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Abstract

In this paper I show that a kind of infinite-order predicate logic can be regarded as non-Archimedean
or p-adic valued. I have considered two principal versions of non-Archimedean valued predicate logical
calculi: p-adic valued extension of BLY and hyper-valued extension of LIIV. These logical systems are
considered for the first time.
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1 Introduction

The paper contains general results concerning non-Archimedean fuzziness, i.e. fuzziness whose values run over
an uncountable infinite, non-well-ordered and non-well-founded set. This kind of fuzziness generalizes the
notion of non-Archimedean probabilities [11, 13, 14, 20]. Let us remember that Archimedes’ axiom affirms:
for any positive real or rational number ¢, there exists a positive integer n such that ¢ > % orn-¢>1. In
this paper we will consider fuzziness defined on the following three sets: (i) the set *R of hyperreal numbers,
(ii) the set *Q of hyperrational numbers, (iii) the set Z, of p-adic integers. It is well known that sets *R, *Q
satisfy properties of field and set Z, properties of ring. All those sets contain infinitely large numbers and in
addition sets *R, *Q contain infinitesimals (infinitely small numbers). For more details on infinitesimal and
p-adic analysis see: [9, 10, 15, 16, 18].

In this paper I am constructing non-Archimedean valued fuzzy logics LIV, and LH%VOC and a p-adic
valued fuzzy logic BLV, that are built as w-order extensions of the logics LIV, LH%V, and BLY respectively.
Recall that the logics LIIV, LII3V, BLY are considered in [1, 3, 4, 8].

2 Preliminaries

2.1 Hypernumbers

Let © be a set and I an infinite set of indices. We consider, in a standard way, the family ©7, i.e. the set
of all functions: f: I +— ©. Now we define a filter F on I as a family of sets F C 2! for which: (1) A € F,

ACB—BeF;(2) Ay,..., A, € F— (| Ax € F for any n > 1; (3) () ¢ F. The set of all complements for

finite subsets of I is a filter and it is callgdla Fréchet filter on I and it is denoted by Uj.

Further, define a relation « on the set ©f by f « g = {a € I: f(a) = g(a)} € Ur. Tt is easily be
proved that the relation « is an equivalence. For each f € ©7 let [f] denote the equivalence class of f under
«. The ultrapower ©F /U is then defined to be the set of all equivalence classes [f] as f ranges over O :
o ur == {[f]: fe o}

The ultrapower © /U is said to be a proper nonstandard extension of © and it is denoted by *©. Recall
that each element of *© is an equivalence class [f] where f: I — ©. There exist two groups of members of
*@: (1) equivalence classes of constant functions, e.g. f(a) =m € O for all @ € I. Such equivalence class is
denoted by *m or [f = m], (2) equivalence classes of functions that aren’t constant.

The set 70 = {*m: m € O} is called standard set. The members of “© are called standard. It is readily
seen that 7© and © are isomorphic: 70 ~ ©.

*Corresponding author. Email: Andrew.Schumann@gmail.com (A. Schumann).
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If © is a number system, then members of *© will be called hypernumbers. We can define operations on
them:

[flolg = = {ael: fla) ©g(a) =h(a)} €U,

where ® € {+,—,-,/}.
In this way we can obtain hyperreal numbers of *R and hyperrational numbers of *Q satisfying properties
of field.

2.2 p-Adic Numbers

Now we are trying to compare p-adic numbers with hypernumbers. For this let us consider a particular case of
nonstandard extension when © is a finite set such that |©| = p, where p is a prime number. Since we stopped
to consider the general case there is no need to excuse that we lose generality. Let the set N of natural
numbers be the index set and let Uy be a Fréchet filter on N. Then there exists a nonstandard extension
0 1= 0N /Uy.

As usual, every considered function f: N — © can be meant as an infinite-tuple (f(0), f(1), f(2),...),
where f(j) € © for any j =0,1,...

It is obvious that if n < m for n,m € ©, then we can set *n < *m for *n,*m € *©. In other words, the
order relation on the members of © can be extended to the order relation on the constant functions of *©.

Now consider f, such that there is no k € © for which [f] = *k.

Let fo,..., fp—15 fps--+s Jfop—1,--, fp2—p, -+, fp2—1, ... be functions that satisfy the following condition:
[fm} = [<n07 ni,na,... 7nk707 07 e >]7
where ng, ni,ns,...,n are such that m = ng + nip + nep® + - - - + npp~.

For instance,
1. [fx] = [(k,0,0,...)], for any £ =0,1,...p — 1,
2. [fx] = [{(k mod p,1,0,...}], for any k =p,...,2p — 1,

3. [fi] = [(k mod p,p—1,0,...)], for any k =p* —p,...,p* = 1,

4. ...
We can extend the ordering relation on the members of © to the ordering relation <, on the members
folo-- s Up=1l, [fols s [fop=1)s oo Ufp2—pls - -+ [fp2=1)s - .. of *©. Define this order structure as follows:
[fk] <. [fl] iff k<1, if k,1 € N;

[f], [f'] are incompatible under <,, if there is no k € N such that
[f1 = [fil or [f'] = [fx].

Notice that <, is partial, because *© contains an uncountable number of its members therefore there
exists [f] such that there is no k € N for which [f] = [fx], this [f] is said to be infinitely large integer. We
can assign the natural number to each member [fi] € *©, were k is finite; namely to each [f;] as k — oo, we
can assign the following expansion

Fr@) + fe(1) - p+ oot fuln) - p" 4o =D filn) o7,
n=0

where fr(n) € {0,1,...,p— 1}, ¥n € N. This expansion is called the p-adic integer. This number sometimes
has the following notation:

co B B3 8251 Bo,
where /80 = fk(o)v 51 = fk(1)7 ﬁQ = fk(Z)a s
Thus, we have shown that the nonstandard extension ©ON /Uy, where © = {0,...,p — 1}, is isomorphic
with the set Z, of p-adic integers. Usual denary operations (/, +, —, -) can be extrapolated to the case

of them, [15], [16]. For example, for 5-adic integers ...02324 and ...003 we obtain: (...02324)/(...003) =
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...0423 (the operation of division is not defined for all p-adic integers), ...02324 + ...003 = ...02332,
...02324 — ...003 = ...02321, ...02324 - ...003 = ...013032. Finite numbers of Z, can be regarded as
positive integers, namely each [fx] considered above such that k£ € N can be identified with k. In this way we
can identify ...02324 with 339 and ...003 with 3.

3 Non-Archimedean Valued and p-adic Valued Logical Matrices

3.1 Hyper-valued LII-matrix

Let Q.1 = QN [0,1]. We can extend the usual order structure on Q1] to a partial order structure on
*Qpo,1 = QN /Uy:

1. for any "z, *y € “Qqo,1} we have "z =, "y iff x <y in Qo 1,

2. if *x # *0, then [f] <, *x, i.e. each positive rational number *z € “Qjo ) is greater than any number

[f] € *Q0,11\° Qo,1]-

These conditions have the following informal sense: (1) the sets “Qjo 1) and Qo 1) have an isomorphic
order structure; (2) the set *Q[o 1) contains actual infinities that are less than any positive rational number
of 7Qo,1)- Define this partial order structure on *Q[q 1) as follows:

O-q (i) For any [z], [y] € *Qp,1) we have [z] =, [y] iff {a € N: z(a) < y(a)} € Uy. (ii) For any *z € “Qqoy
and [y] € *Qo,11\? QJo,1) if 2z # *0, then [y] <. *z. Notice that we have [x] <. [y] iff [z] # [y] and
[2] <. [y).

Introduce two operations sup, inf in the partial order structure O-q:
inf([z], [y]) := [min(z,y)];

sup([z], [y]) = [max(z,y)].

Note there exist the maximal number *1 € *Q|o 1} and the minimal number *0 € *Q[o ;) under the meaning
expressed in the condition O-q. Indeed, {a € N: z(a) < 1} € Uy for any x € QN and {a € N: 0 < z(a)} €
Uy for any = € QN.

Let +, —, -,/ be the addition, subtraction, multiplication and division defined on Q; we can extend them
on *Q as follows: [z] © [y] = [2] iff {¢ € N: z(a) © y(a)) = 2(a)} € Uy, where © € {+,—,-,/}.

Now introduce the following new operations defined for all [z], [y] € *Q in the partial order structure O«q:

o [2] =1 [y] = "1 —sup(la], [y]) + [v],

*1 if [x] < [y,
o o] —nlyl = inf (*1, @> otherwise.
[]
. ol W o oyla)y

Notice that we have 1nf( 1, m) = [h] iff {a € N: mln(l, m) = h(a)} € Uy, let us also remember

that the members [z], [y] can be incompatible under O-q,
o —pfz] ="1—[x], ie. [z] —1 *0,

)1 if [z] =70, . _ X
o —qfz] = {*0 otherwise, ie. —lz] = [z] —n *0,
1 if 2] = *1, .

Alzr] = e Alz] = -
* Al {*O otherwise, Le. Als] el
o [z]&rly] = sup([z],"1 = [y]) + [y] - "1, Le. [z)&rly] =~ (2] =1 —Lly]),

o [7]&nly] = [z] - [y],
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o [z]@fy] = —rla] —r [y,
o [z Oyl = [2]&rLlyl;

* [e] Aly] = inf([e], ), ie. [o] A ly) = el (el —z ),
Let us show that A is really derived from & and — . Recall that inf and sup are defined digit by digit.
This means that if [z] = [{xo, 21,22, ...)] and [y] = [(yo,y1, Y2, - .. )] then

inf([z], [y]) = [(min(zo, yo), min(z1, y1), min(xs, y2), . . . ).

For each i = 0,1,2,... we have z; < y; or x; > y;. At the same time, if z; < y;, then z;& 1 (z; = yi) =
max(x;, max(z;, y;) — y;) +y; — max(x;,y;) = x; and if x; > y;, then x,; & (x; —1 y;) = max(x;, max(z;,
Yi) — Yi) + yi — max(x;, yi) = i

o [2] V [y] = sup([z], [y]), ie. [2]V [yl = ([z] =z [y]) —r [yl
Indeed, ([z] —L [y]) —z [y] = *1 —sup(*1 —sup([z], [y]) + [y], [v]) + [y] = sup([z], [y]).

o [z] & [y] == ([z] = [W]) A ([y] =1 [2]),

o [z]&g[y] := inf([z], [y]),

[y] otherwise, Le. [#] = [yl = A([e] =1 [y]) v [yl.

¢ [z] —a [y]={

Proposition 1 A structure £-q = (*Qjo,1), ®, 71, —m, &1, *0,*1) is a hyperrational valued LII-matriz.

Proof. We should show that

L. (*Qo,1}, D, 71, *0) is an MV-algebra, i.e. (1) (*Q[o,1], ®, *0) is a commutative monoid, (2) [z] ®*1 = *1,

L
(3) ~roelz] = [z, (4) (2] o [y) @ [v] = ([v] © [2]) ® [z];

2. (*Qqo,15, Vs A, =1, &1, 70, *1) is a Tl-algebra, ie. (1) (*Qqo,1],V, ) is a bounded lattice with the order
=, with the top element *1 and the bottom element *0, (2) (*Qo,1}, &1, *1) is a commutative semigroup
with the unit element *1, (3) —p and &1 form an adjoint pair, i.e. [2] X, [z] —n [y] iff [z]&nz] 2« [y]
for all [l‘], [y}v [Z] € *Q[0,1]§

3. [2l&n(ly] © [2]) = ([z]&uly]) © ([z]&ulz]).
However, all three items are readily checked. For instance,
L ([z] e ly]) @ [y] = "1 —sup[*1 — (sup([z], [y]) — [y]). [¥]] + [y] = sup([z], [y]) = ([y] © [z]) & [2].

2. Show that [2] =, [z] —1 [y] iff [z]&nz] X« [y] for all [z], [y], [2] € *Qo,1)- (i) Suppose that [z] <. [y].

Then [z] =« [z] —u [y] = *1 and [z] - [2] 2« [y]. (ii) Otherwise [z] — [y] = inf(*l, g) = Ei] In this
case ] 2. 418 fa] (2] <. o)

3. [el&en(ly) © [2]) = [2] - (sup([y] [2]) — [2]) = (sup([z] - [y], [] - [2]) = [a] - [2]) = ([2]&nly]) © ([z]&n(z]).00

A hyperrational valued LH%—matm’x is a structure £-q = (*Qo,1], ®, ~r, —m, &m, *0, 1, *%), where the
reduct (*Qo,11, @, —r, —1, &m, *0, *1) is a hyperrational valued LII-matrix and the identity *% = ﬁL*%
holds.

The truth value *0 € *Qp,1] of a hyperrational valued LII- (resp. LH%)-matrix is falsity, the truth value
*1 € *Q[o,1) is truth, and other truth values z € *Qjo 1)\{*0, *1} are called neutral.

If we replace the set Qo,1] by Ryp,1) and the set *Qjo 1] by *Ryo,1j in all above definitions, then we obtain

hyperreal valued LII-matriz (resp. hyperreal valued LH%—matrix) LR.



Journal of Uncertain Systems, Vol.4, No.2, pp.99-115, 2010 103

3.2 p-Adic Valued BL-matrix

Extend the standard order structure on N to a partial order structure on Z,. We know that each finite
number of Z, can be identified with a positive integer.

1. For any finite numbers z, y € Z,, we have z <, y iff x <y in N.

2. Each finite natural number z is less than any infinite number y, i.e. <, y for any x € N and y € Z,\N,
y # 0. Notice that we have v <, y iff  # y and « <, y.

Define this partial order structure on Z, as follows:

Oz, Letx =...2,...2170 and y = ... yn ... ¥1%0 be the canonical expansions of two p-adic integers z,y € Z,,.
(1) We set z <, y if the following three conditions hold: (i) there exists n such that z,, < y,; (ii) zx < y&
for all k > n; (iii) = is a finite integer, i.e. there exists [ such that x,, = 0 for all m > 1. (2) Weset z =y
if ,, = y,, for each n = 0,1,... (3) Suppose that both  and y are infinite integers. We set « <, y if
we have x,, <y, for each n =0,1,... and we set = <, y if we have z,, <y, for each n =0,1,... and
there exists ng such that x,, < yp,-

Now introduce two operations sup, inf in the partial order structure on Z,: sup(z,y) = y and inf(z,y) =
iff e 2py. Let x =...2p... 2100 and ¥y = ... yn ... y1y0 be the canonical expansions of two p-adic integers
x,y € Z, and z, y are incompatible in Oz . We get inf(x,y) = 2 = ... 2, ... 2120, where, for each n =0,1,...,
we set (1) 2z = yn f T = Yn, (2) 2 = @y if 25, < Yn, 3) 25 = @y = yp if T, = yn. We get sup(z,y) =
Z = ...2Zn...2120, Where, for each n = 0,1,..., we set (1) z, = yn if z, < yp, (2) 2, = 2 if Ty > Yn, (3)

It is important to remark that there exists the maximal number Ny,., € Z, in Ozp- It is easy to see:
NrnaL:_lz(p_1)+(p_1)p++(p_1)pk+1

Further, consider the following new operations defined for all z,y € Z,, in the partial order structure Ogz,:

e r —L Y= Nmaa: - sup(a:,y) + Y,

Nmaz if x jp Y,
e Y= y
integral part of = otherwise,
x
e 1= Npyazr — X, ie.x —p 0,
_ JNmaz ifz=0, : _
o T = . ie. mr=x —11 0,
0 otherwise,

N, if x = N,
o Az = { maw maw ie. Az = gz,

0 otherwise,
o 2&ry = sup(@, Nomaz — Y) + ¥ — Ninaz, ie x&py=—r(x —1 —Y),
o z&ny=2x-vy,
¢ DY :="LT =LY,
e x oy :=ax&r Yy,
e z Ay =inf(x,y), ie. x ANy =ux&r(x —py),
o &gy = inf(x,y),

o zVy=sup(z,y), Le.xVy=(r—Ly) =LY,

Uf o = >, T -p' then —z = > i -p*, where y, = p — xp, and y; = (p — 1) — x; for i > n. For example, —0 = 0 and if
1 1
p =5 we have 3 =...1313132 and -3 =...131313.



104 A. Schumann: Non-Archimedean Valued Ezxtension of Logic LIIV

e zoyi=(r =Ly Ay —L )

N, if x <
o —gy= maz 1 _p.y’ ie.x —wgy=A(x —ry)Vy.
Y otherwise,
Proposition 2 A structure (Z,,®,-r,0) is a p-adic valued MV -algebra. g

Proposition 3 A structure (Z,, ®, -, —1u, &, 0, Nyas) i not a p-adic valued EII-matriz.
Proof. Indeed, it can be easily shown that (Z,,V, A, =11, &1, 0, Nppes) is not a I-algebra. ]

Proposition 4 A structure £z, = (Zy, N\, V, *, =, 0, Nyae), where x € {&r, &} and =€ {—1,—¢g} is
a p-adic valued BL-matriz. If x = & and ==—1, it is called a p-adic valued L-algebra. If x = &g and
==—q, it is called a p-adic valued G-algebra.

Proof. We can show that (1) (Zp,A,V,0, Npag) is a lattice with the largest element N,,q, and the least
element 0, (2) (Zyp, *, Nimqz) is a commutative semigroup with the unit element Ny, i.e. * is commutative,
associative, and Np,qq * = x for all € Z,,, (3) the following conditions hold

z=p(@=y)iff zxz <, yforall x,y,z € Zy;

rAy=zx*(x=y);
zVy=((z=y) =y A((y=2) =)
(z=vy)V(y=12)= Nna-

The proof is completed. O

The truth value 0 € Z,, of a p-adic valued BL-matrix is called falsity, the truth value Ny,q; is called truth,
and other truth values x € Z,\{0, Ny,,q. } are called neutral.

We can dualize the order <, in the following natural way: x tg yiff ¢ <, y and  # 0. As we see, 1 was
the least positive p-adic integer due to =<, and became the maximal number due to ji)v (respectively, —1 was
the largest p-adic integer and became the least positive integer). Let us set 0 as the minimal.

Reintroduce two operations sup, inf in the new partial order structure on Z,: sup(z,y) = y and inf(z,y) =
z iff x jIJ,V y. If two p-adic integers x,y are incompatible, their maximum and minimum are defined digit
by digit too. Consider the following new operations defined for all z,y € Z, in the partial order structure
ordered by ji)\' :

o v —py=1—sup(z,y)+y,

1 if 2 =y,
® T —11 y = y
integral part of = otherwise,
x
e ~yx=1—ux, ie.z —r 0,
1 ifz=0, i 0
® —Tr = l.e. ' r =T — 5
1 0 otherwise, " .
1 ifz=1,
o Az = ] ie. Ar = -,
0 otherwise,
o x&ry=sup(z,l —y)+y—1, ie. z&ry = —p(x =1 —py),

o x&ny:ﬂf'%
e x Dy = LT —L Y,
e roy =&y,

o x ANy =inf(z,y), ie.x Ny =z&r(x -1 y),
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e zVy=sup(z,y), le.zVy=(r—Ly) =LY,

oz y:=(x—Ly A(y—rL ),

1 ifz =<l
ox—>gy={ _p.y’ ie.x —wgy=A(x —rpy)Vy.
y otherwise,

Proposition 5 A structure E’ZP = (Z,, N\, V, %, =, 0, 1), where * € {&, &g} and =€ {—1,—c} is a
p-adic valued BL-matrix. O

The truth value 0 € Z, of a p-adic valued BL-matrix is called falsity, the truth value 1 € Z, is called
truth, and other truth values z € Z,\{0, 1} are called neutral.

4 Non-Archimedean and p-adic Valued Logics

4.1 Non-Archimedean and p-adic Valued Logical Language

Definition 1 An infinite-order predicate logical language L, (with the set of truth values *V € {*Qpo 11,
“Rijo,1), Zp}) consists of the following symbols:

o Variables:

— denumerable set of free variables ag, ay, as, ...;

— denumerable set of bound variables xg, x1, X2, ...;

— infinite set of i-order monadic predicate variables {Qz : where i € w and j; belongs to the set K,
for any i € w}, where {K;}icw s a family of set of indices;

— infinite set of infinite-order (w-order) monadic predicate variables {QJi: where j; belongs to the
set K;, for any i € w}, where {K;}icy s a family of set of indices.

e Constants:

— denumerable set of constant symbols cqy, ¢1, ca, ...;
— denumerable set of function symbols of arity n: f§, fi', f3, ..

— first-order monadic predicate signs: Ry, Ry, Ro, .. ..
e Logical symbols:

— propositional connectives —,, —a, —n, &, &a, &, —r, T

— quantifiers ¥, 3.
o Auwziliary symbols (, ).

Terms, well-formed atomic formulas, and well-formed first-order formulas of L5, are defined in the standard
way. Let us set P;, P,, N as metavariables for j-order predicate variables, w-order predicate variables,
predicate signs respectively. The sequence of quantifiers Q; P;Q;_1P;_1 ... Q1 P; of the formula

where Q;, Q;_1,...,Q1 € {V,3} and t is a term, will be denoted by Q'P; and Q’ will be said to be i + 1-order
vertical quantifier. The sequence of quantifiers Qo P, ... Qi—1FPi—1... Q1P of the formula

QuoPo . QiPQi_ 1Py ...QuPL U(Pu(... (PAP_i(...(PL(1)...)))...)),

where Qooy .-, Qi Qiz1,...,Q1 € {V,3} and ¢ is a term, will be denoted by Q> P,, and Q> will be said to
be w-order vertical quantifier.

Let us define substitution for predicate variables of higher order: if P; (resp. P,) is an i-order (resp. w-
order) predicate variable and a first-order formula ¥ is a formula possibly containing the predicate sign N,
then W[N/P;] (resp. ¥[N/P,]) is the result of replacing all instances of N (they always are free) by P; (resp.
P,)in V.

Well-formed higher-order formulas of L2, are inductively defined as follows:
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1. If ¥ is a first-order formula not containing the predicate variables P;, P;_1, ..., P;, and N is a first-order
predicate, Q" is an i + 1-order vertical quantifier, then

QiPQi—1Pi—1...QiPy Y[N/Py(Pi—1(...(P1(-)) ... )],

where W[N/P;(P;,—1(...(Pi(:))...))] is obtained from ¥ by substitution, i.e. by replacing N(-) by

Py(Pi—1(...(P1()--.))
at every occurrence of N in W is an ¢ + 1-order formula.

2. If ¥ is a first-order not containing the predicate variables P,,, ..., P;, Pi_1, ..., P, and N is a first-order
predicate, Q°° is an w-order vertical quantifier, then

QooPu .- QiPQi1Pi1... Q1P
UIN/PL( - (PPl (Pi()) - )) ),

where U[N/P,(...(Py(Pi—1(...(P1(*))...)))...)] is obtained from ¥ by replacing N(-) by

Puleo (P(Pica e (PL() .. ))) )
at every occurrence of N in ¥, is an w-order formula.

A higher-order formula is called vertical bounded if it doesn’t contain first-order predicates and all predicate
variables are quantified.

4.2 Semantics for Non-Archimedean and p-adic Valued Predicate Logical Lan-
guage

Let £y be a non-Archimedean valued LII-matrix (or p-adic valued BL-matrix). An £-y-structure M =
(D,va) for first-order formulas of £, consists of the following:

e a non-empty set D;
e a mapping v such that

— each constant symbol ¢ is mapped to an element d of D,
— each n-place function symbol f" to a function F™ : D" +— D,

— each monadic predicate symbol R to a fuzzy subset P of D (ie. P € VP, where V € {Q,R,
{0,1,..., p—1}}),
— each free variable symbol a is mapped to an element d’ of D,

— for every n-place function symbol f™ and terms t1, ..., tn, v (f"(t1, ..., tn)) = F*"(om(t1), .- -,
UM (tn))7
— for every monadic predicate symbol R and term ¢, vaq (R(t)) = P(vaq(t)).

Now extend an £+y-structure M = (D, vrq) to a higher-order «y -structure Moo = ((Foo(D))new: v3y) as
follows: (1) each monadic first-order predicate variable Q]' is mapped to Py, a fuzzy subset of D (i.e. P; € VP,
where V € {Q,R,{0,1,...,p — 1}}); (2) each monadic i-order predicate variable @!* is mapped to P;, a

D

v .
member of F;(D) := v (3) each monadic w-order predicate variable @7« is mapped to P,, a member of
i+1
vvP

Fu(D):=V  ;(4) for each monadic i-order predicate variable @} and term t, v (Q7 (t)) = P;(v35());

(5) for each monadic w-order predicate variable @7« and term ¢, v55(Q7 (t)) = Pu (v (t))-
Let £+v be an LII-matrix (BL-matrix) and My, be an £«y-structure for £2,.
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i
Definition 2 An i-order truth assignment on a higher-order £«y -structure Mo, is a function H whose

domain is the set of all i-order formulas of L2, and whose range is the set V' of truth values such that:

1
1. For any first-order formula @, [@} is a truth assignment of the logic LIIV (respectively, BLY). Extend
1
H as follows:
1
[P.()] = o3(P() = Piles (1),

2. For any formula ® without vertical quantifiers,

8. For any i-order formula ®, {—'L@r =L {@]l = (T—k1, T—ka,..., T—k;), where {@]z = (ky,ka, ..., ki)
and T s the largest element of V.

4. For any i-order formulas ® and ¥,
{cp ® \If} = [@T ® M =((x10m), (@20y2),..., (@ O Y)),

where © € {—1, —¢, —mu, &L, &a, &}, {‘1’} = (x1, x2,..., ;) and {\P} = (Y1, Y2, -- > Yi)-

5. For any i-order vertical bounded formula Q=1 P;_1W(P;_1),
{Qi_lpifl‘l’(ﬂ'q)] = (ko, .., ki—1),

where kg = [\I/(Pj)} ' and for j € {1,...,1— 1} we have
kj = sup< U [\I/(PJ)} 1),
P;eF;(D)

if Qj =3 and )
m=uwi( J [em)]).

P;E€F;(D)
if Qj =V, where P;(vi5(+)) = v (P5()).
6. For any i-order vertical bounded formula Vx Q"1 P;_1 ®(P;_1(z)),

[v;v Q7 'Py @(Pifl(m))r = {Q"‘lPi,l Va @(Pi,l(x))r

= inf {(I)(Pi—l(iﬂ))}l A [QHPH (I)(Pi‘l(x))r’

where a = vy (x).
Notice that for the p-adic multiple-validity, conditions 2, 3, 4 are other:

i k
2. For any k-order formula ®; (k < 1), [@k] = (Y1,Y2,---,Yk,0,...,0) iff we have [@k] =
——

k—i
<y17y23 s 7yk>
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g

3. For any k-order formula @, (k < i), [—\L(I)kr =7 [fbk} =@ —-1) - [fI)ky.

4’. For any higher-order formulas ®; and ¥, such that max(k, m) < i,
[2c0 W] = [2] ©[¥a] = (@ o), @2ow). .. (@ Oy,

where OXS {_)La —G, I, &Lv &Gu &H}a [(Pk:| = <.’L'17 T2, + -y x’i>u and |:\I]mj| = <y17 Y2, .-, yz>

Definition 3 An infinite-order (w-order) truth assignment on a higher-order £y -structure Mo, 18 a function

o0
whose domain is the set of all infinite-order formulas of L2, and whose range is the set *V of truth

values such that:
1
1. Extend H as follows:
1
[Po®)] = v8a(Pu() = Pu(oF(®)).

2. For any formula ® without vertical quantifiers,

{‘I’ro ="y1 = (Y1, y1,...) iff [‘I’T =Y.

3. For any formula @, {—\L@} = - [@} =*T — [@} , where *T s the largest member of *V, the
symbol =1, on the right-hand side is the corresponding operation in L«y .

4. For any formulas ® and ¥,
[eou]” =]e] v,

where ©® € {—r, —¢, —n, &1, &g, &n}, the symbol ® on the right-hand side is an appropriate
operation in L«y .

5. For any w-order vertical bounded formula Q> P,V(F,,),
[Q*P(R)] " =11 = [(kos- kit )

where kg = [\I/(Pw)} ' and for j € {1,2,...} we have
kj = sup( U [\I'(Pj)]l)
P;eF;(D)

if Qj =3 and
by =inf( [\I:(Pj)]l)

if Q; =V, where Pj(viy () = v34(P5(+))-
6. For any w-order vertical bounded formula Yz Q> P,, ®(P,(z)),
Vo Q% P, ®(P,())] T CRAZICHEG) T

= inf [#(P.@)] A [P a(Pu@)] )

where a = vy (x).
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Notice that for the p-adic multiple-validity, condition 2 is another:

2’. For any i-order formula ®;, [(I)l} =...00...00y;_1 -..y1yo iff [CI)Z] = (Y0, Y1y Yio1)-

We say that an i-order formula ®; (resp. w-order formula @) is logically valid/is an £«y-tautology if
[(I)z}l = (T,...,T) (resp. {@ooro = *T) for each higher-order £y -structure M. An i-order formula
O, (resp. w-order formula @) is logically satisfiable if [CI%}I # (L,..., L) (resp. {@m]w # *1) for some

L«y-structures M., where L is the smallest member of V.
We say that an £y -structure M, is an i-order £«y-model (resp. an w-order £-y-model) of an L£2,-theory

T iff MZ —(T,...,T) (esp. [@]OO — *T) for cach ® € T.

For any higher-order formula ¥; (resp. ¥o.), a logical matriz of U; (resp. ¥Uy,) is said to be a result of
replacing each i-order (resp. w-order) predicate variable of ¥, (resp. of U,) by an appropriate first-order
predicate constant with rejecting all vertical quantifiers, i.e. we eliminate vertical quantifiers and in addition,
different i-order (resp. w-order) predicate variables of ¥; (resp. of ¥,) bounded by different quantifiers are
mapped by a substitution into different first-order predicate constants (namely this substitution is a bijection).

Theorem 1 Suppose that U, (resp. Vo) is an i-order (resp. w-order) formula and VU is its logical matriz,
i.e. U is a first-order formula in that every i-order (resp. w-order) predicate variable of W; (resp. of U ) is
replaced by a first-order predicate constant, then U; (resp. W) is logically valid/satisfiable iff U is logically
valid/satisfiable.

Proof. It follows from the semantic rules of L2,. O

4.3 Non-Archimedean Valued Logics LIIV,, and LH%VOO

Let us construct a non-Archimedean (infinite-order) extension of LIIV denoted by LIIV.,. The logic LIV, is
given by the following axioms:

e the axioms of Lukasiewicz propositional logic;

e the axioms of product propositional logic;

e A(®P —; U) - (P - U), where &, U are either first-order or higher-order formulas;

o A(® - ¥) — (& —p U), where ®, U are either first-order or higher-order formulas;

o O&(I'e V) —p (P&nl') © (P& ¥P), where @, I', ¥ are either first-order or higher-order formulas;

o Vo ®(x,y1,...,yx) — P(t,y1,...,Yr), where t is substitutable for z in ® and ® is either a first-order or
higher-order formula;

o Vo (' =1 ®) — (I' = Vx®), where x is not free in ' and @, T" are either first-order or higher-order
formulas;

o =uz;
o (z=y)— AP®(z,y1,.--,Yk) < P(y,y1,...,Yk)), where ® is either a first-order or higher-order formula.

These axioms are said to be horizontal. Introduce also some new axioms that show basic properties of non-
Archimedean ordered structures. These express a connection between formulas of various level. It is well
known that there exist infinitesimals that are less than any positive number of [0,1]. This property can be
expressed by means of the following logical axiom:

(L1 & Vo) Aop (@1 = " L)) =L (Voo —1 @1), (1)

where ¥, ®; are first-order formulas and ¥, is an w-order formula that has the logical matrix ¥y.
Axiom (1) is said to be vertical.
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The deduction rules of LIIV,, are modus ponens, A-necessitation (from ® infer A®), and generalization.

1 1
The logic LH%VOO results from LIIV,, by adding the axiom *5 T L*i’ where *5 is a new truth constant.

The notions of proof, derivability I, theorem, and theory over LIV, and LH%VOO are defined as usual.
Theorem 2 Take {(r,...,r) € Vi (resp. *r € *V ), where V = Qo,1) or V = Ryg,1;. Then there is an i-order
i o]
(resp. w-order) formula ® of LH%OO such that [@} =(r,...,r) (resp. {CD} = *r) for any valuation.
Proof. The first-order case is proved in [3] and the higher-order case follows from the semantic rules of £25,.0]

Theorem 3 (Completeness) Let ® be an i-order (resp. w-order) formula of L, T an i-order (resp. w-
order) L, -theory. Then the following conditions are equivalent:

o THO;
. [‘by =(T,...,T) (resp. {Cbro =*T) for each L£+y-model My, of T';

Proof. The first-order case is proved in [4] and the higher-order case follows from Theorem 1. O

4.4 p-Adic valued Logic BLV

Let us construct an infinite-order extension of BLV denoted by BLV.,. Remember that the logic BLV has
just two propositional operations: &, —, which are understood as t-norm and its residuum respectively.
In BLY we can define the following new operations:

e DAY :=D&L(P — ),

e DV :=((P—T) - U)A (T — D) — D),
o - d:=9 -0,

¢ P U= (- V&P — D),

e PV =0 -7,

e Do U = P&V,

The logic BLV, is given by the following axioms, where all subformulas are either first-order or i-order
(w-order):

(@ =)= ((T—-T) = (2—T)), (2)
(P&V) — @, (3)

(D&T) — (V&D), (4)

(P&(D — V) — (P&(T — D)), (5)
(@ = (¥ —T)) = (&) - T), (6)
(2&T) = T) = (2 — (¥ —T)), (7)

(®—-V)-I)— (¥ —>&)—-T)—-1), (8)
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0— U, 9)
Vo U(z) — U(t), (10)
where ¢ is substitutable for  in ¥(z).
U(t) — oz ¥(z), (11)
where ¢ is substitutable for z in U(z).
V(' — ¥) — (I’ - Vz ¥), (12)
where z is not free I'.
V(U —-T) — (Fz¥ —-T), (13)
where z is not free I'.
Ve(T'V ) — (C'VVz ), (14)

where x is not free I'.

These axioms are said to be horizontal.

There is a well known theorem according to that every equivalence class a for which |al, <1 (this means
that a is a p-adic integer) has exactly one representative Cauchy sequence for which:

1.0<a; <p'fori=1,2,3,..;
2. a; =a;;; modp’ fori=1,2,3, ...

This property can be expressed by means of the following logical axioms:

(Pt =16p'—1) =1 Vip1) =1
Pip1 - p—10---dp—107,;), (15)

pi

/—L
(..t —1ep —1)e...)op —1)o-pk) =1 ¥it), (16)

0<p—k<p

C_gg
(\I/i+1 —L ((( .. (pH'l -1 @pi - 1) S... ) @pi - 1) @ﬁLE»; (17)

0<(p—1)—k<p—1

(Uig1 = p' — 1) =1 (U1 < Ty), (18)

(\I/H»l d \IJZ) \ (\IJrL‘+1 — (\Ilz @pz . T)) V...
V(Wip1 < (Y, @p" -p—1)), (19)

where p — 1 is a tautology at the first-order level and p* — 1 (respectively pitl — 1) a tautology at i-th order
level (respectively at (i + 1)-th order level); i + l-order formula ¥;,; and i-order formula ¥; have the same
logical matrix; =k is a first-order formula that has the truth value ((p — 1) — k) € {0,...,p — 1} for any
its interpretations and k is a first-order formula that has the truth value k& € {0,...,p — 1} for any its
interpretations; 1 is a first-order formula that has the truth value 1 for any its interpretations, etc. The
denoting p’ - k means k @ - -- @ k.

W

pi
Axioms (15) — (19) are said to be vertical.
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Theorem 4 (Completeness) Let ® be an i-order (resp. w-order) formula of £, T an i-order (resp. w-
order) L, -theory. Then the following conditions are equivalent:

e T'H®;

. [(IJY =(T,..., Ty (resp. [@]Oo =*T) for each £z, -model Mo, of T.

Proof. The first-order case is proved in [8] and the higher-order case follows from Theorem 1. O

5 Examples and Discussion

Non-Archimedean valued fuzzy logics (including the p-adic case) considered above may find many applications
to rule-based systems and demonstrate their importance as a powerful design methodology. So, on the one
hand, novel logics are complete (see theorems 3 and 4) and, on the other hand, they have been extended to
infinite hierarchy of fuzzy sets, therefore they have more design degrees of freedom than do conventional fuzzy
logics with values distributed in the standard unit interval [0, 1].

The point is that geometrically we can imagine a system of non-Archimedean numbers in two ways:

e In case of hyperreal or hyperrational numbers they may be regarded as a homogeneous infinite tree with
[0, 1]-branches splitting at each vertex.

e In case of p-adic integers as a homogeneous infinite tree with p-branches splitting at each vertex.

The first one is said to be non-Archimedean tree, the second one p-adic tree. For instance, a 2-adic tree is
pictured in Fig. 1 and a non-Archimedean tree with branches whose number runs over the set [0, 1] in Fig. 2.
This geometrical presentation allows us to consider infinite hierarchies of conditional fuzzy (resp. finitely
many-valued) data described in the standard form as that distributed in the set [0,1] (resp. {0,...,p — 1}).
In order to exemplify this feature, let us take some fuzzy (resp. finitely many-valued) data and build up
using them wectors of fuzzy information generating a hierarchical structure between digits of these vectors.
If © = (z1,29,...,2%p,...), where ; € [0,1] in the hypervalued case (resp. z; € {0,1,...,p — 1} in the
p-adic case), is a fuzzy information vector, then digits x; have different weights. The digit x is the most
important, x; dominates over xs, o over zz in turn and so on. The distance between uncertain states
x = (x1,T2,...,Tp,...) and y = (Y1,Y2, .-, Yn,.-.) is determined just by the length of their common root:
close uncertain states have a long common root (i.e. then there exists a large integer j such that z; = y; for
any 1 =0,...,7).

This distance between uncertain states could be regarded within ultrametric space (X, p), where the
distance p satisfies the strong triangle inequality: p(x,y) < max(p(x, 2), p(z,y)). For r € R4, a € X, we set

Ur(a) ={x € X: p(x,a) <r}, U (a):={xe€X:plx,a)<r}.

Both sets are called balls of radius r with center a. It can be readily shown that balls in ultrametric space
have the following properties [15], [16]:

e For any balls U and V in X, either they are ordered by inclusion (i.e. U C V or V C U) or they are
disjoint.

e Each point of a ball is a center.

Example 1 Let us try to present results of a pattern recognition in the form of 2-adic valued logic. Suppose
that our sensor gathers the observations of people to be classified and the first task is to detect the sex of a
person. Then xog = 1 if a person who is observed is female and x¢g = 0 if male. Further, we have x1 =1 if a
person is young and x = 0 otherwise. Then xo =1 if a person is tall and xo = 0 otherwise. After that we set
x3 = 1 if (s)he is blond and x3 = 0 otherwise, etc. As a result, we will obtain a 2-adic tree if we continue.
Results of such pattern recognition can be regarded as the following balls in 2-adic ultrametric space:

o the set of women Uy o = {x = (xo,21,...,%pn,...): Tg = 1},
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e the set of young women Uy q = {x = (20, %1,...,Tp,...): To = 1,21 = 1},
e the set of tall young women Uy /g = {x = (T0, 21, .., Tn,...): T = L, 21 = 1,5 = 1},
e the set of blond tall young women Uy )15 = {x = (T0,21,...,%n,...): 2o = L,x1 = 1,20 = 1,23 = 1},

e ...
For processing these results we can use operations of 2-adic valued logic BLY .

Thus, while the key notion of conventional fuzzy logics is that truth values are indicated by a value on the
range [0, 1], with 0.0 representing absolute falseness and 1.0 representing absolute truth, in non-Archimedean
and p-adic fuzzy logics we come cross non-Archimedean or p-adic trees (Fig. 1 and 2) and truth values are
indicated by a value on the range *[0, 1] of hypernumbers or on the range Z, of p-adic integers. We build up
infinite tuples of the form (w1, pt2, ..., tn,...), where py; is a fuzzy measure such that p; depends on p; for
any natural number ¢ < j. For instance, we can interpret this dependence as types of higher-order logic. Let
us take a fuzzy set P; € F;(D), where

f0,1]l0-117

)

Fi(D):=10,1

i+1

then a membership function up,(x) is defined as the degree of membership of = in P;.

®
T

ANARTARA

Figure 1: The 2-adic tree.

The further advantages of non-Archimedean and p-adic valued fuzzy logics consist in a possibility to be
considered as behavior fuzzy logics. Let us recall that behaviors can be viewed as a labelled transition system.
The set of finite sequences over a set A will be denoted by A*, and the empty sequence by e. The transition
system is understood as a tuple T = (S, Sy, L, —), where S is a potentially infinite collection of states, Sy is
the set of initial states, L is a potentially infinite collection of labels, —C S x L x S is a transition relation
that models how a state s € S can evolve into another state s’ € S due to an interaction o € L. Usually,
(s,a,8") €— is denoted by s —— s’. A state s’ is reachable from a state s if s —— s’

The finite trace of transition system is a pair (sg, o), where sg € Sy and 0 = ajs . .. @, is a finite sequence

of labels such that there are states sq, s1,..., s, satisfying s; SAEIN si+1 for all 4 such that 0 < i < n. The
infinite trace of transition system is a pair (sg,0), where sg € Sp and 0 = ajs ... is an infinite sequence of
labels such that there are states sg, s1,... satisfying s; SAEIN s;41 for all 4 > 0. The set of all finite (resp.

infinite) traces is denoted by trace*(T) (resp. by trace®(Y)). Notice that non-Archimedean and p-adic trees

may be naturally interpreted as sets of traces of transition system, where the set of states runs either over

[0,1] or {0,...,p— 1}. In other words, non-Archimedean and p-adic trees may be regarded as behavior trees.
Now let us construct a fuzzification of transition system Y by defining the following functions
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Figure 2: The non-Archimedean tree.

e in case S is infinite, fuz*: trace*(YT) — [0,1]*, where [0, 1]* denotes the set of finite tuples of members
of [0, 1].

e in case S is infinite, fuz*: trace*(YT) — *[0,1].
e in case S is finite and |S| = [{0,...,p — 1}|, i.e. they are of the same cardinality, then
fuz*: trace”(T) — {0,...,p — 1},
where {0,...,p — 1}* denotes the set of finite tuples of members of {0,...,p — 1}.

e in case S is finite and |S| = [{0,...,p — 1}, i.e. they are of the same cardinality, then
fuz?: trace”(Y) — Z,.
Suppose that all these functions are injections such that
o fuz*(e) ={(0,...,0), where € is the empty sequence of trace*(Y),
e fuz“(e) = *0, where € is the empty sequence of trace*(Y),
e an i-th projection of fuz*((so,0)) (resp. fuz*({so,0))) is a fuzzy measure of s; for any i =0,1,2,...

Thus, we can analyze an evolution of transition system Y by setting its fuzzification and further by using
the non-Archimedean valued logic LITV and the p-adic valued logic BLY for processing results.

Example 2 Let us assume that the following twelve attributes should be identified for a prediction of weather:
date D, hour H, cloud amount C'A, cloud ceiling height CC, wvisibility V, wind direction W D, wind speed
WS, precipitation type PT, precipitation intensity PI, dew point temperature DP, dry bulb temperature DB,
and pressure trend P. All of these attributes are continuous except for precipitation PT, which is nominal
(e.g. rain, snow, etc.). Each experiment consists of obtaining data for each attribute. Let us denote by S'? the
set of all possible data (states) that could be obtained in those experiments. By Si? we will denote results of
the first experiment. Our prediction model could be presented as a transition system Y = (S12 S32 L12 —),
where L2 is a set of labels for each attribute. In order to set up such a model we should solve the task how
it is possible to define labels on the base of experimental data. This task could be solved by a fuzzification,
i.e. we could, firstly, identify the attributes to be used to indicate similarity between cases (experiments)
and, secondly, describe fuzzy degrees of similarity in relations between states of an appropriate attribute and
obtained in different experiments. This similarity will be defined in a forecasting scenario step by step for
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each new experiment. The sequence of forecasting scenarios will be presented as a sequence of fuzzy measures
of the resultant effects on forecast accuracy in respect to fized parameters of a previous experiment. Thus,
in a prediction model T we could deal with labels defined as fuzzy relations between states s; and s;11 of an
appropriate attribute, where s; and s;y1 are states obtained in the i-th experiment and i + 1-st experiment
respectively. The sequences of such fuzzy labels could be regarded as traces of T within the non-Archimedean
valued logic £11V .

6 Conclusions

So, we have constructed infinite-order logical calculi and shown that these calculi have non-Archimedean and
p-adic multiple-validity. In particular, if a first-order logic L is infinite-valued, then we will obtain hyper-valued
logic. If L is m-valued and m is a finite natural number, then we will obtain m-adic valued logic.
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