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Abstract

Type-2 (T2) fuzzy variable is an extension of an ordinary fuzzy variable. In fuzzy possibility theory,
T2 fuzzy variable is defined as a measurable map from the universe to the set of real numbers, and the
possibility of a T2 fuzzy variable takes on a real number is a regular fuzzy variable (RFV). T2 fuzziness,
which is usually used to handle linguistic uncertainties, can be described as T2 fuzzy variable. In this paper,
we discuss some new results about T2 fuzzy arithmetic, which have applications in fuzzy optimization and
decision making problems.
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1 Introduction

The concept of a T2 fuzzy set as an extension of an ordinary fuzzy set was introduced by Zadeh [23]. But in
the 1970’s, there were only a few researchers to study T2 fuzzy sets. For instance, Mizumoto and Tanaka [14]
discussed what kinds of algebraic structures the grades of T2 fuzzy sets form under join, meet and negation,
and showed that normal convex fuzzy grades form a distributive lattace under the join and meet; Nieminen
[16] studied on the algebraic structure of T2 fuzzy sets; Dubois and Prade [2] investigated the operations in a
fuzzy-valued logic; Yager [22] applied the T2 fuzzy set to decision making. A T2 fuzzy set is characterized by
a fuzzy membership function. A T2 fuzzy set represents the uncertainty in terms of secondary membership
function and footprint of uncertainty [I2]. Now, T2 fuzzy sets have been applied successfully to T2 fuzzy logic
systems [B], [6], pattern recognition [I3] 25l 26], and etc. [3] @4, 8] ©].

Liu and Liu [II] presented the fuzzy possibility theory which is a generalization of the usual possibility
theory [7, 15, 17, 20, 21} 24]. The paper introduced some fundamental concepts in the proposed theory, such
as fuzzy possibility measure defined as a set function from the ample field to a collection of RFV values, fuzzy
possibility space (FPS), T2 fuzzy variable defined as a measurable map from the universe to the set of real
numbers and the possibility of a T2 fuzzy variable takes on a real number is an RFV, T2 possibility distribution
function, secondary possibility distribution function. To characterize the properties of T2 fuzzy variables in
some aspects, Chen and Wang [I] presented a scalar representative value operator for T2 fuzzy variable. They
also discussed some properties of the representative value operator. For discrete T2 fuzzy variable and T2
triangular fuzzy variable, they obtained the computational formulas of the representative value. To defuzzify
type-2 fuzzy variables, Qin et al. [I8] 9] gave the mean reduction methods and the critical value reduction
methods for the type-2 fuzzy variable. The reference [I1] also provided the theoretical foundation for the
arithmetic of T2 fuzzy variables. In this paper, for three kinds of common T2 fuzzy variables, we give some
new results of T2 fuzzy arithmetic.

The paper is organized as follows. We first recall several required fundamental concepts in Section
Section [3] gives the arithmetic results of some T2 triangular fuzzy variables. The arithmetic results of some
T2 trapezoid fuzzy variables are described in Section [d In Section [f] we conclude the arithmetic results of
some T2 normal fuzzy variables. Finally, Section [6] gives the conclusions.
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2 Preliminaries

Let T be the universe of discourse. An ample field A on I' is a class of subsets of I' that is closed under
arbitrary unions, intersections and complement in I'. Let £ be a fuzzy variable which was defined on the
possibility space (T, A, Pos) [2I] with possibility distribution function x : ® — [0, 1].

An m-ary regular fuzzy vector £ = (£1,&s,...,&y) is defined as a vector from T to the set [0,1]™, i.e., for
any vy €T, () = (&1(7), &(7), - -+, &€m(y)) € [0,1]™. Asm=1, ¢ is called an RFV. For example, £ = (71,72, 73)
with 0 < ry < rg < r3 < 1is a triangular RFV. A fuzzy variable which only takes on value 0 with possibility 1
is an RFV, denoted by 0. A fuzzy variable which only takes on value 1 with possibility 1 is an RFV, denoted
by 1.

In this paper, we denote by R([0,1]) as the collection of all RFVs on [0, 1].

Definition 1 [10] Let &;,1 < i < m be m;-ary regular fuzzy vectors defined on a possibility space (T, A, Pos),
respectively. They are said to be mutually independent if

Pos{y e I' | &(v) =t1,. .., &m(Y) =t} = mini<j<,y Pos{y € T' | &(y) =t} (1)

for any t; = (tgi), oty e[0,1m andi=1,--- ,m.
Moreover, a family of reqular fuzzy vectors {&;,1 € I} is said to be mutually independent if for each integer
m, and i1 < iy < --- < iy, the reqular fuzzy vectors &, ,k =1,2,...,m are mutually independent.

Definition 2 [I1] Let A be an ample field on the universe T', and Pos : A — R([0, 1]) a set function on A
such that {Pos(A) | A > A atom} is a family of mutually independent RFVs. We call Pos a fuzzy possibility
measure if it satisfies the following conditions:

Pos1) Pos(f) = 0;
Pos2) For any subclass {A; | i € I} of A (finite, countable or uncountable),

Pos (U Ai> = sup Pos(4;).

icl i€l

Moreover, if pog (1) =1, then we call Pos a reqular fuzzy possibility measure.

()

The triplet (T, A, Pos) is referred to as a fuzzy possibility space (FPS).
If the universe I is a finite set, then the ample field A on I' is an algebra containing a finite number of
subsets of I'. Therefore, the axiom Pos2) in Definition [2 can be replaced by

Pos (H Al-) = max Pos(A;)

for any finite subclass {A;,i =1,...,n} of A.
If A is the power set of the universe I', then the atoms of A are all single point sets {y},v € I". Therefore,
in order to define a fuzzy possibility measure on A, it suffices to give the value of Pos at each single point set.

Definition 3 [I1] Let (T',.A, Pos) be an FPS. A map € = (€1,&a,...,6m) : T —= R™ is called an m-ary T2
fuzzy vector if for any x = (x1,%2,...,Tm) € R™, the set {y € T' | {(v) < a} is an element of A, i.e.,

{vel &) <zt ={veT[&() Sz1,....&n(7) Sz} € A (2)
Asm =1, the map £ : T'— R is called a T2 fuzzy variable.

Definition 4 [I1] Let &,i = 1,2,...,m be T2 fuzzy variables defined on an FPS (T, A, Pz)s). They are said
to be mutually independent if

Pos({y €T [&(7) € Br, -+ ,&m(7) € B}) = min Pos({y €T &() € Bi}) (3)

forany B; C R,i=1,2,--- ;m, where PE)S({’Y el |&(y) € Bi}),i =1,2,--- ,m are supposed to be mutually
independent RFVs.

Moreover, a family of T2 fuzzy variables {§; | i € I} is said to be mutually independent if for each integer
m > 2, and i1 < iy < --- < iy, the T2 fuzzy variables &, ,k =1,2,--- ,m are mutually independent.
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Definition 5 [I1] Let & = (£1,&,...,&m) be a T2 fuzzy vector defined on an FPS (T, A, Pos). The secondary
possibility distribution function of £, denoted by fic(z), is a map R™ — R([0,1]) such that

fig(r) = Pos{y €T [&(y) =2}, = eR™, (4)
while the T2 possibility distribution function of &, denoted by pe(x,u), is a map R™ x J — [0,1] such that
el u) = Pos {fig(x) = u}, (2,u) € R x J, (5)

where Pos is the possibility measure induced by the distribution of ﬁg(m), and J, C [0,1] is the support of
fig(z), di.e., Jp = {u € [0,1] | pe(w,u) > 0}.
Liu and Liu [T1] dealt with the arithmetic of T2 fuzzy variables as following.

Theorem 1 [II] If &,i = 1,...,n are T2 fuzzy variables on an FPS (T, A, Pz)s), and [ is a real-valued
function from R™ to R, then the function n = f(&1,&s,...,&,) defined by

n(y) = f(&(7),60),..., (7)), v€ET (6)

1s also a T2 fuzzy variable on the FPS, and its secondary possibility distribution function can be written as

/]’n(y) = Sup ﬂg(ﬂ?l,ﬂ?g,...,l‘n), yeéR (7)

flz1,22,...,20)=Y

where (r1,Tg,...,2,) € R, and fig(x1,72,...,2,) is the secondary possibility distribution function of { =

(51,527 e agn)
Definition 6 [I1] The support of a T2 fuzzy vector € is defined as

supp§ = {(z,u) € R™ x [0,1] | pe(x,u) > 0}
where pe(x,w) is the T2 possibility distribution function of &.
A T2 fuzzy variable ¢ is called triangular [18] if its secondary possibility distribution fi¢(x) is

r—r1 _ 0 mln{ r—T1 T2 —X r—T1 T—T1 + 0 min{ r—T1 T2 —XT
ro—T1 l ro—r1’ ro—r1J? ro—r1’ ro—ry r ro—r1’ ro—"r1

for z € [rq1,72], and

r3s—T 0 mln{ T3—XT Tr—T2 } T3—XT T3—X + 0 min{ T3—XT Tr—To
r3—"Tr2 l 7"3—’!‘27 r3—72 ’ 7’3—’!‘2’ r3—7r2 T 7‘3—1"27 T3—72

for © € [rq,r3], where 6,0, € [0,1] are two parameters characterizing the degree of uncertainty that £ takes
the value z. For simplicity, we denote the T2 triangular fuzzy variable £ with the above distribution by
(flarF27[F3;0l79T)' N

A T2 fuzzy variable ¢ is called trapezoid [18] if its secondary possibility distribution fi¢(z) is 1 for = €
[T27 7’3],

r—ri1 _ 0 mln{ r—T1 T2 —XT } Tr—T1 T—T1 + 0 min{ r—T1 T2 —XT
ro—T1 l ro—r1’ ro—r1J? ro—r1’ ro—ry r ro—r1’ ro—7r1

for z € [rq1,72], and

T4—X 3 T4—X r—T, T4—X T4—T s T4—X r—T,
D=L _ @ min{ =2 3} Mmoo ) min{ =L 3
T4—T3 T4—7r3’ T4—T3 T4—73’ T4—T3 T4—7r3’ T4a—T3

for © € [rg, r4], where 6,0, € [0,1] are two parameters characterizing the degree of uncertainty that ¢ takes
the value x. For simplicity, we denote the T2 trapezoid fuzzy variable £ with the above distribution by
(fla va 7‘137 7:47 0[7 07‘)

A T2 fuzzy variable £ is called normal if its secondary possibility distribution fi, (z) is

(exp(— (%”)2) — 0, min{1 — exp(— (@=p) ), exp(_M)}7 exp(— (z—p)* ),

202 202 202 202

exp(— ) + 0 min{1 — exp(— S8, exp(— 555} )

202 202 202

for any x € R, where p € R, ¢ > 0, and 6;,0,, € [0,1] are two parameters characterizing the degree of
uncertainty that £ takes the value z. For simplicity, the T2 normal fuzzy variable £ with the above distribution
is denoted by 7(u, 0%; 0y, 6,).
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3 The Linear Combination of T2 Triangular Fuzzy Variables

Theorem 2 Let & = (71,72, 73;0;,0,) be a T2 triangular fuzzy variable. Then for any real number a # 0, we
have
€= (af1, afs, ats; 01, 0,), ifa>0
T (afs, afy, air;01,0,), ifa <0

Proof: According to the definition of T2 triangular fuzzy variable, we have fi,¢(z) = fig(5). If a > 0, and
2 € [r1,ro], ie., x € [ary, arg], then

~ o~ my _ [ Eor Ty ra—=% &—ry Ty ra—=%
uaf(x)iﬂf(a)i (7"2 —T1 almln{TZ T’ Ta—T1 ’7"2 7”1’7”2 1 +9 mln{?“z: —r1’ ro— 7"1})

_ r—ary 0 T—ary ars—x T—ary r—ary : r—ary ars—x
= — 6; min{ 6, min{ .
ars—ari l ars—ary’ arg—ary J’ ars—ary’ arg—ary + T ars—ary’ arg—ary

If a >0, and T € [ro, 73], i.e., x € [ary, ars], then

g (2) = e(2) = (7= — omin{ 22, 22020, oo o (= i)

:u‘af(x) - u’ﬁ(a - (7‘3 ) 0[ min r3— 7’27 rg—roJd? rg— r27 r3— rz + 9 min r3— 7’27 7’3 T2
ars—x ars—x T—ar: ars—x ars—x : ars—x T—ar:

= ( 3 — 6, min{-%3=2_ 2} ars | Als= 4 ) mpin{-2fa=L 2 )
ars—ary ars—ary arz—ars ars—ara arz—ars ars—arsy ars—ars

Therefore, for any real number a > 0, we have
a = (afy, ata, ar'z; O;, 0,).

If a <0,and £ € [r1,r9], i.e., € [ary, ary], then

~ - xT p— r—arnr 3 r—armr ary—T r—armr r—ar s r—armr ary—T
fige(x) = fic(F) = (71 — 01 min T arsar ) : w0 min F aryar )

ars—ary ars—ary’ arg—ary ars—ary’ arg—ary args—ary’ are—ary
_ ary —x 0 : ary —x r—ary ary—x ary—x : ary—x r—ary
= — 0, min{ min .
(arlfarg l ari—ars’ ary—are J’ ari—ars’ ary—ars + T ari—ars’ ary—ars

If a <0,and £ € [rp,73], i.e., x € [ar3, ars], then

ﬂa&(x) = ﬂf(%) = (M — 9[ mln{ ars— T T—ars }, arz—=x arz—x + 97‘ min{ -@ra=z__z—ars )

arz—ars arz—ars’ arg—ars arz—ars’ arg—ars arz—ars’ arg—ars
_ T—arz : r—ars ars—x r—ars r—ars : r—ars ars—x
- (ar —ar 91 min arg—ars’ arg—arsz )’ arg—ars’ arg—ar + 97' min arg—ars’ arg—ar ) :
2 3 2 3 2 3 2 3 2 3 2 3 2 3

Therefore, for any real number a < 0, we know that
a§ = (afff\a af?a aﬂzl; el; 97’)
The proof is complete.

Theorem 3 Let & = (71,72,73;01,0,) and & = (l~1,l~27l~3;9179r) be two mutually independent T2 triangular
fuzzy variables, and § = & + &. The secondary possibility distribution function of &1 is fi¢, (z),r € R,
{ftg,(x),x € [r1,73]} is supposed to be a family of mutually independent RF'Vs. The secondary possibility
distribution function of &a is fig,(z),x € R, {fig,(x),x € [l1,l3]} is supposed to be a family of mutually
independent RF'Vs. Then

E=(rm+h,re+1a,r3+13;6,,6,).

Proof: Since &;,7 = 1,2 are mutually independent T2 fuzzy variables, according to Theorem [[]and Definition
the secondary possibility distribution function of £ is

fic(x) = sup [fig (x1) Afig,(22), x€R (8)

r1+xTo=x

where fig, (z;) is the secondary possibility distribution function of &;.
By the definitions of fig, (t), i = 1,2 and the Extension Principal of Zadeh, we have

fe, (T1) A fig, (22) = fig, (21)
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in the following four cases (i) — (iv):

: Ty —r xo —1
(i) r <x1 <roly <y <ly and =—L <21
ro—r1 ~ la—1

—r I3 —x
13 2

.. T
(1i) r <z <r9,lys <y <l3, and ! < ,
T2 —T1 I3 =1y

T3 — T x9 —1
(#it) 1o <t1 <rsg,ly <ta <ly, and 2 L2 1
r3s —T2 la — 1l

. r3 — T I3 —x
(’LU) T2§$1§T3,ZQS$QSZ3, and 3 1< 3 2

r3—ry ~ l3—ly
So, for any x1, x such that x1 + x2 = x, we have the following results: in case (i), if

r1 — T 1’2—[1

ro—r1  lo—1I’
we have
sup  fig, (21) A fig, (22) = fig, (21) = fg, (22);

r1+To=1
in case (i7), if
T, — T I3 — 29

T2 —T1 B l3—l27
we have
sup fig, (z1) A fig, (22) = fig, (1) = fig, (72);

xr1+xro=2
in case (7i1), if
r3s — I z2— Uy

r3 —"T2 B lo =1’
we have
sup  fig, (21) A fug, (22) = fg, (21) = fg, (22);

r1+To=1
in case (iv), if
rg—mr1 I3 — T2

rs—ry  lz—1y’

we have
sup  fig, (z1) A fig, (2) = fig, (x1) = fig,(22).
r1+xro=2
From @D, we have
T = xro—lira+rilo—xr xT1—T1 __ z—r1—11
1= rotla—ri—l b re—r1 - rotle—ri—li”
From (11)), we have
T = xrg+liro—ralo—xre r3s—x1 __ rz—r3—I
1= rag—re—la+li 7 r3—ra T rotla—rz—ii’

It is easy to know that —&—m=b__ > _2=ra=l __ anq ¢ 4] < 2 < 1o+ lo. That is to say

rotla—ri—l rot+la—rz—Ii

[Lg(x) _ ( rz—r1—11 o 91 mln{ x—r1—11 lotro—x } Tz—r1—11

rotla—ri—l1 rotlo—r1—l17 retla—ri—l1 [ > rotla—r1—11’

x—r1—I + er mm{ x—r1—I lot+ro—x })

rotla—ri—l rotla—ri—l1? rotla—r1—l1

for any x € [rq 4+ 1,72 + l3]. In the same way, from and , we have

~ _ rst+ls—z _ . rs+ls—x z—lo—7o rst+ls—x
He (x) - (T3+13*T2*12 0y min { r3+lz—ro—la? r3g+Hlz—ra—lo } > r3gtlz—ro—l2’

rs+ls—=x + er min{ rat+ls—x r—Ilo—79 })

rat+lzg—ra—l2 ra+lzg—ra—l2? r3t+lz—ra—I2

231

(11)



232 Y. Chen and L. Zhang: Some New Results about Arithmetic of Type-2 Fuzzy Variables

for any x € [ro + I, 73 + l3]. -
If v <7y +1 or x > 73+ 13, then fi(z) = 0. So

—_~—

€= (1 +l,ra+ Loy + 133601, 6,).

The proof is complete.

Under some wild assumption, according to Theorems [2] and [3] we know that the linear combination of
a finite number of T2 triangular fuzzy variables, which have the same parameters 6, and 6,, is also a T2
triangular fuzzy variable. This result can be prescribed as the following theorem.

Theorem 4 Let & = (71,72,73;60;,0,) and & = (l~1,l~2,l~3;¢91,07«) be two mutually independent T2 triangular
fuzzy variables, and & = a&y + b€y where a,b # 0 are two any real numbers. The secondary possibility
distribution function of &1 is fig (x),v € R, {fig, (v),z € [r1,r3]} is supposed to be a family of mutually
independent RF'Vs. The secondary possibility distribution function of & is fig,(v),x € R, {fig, (v),x € [l1, 3]}
1s supposed to be a family of mutually independent RFVs. Then

(am+bll,ar2+bl2,a7“3+blg,91, ), ifa,b>0

¢ = (ar 1+b13,a7;::/b12,(17§::/b11,91, 0:), ifa>0andb<0
(ars +bl1,ar2+bl2,ar1 +bl3;6,,0,), ifa<0andb>0
(arg + blg,arg + blg,arl +bl1;61,0,), ifa,b<O.

Example 1: Let & = (1,2,1;0.6,0.8) be a T2 triangular fuzzy variable. The support of &; is showed in
Figure The secondary possibility distribution function of £, is fig, (), € R, {fi¢, (z), € [1,4]} is supposed
to be a family of mutually independent RFVs. Let & = (2,3,4;0.6,0.8) be a T2 triangular fuzzy variable.
The support of & is showed in Figure 2| The secondary possibility distribution function of &3 is fig, (x),z € R,
{fig, (x), = € [2,4]} is supposed to be a family of mutually independent RE'Vs. Also, we suppose that triangular
fuzzy variables £; and & are mutually independent. Then £ = & + & = ( 5,8;0.6,0. 8) is a T2 triangular
fuzzy variable. The support of £ is showed in Figure

1 T T

0.9F 4

0.8r b

0.7r b

0.6 4

0.5r b

0.4r b

0.3F 4

0.2r b

01 i

0 L I L
1 15 2 3 4

Figure 1: The support of the T2 fuzzy variable £; defined in Example 1

4 The Linear Combination of T2 Trapezoid Fuzzy Variables

Theorem 5 Let { = (71, 72,73,74;6;,0,) be a T2 trapezoid fuzzy variable. Then for any real number a # 0,
we have
CLC.: { (aflaaf27a7z37a7z4;0l307‘)7 Zfa >0
(GF4,G7"'V3,CL7ZQ7(L’I~’1;QZ,0T)7 Zfa <0.
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2 25 3 35 4

Figure 2: The support of the T2 fuzzy variable £; defined in Example 1

Figure 3: The support of the T2 fuzzy variable £ defined in Example 1

Proof: According to the definition of T2 trapezoid fuzzy variable, we have fi, (z) = fi(%). If a > 0, and
2 ¢ [r1,m2], i.e., x € [ary, ary], then

fac(e) = fe(2) = (A2~ min A7, 228y o Son g ing A 1mEy)

To—1T1 ro—r1’ ro—r13 ro—1r1 ) ro—11 To—T1’ T2—T1
_ z—ary . z—ar ars—x z—ar z—ar : z—ar ars—x
= (=L — §; min gt 4T , =4 LAl 4§ min{ 240 A= f L)
ar—ary arg—ary ’ arg—ary arg—ary ’ arg—ary arg—ary ’ arg—ary

If a >0, and £ € [r3,14], i.e., x € [ars, ary], then

x x x x x x x
~ ~ ry—% . rg—%  Z—r3 rg—%  ry—% . rq—%  Z—r3
x) = (%) = — 6; min{ 6, min{
NGC( 'U'C a T4—T3 l ra—r3? rg—r3d? rg—r3z? rqa—rs + T r4—T3 r4—T3
—_ ary—v el min{ —4ra=z r—ars ary—x ary—x 4 0. min{ —ara=z x—ars
arg—ars arg—ars’ arg—arsg )’ arg—ars’ arg—ars T arg—ars’ arg—ars

If a >0, and ¢ € [rg, 73], i.e., € [ary, ars], then
,[l'a( (:1;) = i
Therefore, for any real number a > 0,

a¢ = (afy, afa, afs, at'y; 01, 0;).
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In the same way, for any real number a < 0, we have

a¢ = (afy, afs, afq, aiy; 01, 0;).

The proof is complete.

Theorem 6 Let (; = (71,72, 73,74;0;,0,) and (o = (l~1,l~2, ls, Ly: 01,0,) be two mutually independent T2 trape-
zoid fuzzy variables, and ¢ = (1 + (2. The secondary possibility distribution function of (1 is fi;, (z),r € R,
{fi¢, (), € [r1,m2] U [rs, r4]} is supposed to be a family of mutually independent RFVs. The secondary pos-

sibility distribution function of (a is fic,(z),x € R, {fic,(z),x € [l1,12] U [l3,14]} is supposed to be a family of
mutually independent RFVs. Then

—~— Y~ —~—

C=(r1+h,ro+ 1,3+ 13,74+ 14;0,,0,).

Proof: Since ¢;,7 = 1,2 are mutually independent T2 fuzzy variables, according to Theorem [[]and Definition
[] the secondary possibility distribution function of ¢ is

,uc(at) = sup fi, (1) A fic, (x2), zeR (13)

T1+To=T

where fi;, (x;) is the secondary possibility distribution function of ¢;.
By the definitions of fi, (t), i = 1,2 and the Extension Principal of Zadeh, we all have

fic, (1) A i, (2) = fic, (z1)

in the following five cases (i) — (v):

; Ty —T x9 —1
(i) r <a1 <roly <y <ly and =— L <21
ro—r1 ~ la—1

. xry—r la—x
(i) 7 <ay <rols <my <l and ——L < 22

ro—r1 ~ ly—13’

T4 — T To — 1
(i) s <ty <ruly <ty <ly, and —L < 2L
T4 — T3 lo—1

. Ty — X s —x
(iv) r3<x <ryyly <ag<ly, and —1 < SR
rg—1r3 ~ lg—1I3

(v) 11 <@ <ryyly <@ < 3.
So, for any x1, x such that x1 + x2 = x, we have the following results: in case (i), if

T —T z2— U

= 14

o —7T1 12 — ll ’ ( )
we have

sup fig, (1) A frg, (22) = fig, (x1) = fig, (22);
T1TIL2=T

in case (i), if

x1—11 g — o

= 15
T2 —T1 ly =13 ’ ( )

we have

sup - fig, (z1) A fe, (z2) = fe, (z1) = fle, (z2);

x1+Tro=2
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in case (#41), if
ry—x1  x2—lh

= , 16
Ta —T3 lo—1 ( )
we have
sup fre, (T1) A fig, (22) = fig, (21) = fig, (22);
T1TIT2=T
in case (iv), if
T4 — 1 ly — 22
= 17
ra—r3  la—1l3’ (7
we have
sup fig, (1) A fig, (22) = fig, (x1) = fig, (22);
T1TIL2=T
in case (v), if
ro <x1 <13 and Iy <xp <l3, (18)

we have 3
sup /151 (‘rl) A ﬁ§2($2) = ﬁ§1 (1’1) - ﬂEz(x2) =1

r1+To=T

From , we have

T = xro—liro+rilo—x1r] Tr1—T1 __ x—r1—I1
1= ro+lo—ri—l1 ’ ro—r1  rotlo—ri—li°
From (|16, we have
x] = xra+lirs—rals—xT3 T4—T1 __ T—ra—l
= R =

rs+ls—ri—11 T4—T3 r3dlo—rg—I1°

It is easy to know that —2—m=b _ >~ _2=ra=li_ anq py 4 [; < 2 < ry + ly. That is to say

rotlo—ri—I1 r3+lo—rys—Iy

~ — I—T'l—ll _ 3 .'L'—T‘l—ll l2+7‘2—I I—T'l—ll
’uc($> - (7"2+12*T1*l1 0y min { rot+lo—ri—l1? rotla—ri—l } P ratla—ri—ly?

z—r1—U1 . z—r1—l1 lo+ra—x
rotlo—ri—l + 0, min { rotlo—ri—l1? rotla—ri—ly })

for any « € [r1 + I3, 72 + l2]. In the same way, from and 7 we have

~ _ ratls—x _ : ratla—x x—l3—r3 rat+la—x
He (33) - (7'4+l4—7“3—13 0y min { ratla—r3—l3’ ratla—r3—ls } P ratla—r3—l3”’

+ 97’ min { rat+la—x r—l3—r3 })

rat+la—rz—l3’ ratla—r3—I3

ratla—x
ra+ly—r3—I3

for any x € [r3 + 3,74 + l4]. .
From 1' ifrg <aqp <rgandly < a9 <l3, le., 1o+ 1y < < r3+l3, we know that ﬂc(m) =1 1If
x<r1+1l orx>ry+ly, then [LC(:Z?) =0. So

Y~ —~—  ——~—

C=(r1+h,ro+ 12,3+ 13,74+ 14;0;,0,).

The proof is complete.
According to Theorems [5] and [f] we have the following result.

Theorem 7 Let (; = (71,72,73,74;0;,0,) and o = (l~1,l~2, I, l4; 01,0,.) be two mutually independent T2 trape-
zoid fuzzy variables, and { = aly + bl where a,b # 0 are two any real numbers. The secondary possi-
bility distribution function of (1 is fic, (z),x € R, {fi¢,(z),x € [r1,m2] U [rs,r4]} is supposed to be a fam-
ily of mutually independent RF'Vs. The secondary possibility distribution function of (o is fic, (2),z € R,
{iie, (), @ € [l1,12] U [l3,14]} is supposed to be a family of mutually independent RF'Vs. Then

ary + bly, ars + bla, arg + bla, arg + bla; 61,0,), ifa,b>0
a1 + bla, ars + bls, arg + bla, arg + bl1:61,0,), ifa>0 andb <0
.+ b s+ b >+ b L+ b 0.), ifa<0andb>0
6,), ifa,b<0.

ary + bly, ars + bly, ary + blsg, ary + bly; 0;,
ary + bly, ars + blz, ary + bla, ary + bly; 0y,

(
BN
T
(
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Example 2: Let ¢; = (1,2,3,5;0.6,0.8) be a T2 trapezoid fuzzy variable. The support of ¢; is showed in
Figure 4l The secondary possibility distribution function of ¢y is fi¢, (z),z € R, {fi;, (z),z € [1,2] U [3,5]}
is supposed to be a family of mutually independent RFVs. Let (o = (§,3,475;0.6,0.8) be a T2 trapezoid
fuzzy variable. The support of (5 is showed in Figure [5| The secondary possibility distribution function of
G2 is fig,(z),z € R, {fic,(z),x € [2,3] U[4,5]} is supposed to be a family of mutually independent RFVs.
Also, we suppose that trapezoid fuzzy variables (; and (s are mutually independent. Then { = (4 + {3 =
(f’), 5,7,10;0.6, 0.8) is a T2 trapezoid fuzzy variable. The support of ¢ is showed in Figure @

1.1 T T T T

1F 4

0.9F b

0.8 4

0.7r i

0.6 b

0.5F 4

04 B

0.3F b

0.2 b

0.1H b

0 L I L L
1 15 2 3 4 5

0.9r b

0.8 b

0.7 i

0.6- b

05- b

0.4r b

0.3F 4

0.2r b

0.1r- .

Figure 5: The support of the T2 fuzzy variable (5 defined in Example 2

5 The Linear Combination of T2 Normal Fuzzy Variables

Theorem 8 Let 1, = n(u1,0%;60;,0,) and 9y = #(us, 02;01,0,) be two mutually independent T2 normal fuzzy
variables, and n = m +n2. The secondary possibility distribution function of m is fi,, (z),z € R, {fi,, (v),z €
R} is supposed to be a family of mutually independent RFVs. The secondary possibility distribution function
of m2 s fi,, (v),z € R, {fi, (), € N} is supposed to be a family of mutually independent RF'Vs. Then

n = n(p1 + pe2, (o1 + 02)2;91797")'
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0.9F b

0.8 4

0.7F b

0.6 b

0.5 i

0.4F b

0.3F i

0.21 i

0.1H b

Figure 6: The support of the T2 fuzzy variable ¢ defined in Example 2

Proof: Since 7;,i = 1,2 are mutually independent T2 fuzzy variables, according to Theorem [I]and Definition
[] the secondary possibility distribution function of 7 is

fin(x) = sup fi, (x1) Afip,(22), x€R (19)

T1+xTo=x

where i, (z;) is the secondary possibility distribution function of ;.
By the definitions of fi,, (t), ¢ = 1,2 and the Extension Principal of Zadeh, we have

/1771 (xl) A /1772 (332) = ﬂ’nl (xl)

whenever exp(f%) < eXp(f%)'

So, for any x1,x2 such that z; + x5 = x, if

2 2
exp(— D) —enp(- 22, (20)
ie.,
$1—M1:$2—M2 or $1—M1:7$2—,u2’ (21)
o1 09 o1 02
we have
o) =S i, (20) A iy (22) = iy, (02) = iy (). (22

From (21)), we have
oy = Maoetoi(@—pe) mi—m  z—pm—pe
1 o1+02 ’ o1 o1+o2

or
n1o2+o1(pe—x) mi—p1 _ patpe—x
o9—0 ’ o1 ~  o9—01

r1 =

_ _ 2 )2 . P 2 o2
It is easy to know that (I(Ufjraf)é) < (“(gfil)ﬂ) . That is to say exp(—%) > exp(—%).

Then, for any « € R, we have

_11_22 : /_51_22 _L1_22 _1_L22
o) = (exp(— G258 — rmin{1 — exp(~ S exp(— G al ) e~ el

exp(— Grt2") 4 6, min{1 — exp(— G2, exp(— Gl )} ).

So
n=ii(p1 + po, (01 + 02)% 0, 0,).

The proof is complete.
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Theorem 9 Let ) = n(p,02;0;,0,) be a T2 normal fuzzy variable. Then for any real number a # 0, we have

2.0,,0,), ifa>0

. o oo [ lap, (a0)0,,0,
an = Alap, (ao)": 61,0,) = { alap, (~a0)%:0,,6,), if a <0,

Proof: According to the definition of T2 normal fuzzy variable, we have fi,,(z) = f,(). Then

z_ )2 z _ )2 z_,\2
= (exp(— ‘120';) ) — 6; min{1 — exp(— (“205) ), exp(—( 202 )} exp(— (“20’;) ),

a —1. z_ )2
)

T—a aw)? r—au)?
— (exp(~GGa) — Grmin{1 - exp(— GoebE ), exp(— G )}, exp(— SEed),

N2
exp(— (z( au) ) + 6, min{1 — exp(— %) exp(— (;(a‘;/;g )})

Therefore, for any real number a # 0, we know that
an = (au, (ac)?;0,,0,).

It is easy to know that the second equal sign in the result of the theorem holds, too.
The proof is complete.
According to Theorems [§] and [9] we have the following theorem.

Theorem 10 Letn; = 7(p1,0%;01,0,) and na = i(us, 03;0;,0,) be two mutually independent T2 normal fuzzy
variables, and 1 = any + bny where a,b #£ 0 are two any real numbers. The secondary possibility distribution
function of m is fi,, (v),z € R, {fi,, (v),r € R} is supposed to be a family of mutually independent RF'Vs.
The secondary possibility distribution function of nz is fi,,(z),x € R, {ﬁgz (x),x € R} is supposed to be a
family of mutually independent RFVs. Then

(a1 + bz, (acy + bos)?;6;,0,.), ifa,b>0
) (ap1 + bua, (aoy — bo2)?;6,,6,), ifa>0andb<0
= (apy + bz, (—aoy + bo2)?%;0,,0,), ifa<0 andb>0
(apy + bus, (acy + boz)?:6,,0,.), if a,b < 0.

Figure 7: The support of the T2 fuzzy variable 1, defined in Example 3

Example 3: Let n; = 7(0,4%;0.5,0.6) be a T2 normal fuzzy variable. The support of 7, is showed in
Figure [7l The secondary p0851b111ty distribution function of n is fi,, (v),z € R, {fi,, (v),z € N} is supposed
to be a family of mutually independent RFVs. Let 7o = 71(1,22;0.5,0.6) be a T2 normal fuzzy variable. The
support of 7y is showed in Figure |8l The secondary pObblblhty distribution function of 7 is fi,,(z),z € R,
{ft,,(z),z € RN} is supposed to be a family of mutually independent RFVs. Also, we suppose that normal
fuzzy variables 1; and 7, are mutually independent. Then n = 31, — 1o = 7(—1,142;0.5,0.6) is a T2 normal
fuzzy variable. The support of 7 is showed in Figure [9]
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0.9F B

0.8 b

0.7r i

0.6 B

0.5F b

0.4 B

0.3F R

0.2 b

0.1F B

-10 -1.3548 1 3.3548 10

Figure 8: The support of the T2 fuzzy variable 7, defined in Example 3

0 L L L
-25 -17.4837 -1 15.4837 25

Figure 9: The support of the T2 fuzzy variable n defined in Example 3

6 Conclusions

Based on the theoretical foundation of T2 fuzzy arithmetic, for three kinds of common T2 fuzzy variables, we
have given some new results about T2 fuzzy arithmetic. Under some wild assumption, we have concluded that
the linear combination of a finite number of T2 triangular fuzzy variables, which have the same parameters
0, and 6,, is also a T2 triangular fuzzy variable. Also we have proved that the linear combination of a finite
number of T2 trapezoid fuzzy variables, which have the same parameters §; and 0,, is also a T2 trapezoid
fuzzy variable. Moreover, we have given that the linear combination of a finite number of T2 normal fuzzy
variables, which have the same parameters 6; and 0,., is also a T2 normal fuzzy variable.
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