( )M X M Xaa Í . 
And because 
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( )
( )

( )

M X
X

M X
,

a

a

h a = . 

Then ( )0 X 1,h a£ < . If and only if ( )M Xa f= and ( ) ( )M X bn X,a a= , 

( )X 0,h a = . 
Therefore, the conclusion is proved. 

 

4 Conclusions 
 
Rough set model based on uncertain measure considers the uncertainty of available information in the approximation 
uncertainty space, but the range of its parameter values is imprecise. Therefore, decision risk maybe increased in 
decision-making practical application. Comparing with rough set model based on uncertain measure, the 

parametera in confident threshold 11 2 a< £ is contained in variable precision rough set model based on uncertain 

measure. So the model decreases the decision risk in dealing with practical problems.  
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