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Abstract

The variance of fuzzy random variables often appears in fuzzy random programming problems. Based
on the definition of the variance of a fuzzy random variable, this paper attempts to deduce several formulas
for the variances of trapezoidal fuzzy random variables, in which the randomness is characterized by
uniform distribution. Firstly, we give the moment formulas for trapezoidal fuzzy variables. Then, according
to the obtained results, we deduce the variance formulas for trapezoidal fuzzy random variables. The
obtained formulas are useful in studying the properties of fuzzy random programming problems. At last,
we also provide some applications of the obtained formulas through three numerical examples.
©2009 World Academic Press, UK. All rights reserved.
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1 Introduction

Fuzzy random theory [10, 17] is a combination of probability theory and credibility theory [10, 11], it deals with
the hybrid uncertain environment where linguistic and frequent nature coexist in a decision-making process.
Fuzzy random variable is a basic concept in this theory, which was introduced by Kwakernaak [5] to depict
the phenomena in which fuzziness and randomness appear simultaneously. Since then, it was studied by other
researchers, aiming at different purposes such as Liu and Liu [13], Feng and Liu [1], Liu and Gao [16], Wang
and Watada [21], and Qin and Hao [19]. Using fuzzy random variables, fuzzy random optimization theory has
been developed rapidly and many meaningful mathematical programming models have been well developed
in recent years. For instance, Luhandjula [18] adopted a semi-infinite method to convert the primal fuzzy
random linear programming problem to a stochastic programming one so that the techniques of stochastic
optimization can be applied. Liu and Liu [14] proposed a class of fuzzy random optimization—expected
value models. Liu [7, 8, 9] presented fuzzy random chance-constrained programming and dependent-chance
programming via the primitive chance of a fuzzy random event, and designed hybrid intelligent algorithms to
solve them. Furthermore, Liu and Liu [15] presented fuzzy random programming by introducing the mean
chance of fuzzy random events. Hao and Liu [3] studied a new class of portfolio selection model with fuzzy
random returns, and employed a hybrid particle swarm optimization (PSO) algorithm to solve it.

As the case of real-valued random variables, the variance of fuzzy random variable should be used to
measure the spread or dispersion of the fuzzy random variable around its expected value. The variance
of fuzzy random variables is of great importance in statistical analysis, economics, linear theory of fuzzy
stochastic processes and other fields of fuzzy random theory and applications. And it has been studied by a
number of scholars. For example, Korner [6] studied properties of the variance of a fuzzy random variable and
compared it with the common variance of real-valued random variables, and considered a linear regression
problem and limit theorems by using the expectation and the variance of fuzzy random variables. Feng et
al. [2] introduced the properties of the variance of fuzzy random variables and discussed the linear theory
of fuzzy stochastic processes by applying the properties of the variance of fuzzy random variables. Hao and
Liu [4] formulated the mean-variance methodology for fuzzy random portfolio selection problem, in which the
expected return of a portfolio was taken as the investment return and the variance of the expected return of
a portfolio was taken as the investment risk.

However, due to the difficulties involved in computing variance, studies are usually focus on searching for
good approximation and simulation methods to solve complex fuzzy random programming problems. Based
on the definition of the variance of a fuzzy random variable [13], this paper deduces general formulas for the

*This work is supported by the Program for One Hundred Excellent and Innovative Talents in Colleges and Universities of
Hebei Province, and the Natural Science Foundation of Hebei Province (No.A2008000563.)
fCorresponding author. Email: hff29@163.com (F.F. Hao).



146 F.F. Hao, and R. Qin: Variance Formulas for Trapezoidal Fuzzy Random Variables

variance of trapezoidal fuzzy random variables, so that they can be used more conveniently in fuzzy random
optimization problems.

This paper is organized as follows. Section 2 recalls some basic concepts on fuzzy random variables. In
Section 3, we first give the moment formulas of trapezoidal fuzzy variables. After that, applying the obtained
results, we deduces the variance formulas for trapezoidal fuzzy random variables. And three numerical exam-
ples are also provided to apply the variance formulas in this section. Finally, Section 4 gives our conclusions.

2 Fuzzy Random Variables

Given a universe I', an ample field [20] A on T is a class of subsets of I' that is closed under arbitrary unions,
intersections, and complementation in I". Let Pos be a possibility measure defined on the ample field A, a
self-dual set function Cr, called credibility measure, is defined as [12]

Cr(A) = %(1 + Pos(A) — Pos(4°)), A€ A, (1)

where A€ is the complement of A.
The triplet (T', A, Cr) is called a credibility space [11].

Definition 2.1 ([12]) Let & be a fuzzy variable. The expected value of & is defined as

[eS) 0
Blg) = [ crezrar— [ cre<nar )
0 —00
provided that at least one of the two integrals is finite.

Definition 2.2 ([12]) Let £ be a fuzzy variable with finite expected value e. The variance of ¢ is defined as
Vil=E[(E-e)?]. (3)

Definition 2.3 ([13]) Let (2,3, Pr) be a probability space. A fuzzy random variable is a map £ : Q — F,
such that for any Borel subset B of R, the following function

Pos{vy | &u(v) € B}

is measurable with respect to w, where F, is a collection of fuzzy variables defined on a possibility space.

The various measurability criteria for fuzzy random variables were discussed in [1], which provided us
methods to check if a map from 2 to F, is a fuzzy random variable.

Definition 2.4 ([13]) Let £ be a fuzzy random variable defined on the probability space (2,%,Pr). The
expected value of £ is defined as

0

Ele] = /OOO Pr{we Q| Ble(w)] > r}dr — / Pr{we Q| ElE(w)] < r}dr (4)

provided that at least one of the two integrals is finite.

Definition 2.5 ([13]) Let ¢ be a fuzzy random variable defined on the probability space (£2, %, Pr) with
finite expected value e. The variance of £ is defined as

ViEl=E[(E-e)?]. (5)

The readers who are interested in the detailed discussion about fuzzy random variable and its properties
may refer to [9, 10, 17].
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3 Variance Formulas

In this section, we deduce the formulas for variance of trapezoidal fuzzy random variables, which will be useful
in the fuzzy random optimization problems.

Let £ be a trapezoidal fuzzy random variable such that for each w, £(w) =(X(w) — 6, X (w) — o, X (w) +
a, X(w) 4 B) is a trapezoidal fuzzy variable with the following possibility distribution

%7 if X(w)—d<z< X(w)—a

1, if X(w)—a<z< X(w)+a

Pe(w)(T) =

%W, fX(w+a<z<Xw)+p

0, otherwise,

where 6 > o > 0, § > a > 0, and X is a random variable. Then for each w, according to (2.1), we have
El¢{(w)] = (4X (w) — 6 4+ B)/4. Moreover, by using (2.4), we have E[¢] = (4E[X] — 0 + 3)/4.

Proposition 3.1 Let & be a trapezoidal fuzzy random variable such that for each w, &(w) =(X(w) -5, X (w) —
a, X (w) + o, X (w) + B), and denote m = E[X].
(1) If X(w) <m — 3, then
E[(¢(w) — m)?] = X2(w) — 2mX (@) + m? + 500,
(2) If m— B < X(w) <m— «, then

E[(¢(w) —m)?] = _(i(ﬁilfa) [X3(w) = 3(8 — 2a 4+ m)X%(w) + (3(8+m)* — 12am) X (w)
—(B4m)? + 203 + 6am?] .

(3) If m — a < X(w) < m, then

Bl(6(w) — m)?) = X2(w) — (%3 +2m) X(w) +m? 4 Ot 4 SegOel
(4) If m < X(w) <m+a, then

Bl(6(w) = m)?] = X2(0) + (%5% — 2m) X(w) +m? — Pgem  SeCgle
(5) If m+a < X(w) <m+ B, then

E[(¢(w) —m)?] = m [(X3(w) 4+ 3(8 — 2a — m) X% (w) + (3(8 — m)? + 12am) X (w)
+(8—m)3 — 203 — 6am?] .
(6) If X(w) > m+ 3, then
BJ(§(w) = m)?) = X2(w) — 2mX () + m? 4 el

Proof: We only prove the assertion (1), the rest can be proved similarly.
For any r > 0, we have

Pos { (¢(w) —m)? > r} = Pos {£(w) —m > V/r} VPos {E(w) —m < —/r}. (6)
If X(w) < m — f3, then by Eq. (6)
1, if0<r<(X(w)—m-—a)?
Pos {(£(w) —m)? > r} = =N=X@mts 5 (X () —m—a)2 <1 < (X (w) —m — )

B—a
0, otherwise,
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and
1, if r > (X(w) —m+a)?
Pos {(§(w) —m)? <r} = YEXLomD i (X (w) —m+ B)? < r < (X(w) —m+a)?
0, otherwise.
Therefore,
1, if0<7r<(X(w)—m+p3)?
VIRt (X (W) ~m o+ B)2 <1 < (X(@) —m+ )
Cr{(e@) —m? =1} = & i (X(w) —m+0)2 <r < (X(@) ~m - a)?
W, if (X(w)-m—a)?<r<(X(w)—m-—p)>2
0, otherwise.

It follows that

E[(¢(w) —m)?] = fooo Cr{(¢(w) —m)? > r}dr = X?(w) — 2mX (w) + m? + %ﬂ

The proof of the proposition is complete. [J
As a consequence of Proposition 3.1, when X ~ U(a,b), we can obtain the following results about the
variance formula for symmetric trapezoidal fuzzy random variable.

Theorem 3.1 Let £ be a trapezoidal fuzzy random variable such that for each w, {(w) =(X(w) — 8, X (w) —
a, X (w) + o, X (w) + B), and denote m = E[X].
If X ~U(a,b), and (b—a)/2 > 3, then

b—a)? 303—8%_a28—an32 2++2
V[ﬂ:( 15) + = ?2(biaﬁ) o 4 e a3ﬁ =

If X ~U(a,b), and a < (b—a)/2 < 3, then

_ (b—a)® (B—2a)(b—a)® | B3(b—a) |, B3—20> | 150*—4a’B—6028%2—4083° | 9o°+5a2B+2032
VI = m-a + o)~ T sG-a) T 6@w T Re-a@a T 6Gea)y

If X ~U(a,b), and (b—a)/2 < «, then

b—a)? — b— o’+a 2
1413 _ 1211) + B 0%( a) +4 +6ﬂ+ﬁ )

Proof. Since X ~ U(a,b), we have m = (a + b)/2. By Proposition 3.1, we have the following calculation
results. If X(w) < (a+b)/2— 3, and (b —a)/2 > 3, then

a+b)/2—3 o’ +3%+a b—a)? o?+8%+a a?+428%+a
N, :f; )/ (fo(a+b)x+(a+b)2/4+ +53+ ﬁ) ﬁdx: ( 24) + +66+ B8 _ B( ?Ibfa;r 8)

If X(w) < (a+b)/2—0,and (b—a)/2 < (3, then Ny = 0.
If(a+b)/2—-0<X(w)<(a+b)/2—a,and (b—a)/2> 3, then

_ _5a°-5p%°+a’B—ap®
Ny = — 8(b—a) :

If (a+b)/2-0<X(w)<(a+b)/2—a,and a < (b—a)/2 < (3, then

_ (b—a)? (B—2a)(b—a)? 52 (b—a) 32 —2a° 150 —40®B—6a28% —4a3°
No = mieay) T~ B5-a) ~ T 1605—a) T 305-0) T 24(b—a)(B—a) :

If(a+0)/2-<X(w)<(a+b)/2—a, and (b—a)/2 < a, then Ny = 0.
If(a+b)/2—a< X(w)<(a+b)/2,and (b—a)/2 > «, then

_ 9a3+5a26+20¢52
N3 = 12(b—a) :
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If(a+b)/2—a< X(w)<(a+1b)/2,and (b—a)/2 < a, then

Ny = G0 | (Bra)t-a) | ta’+apis”

If(a+b)/2<X(w)<(a+b)/2+ a,and (b—a)/2 > «a, then

_ 9a°+5a2B+2a8?
Ny = 12(b—a) :

If(a+b)/2<X(w)<(a+b)/2+ a,and (b—a)/2 < a, then

N4 _ (bgz)2 + (B— )(b a) + 4o +aﬁ+62

Ifa+b)/2+a<X(w)<(a+b)/2+ 0, and (b—a)/2 > G, then

— _5a’=55°+a’f-ap?
Ns = —"—%0-0)

If(a+b)/24+a<X(w)<(a+b)/2+ 0, and a < (b—a)/2 < 3, then

(b—a)® (B—2a)(b—a)® | B*(b—a) 3243 | 150*—40®B—6028%—405°
Ns = 55150y T~ @8(=a) ~ T 16(5=a) T 12(;3 o T 24(b—a)(B—a) :

Ifa+b)/2+a<X(w)<(a+b)/2+ 0, and (b —a)/2 < «, then N5 = 0.
If X(w)> (a+b)/24 3, and (b—a)/2 > (3, then

2 2 2 2
Ng = (b— a) + @ +B6 +aB _ Bla ;(-gﬁa-)&-aﬁ)
If X(w)> (a+b)/2+ 3, and (b—a)/2 < 3, then Ng = 0.
Combining the above, we have
If (b—a)/2 > 3, then

a o’ —p3—a?B—aB? a’+a 2
VIEl = Ny + N + Ny + Ny + Ny + Ng = 0qgl 4 30°=Fnatimol’ 4 arapep’

Ifa<(b—a)/2 <, then
V[€] = N1+ Na + N3 + Ny + N5 + Ne

(b—a)® (B=20)(b—a)® | B*(b—a) 52 150t —40®B-60?5%—4a8% | 9a°+5a%5+2a3>
= mopea) T st t S5 T Z) RIS U7 1 e B (5

If (b—a)/2 < a, then

VIE] = Ny + Na + Ny + Ny + Ny + Np = 507 4 Fa)ba) | da®+apip?

The proof of the theorem is complete. [J

Example 3.1 Let £ be a trapezoidal fuzzy random variable. For each w, {(w) = (X (w) —4, X (w) — 2, X (w) +
2, X (w)+4) is a triangular fuzzy variable with X ~U(1,2). Since a =2, =4,a=1,b=2, and (b—a)/2 =
(2—-1)/2 < a=2, by Theorem 3.1, we have

_ )2 _ _ o?ta 2 _1)2 _ _
V¢ = (b1;) + @ O%(b @) 4 4 +6B+ﬁ _ (2121) + 2)>§(2 Lo 4><22+(25><4+42 —7

Proposition 3.2 Let & be a trapezoidal fuzzy random variable such that for each w, {(w) =(X(w)—6, X (w) —
a, X (w) + o, X (w) + B), where § > B, and denote m = (4E[X] — 6 + 3)/4.
(1) If X(w) <m — 3, then

BI(§(w) = m)?] = X2(w) — 2mX (w) + m? 4 L 2000000 Sadide)

(2) If m— B < X(w) <m— «, then

@)

E[(§(w) = m)?] = — gy X (w) + 5 X2 w) - (QTH +m+ (27&3_—&)2> X(w)

2
_’_(67&3_02) + am+6m;-a6+m 4 (5*604) .
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3) If m — a < X(w) <m, then

BI((w) = m)?) = X?(w) = (332 + 2m) X(w) + 02 4?4 (eltmd o o2k

@) Ifm<Xw) <m+0—-0)/2, and 6 — < 2a, orm < X(w) <m+a, and 6 — 8 > 2, then

El 2 3 5+ﬂ—20l ] « o+ a2+o¢ + 2 2 6+5—2 )(
[(é(w) - m)g] - m325 3)? ) + ( + 752 3) m2 + 3 2 5m+ 4 65 g + (3(5 g)g) 3(("’)
5—[3-‘1—20( 277L 6+/3—2(¥ 277L2 (i-‘r f—2()¢ 4o aJ’_
+< =3 Es 32 )>X2(w)+(7((5 B2 )—2m——5 ﬁm—LQ‘S)X(w).

(B) Ifm+(0—-0)/2< X(w) <m+a, and 6 — § < 2a, then

Bl(E(w) —m)?] = X2(0)+ (5%~ 2m) X(w) +a? 4 m? 4 Creypmm y Grar
Ifm+a<X(w)<m+(6—0)/2, and 6 — > 2a, then

T 600—a)(B-a)(6-p)? 6(8—0)

(5+,372a)3 1 3 (6+672a)2(a57a,87m67mﬁ+2am) B—2a+m 2
+ (6(6—a>(5—a><6—m2 - 6(5—@)) Xow) + ( 20-a)(B-a) (0B +50 ) )X ()
(a—m)? a+d

(64+B—2a)(ad—af—ms—mpB+2am)? atd
+( 26-a)(B-a) (3—F)? —m — G5 — o8 ) X (W),

ad—af—mdi—m am)? a—m)3 5—a)? m—+a)(m+4§
E[(f(w)—m)Q]—( B B+2am) ( )+(6)+(+)2(+)

6) fm+a<X(w)<m+96, andd—0<2a, orm+ (6 —0)/2 < X(w) <m+94d, and § — 3 > 20, then

2
Bl(E(w) = m)*] = sitm X3w) + (3 - 258%5) X2w) + (452 —m+ 5500 ) X (w)
m+a)? a—m)? B—a)(a—m B—a 2
el | foom? | (mal(omm) y (Bmo?,

(7) If X(w) >m+ 0, then

_ o—=p)m 202 +3%+6%—206+4ap
E[(¢(w) —m)?] = X2(w) — 2mX () + m? + E=m | 20745740 —20dtdaf

Proof: The proof of the proposition is similar to that of Proposition 3.1. O
As a consequence of Proposition 3.2, when X ~ U(a,b), we obtain the following variance formulas for
trapezoidal fuzzy random variable with § > .

Theorem 3.2 Let £ be a trapezoidal fuzzy random variable such that for each w, £(w) =(X(w) — 0, X (w) —
a, X(w) + a, X (w) + B), where § > (3, and denote m = (4E[X]| — 0 + 3)/4. When X ~ U(a,b), we have the
following results.

If6 — B <2a, and b—a > (35 + 3)/2, then

Ve = (b—a)? 4 (6=B)(a+b)  (5—B)(6+B)(a+b) _ (6+3B)(16a>+32aB3—16a6+685+233°+35%)
(=13 2 4(b—a) 192(b—a)

+(67ﬁ)(64a2+24a,878a674,85+662+1462) _ (36+8) (160> +3208—1605+635+33°+2357)
192(b—a) 192(b—a)
_12a2-933 563 —502B+a?+13ap> —Tad? —16aB5—108%5—655> + 162 +582 4552 +32a8—16a6+688
24(b—a) 48 :

If6 — B <2a, and (§ +30)/2<b—a < (35 +[)/2, then

_ (b—a)® (135—B—160)(b—a)® | (36+B)*(b—a) | (5—B)(a+3b) | 48a>+680F—20ad+1835+1752+136>
VIEl = swmip—ay + 192(6—a) + 3566—a) T 16 + 192
+(5—ﬁ)(6+36)(a+b) + (4a—6+p)* _ (4a—56+B)*(56—B—8a) _ (4a—35+p3)(160°+4aB+12a6+685+78°+357)
16(b—a) 256x8(6—a)(b—a) 384x4(6—a)(b—a) 384(b—a)

(4a—38+3)2(35+6)> (8—6+20) (180> +9af+ad—B5+36%+25%) (6—B) (640> +2408—8ad—435+66>4+145%)
T 256x4(5—a)(b—a) + 48(b—a) + 192(b—a)

_ (4a—6+p)® + 302498241502 6-8a26—9032 +4a5%+12085+68%5 _ (6+3B)(160°+32a8—16a6+685+233°+35%)
384x2(5—a) 24(b—a) 192(b—a) :
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If6 — 8 <2a, and (6 — f+4a)/2<b—a < (6§ +33)/2, then

_ +6—2 58 58—8—8a (36+6) (6+306)
Vigl = 38455—a)(g—a) (b—a)®+ (192(% o T 192(ﬁ—03) (b—a)®+ (256(5 ot 256(ﬁ—a)) (b—a)
1602 —803+2400+685+136%-35%  (4a—35+8)*  (4a+5—B)* (4a+6—p)* (4a—5+3)*
+ 9% 38ix2(0—a) _ 384x2(3—a) T 256x8(F—a)(b—a) T 256x8(—a)(b—=a)

+(,676+2a)(18a2+9aﬁ+a67ﬁ6+362+252) (0—05) (640> 4240 8—8ad —485+66%+1452) 4 92”42a6° +50°5
48(b—a) 192(b—a) 12(b—a)
(4a+5—B)3(56—5—8a) (4a—35+B)3(56—B—8a) _ (4a—3+B) (160> +4aB+1205+685+78°+36>)
T 384x4(f—a)(b—a) ~  384x4(d—a)(b—a) 384(b—a)

(4a—5+B)2(36+3)> (4a+5—B)(6+3B)>  (4a+i— B)(16a2720aﬁ+36a5+6ﬁ6+19/3’27962)
256x4(6—a)(b—a)  256x4(B—a)(b—a) 384(b—a)

If6—B<2a,and (B—0+4+4a)/2<b—a < (§ — 5+ 4a)/2, then

_ (b=a)® (136—B—16a)(b—a)? (36+3)(b—a) (B—a)(b—a) | 80a%—8aB+40 6+6ﬁ6+1352+1362
VIEl = swmip—ay + 192(5—a) + 56—y T+ T i ——
(4a—5+3)* (4a—5+3)(56—B—8a)  (4a—35+8)%(35+8)> G B)(32a%+2708—19a5—585+58>+852)

+256><8(5—a)(b—a) T T 384x4(0—a)(b—a)  256x4(0—a)(b—a) 192(b—a)

(4a—5+8)° (4a—38+8) (16> +4aB+12004+685+75%4362) + (B—56+2a) (18> +9aB+ad—36+33 +262)
T 384x2(0—a) 384(b—a) 48(b—a)

If6 —B3<2a,and (6§ —P)/2<b—a< (8—0+4a)/2, then

b—a)? 5—2a o 252(1 ad 5—3)(10 1008 — B2 +62
Vg = %—s—%(b—a)—kg +ﬁ+ +af+ +( B)( (fgz(b(;)ﬂJr)

If6 — B <2a, andb—a < (6 — B)/2, then

36— [+2 116246402458 +26 1004
Vg = Bt a)? 4 ot tten=1te

If2a <6 — B < 4a, and b—a > (36 + 3)/2, then

V[f] _ (b=a)®  (0+8)(640>+B° 7165 +80°B—8a’5+2403% +40a5> —213°5—29362) + 1602 +582+56%+32a8—16a6+685
48

- 12 384(5—a)(b—a)

(5438) (160> +32a6—16ad+635+235%+35%) (304+8) (160> +32a8—16a5+635+3524-2352) (6—B)3(116—756+128)
- 192(b—a) - 192(b—a) T T 256x24(f—a)(b—a)
+(5—ﬁ)(a+b) _ (6+8—20)%(6—B—4a)* " (5+8—2a)?(5—B—40a)>(6+8+2a) i (5—B—2a)(6—p)%(136—5—24a)

2 24x256(0—)(B—a)(5—P)2(b—a) 384x4(6—a)(B—)(6—0B)(b—a) 384x2(f—a)(b—a)

_'_(5272042)(674(175)2 _ (6+B8—2a)*(5—B—4a)*(5+B+6a) + (6—B—4a)®(198—35—360) + (6—B—4a)?(6—p)(6—9B+160)
64(0—a)(b—a) 256x4(0—a)(B—a)(b—a) 256x24(B—a)(b—a) 256 x4(B—a)(b—a)

+(53—2a3)(5—2a—g) _ (82-p%)(a+b)  (36—B+2a)(5—B—4a)? + 3a498%+15a°8—8a%5—9aB%+4a8>+12a85+63%6
12(6—a)(b—a) 4(b—a) 384(0—0)(b—a) 24(b—a)
+(6+,872a)2(115+115+420¢)(675)2 (0+8—-2a)2(6—B—2a)(6+8+100)(§—B) _ (5°—2a>)(5+4a—pB)(56—8a—53)
24x256(6—a)(B—a)(b—a) 384x2(6—a)(B—a)(b—a) 64(6—a)(b—a)
+(5—ﬁ)2(116—56+10a) + 902 —23%446%—508+7a5+635 a4+ (6+68—2a)(6—B—4a)*
6x256(b—a) 18(b—a) 6x256(0— 6)2(b a)

If2a <6 — B <4a, and (6 +306)/2 <b—a < (36 + B)/2, then

2 _3\2 2
V[S] _ (b;z) + (5—6)§2a+3b) _ (6=PB)(6+3B)(a+b) + 160> +56%+55%+32a3—16ad+635 _ (5—pB)°(36+8)

16(b—a) 96 256x4(6—a)(b—a)
_ (62—20*)(6+4a—B)(56—8a—50) + (3% —20%)(6—2a—0) + (0+8—2a)(6—B—4a)*  (30—B+2a)(6—B—4)?
64(6—a)(b—a) 12(6—a)(b—a) 6x256(6—0B)2(b—a) 384(6—B)(b—a)
_ (6+3B) (160> +32a8—16a6+685+233°+352) n (b—a)® n (56—B—8a)(b—a)? + (36+B3)%(b—a) _ (4a—d+B)°3
192(b—a) 384(0—«a) 192(6— a) 256(5—a) 384x2(6—a)
+16a2+4aﬁ+12a6+6ﬁ5+17[32+352 + (6—p)* _ (6-B)*(56—B—8a) (6+3—2a)3(6—B—4a)?
192 256x24(6—a)(b—a) 384><4(57a)(b7a) 24x256(6—a) (B—a)(6—p)2(b—a)
(6—B)2(116— 5,8+10a) 902 —28%+46%2—508+7a6+638 o+ 30°+98%+15028—8a26—9aB%+4a6%+12a85+63%8
+ T 6x25600—a) 18(b—a) 24(b—a)
+ (4a—38+3)3(5—0) + (0+8—-20)°(6—B—42)3(6+B+20)  (5—B)°(116-758+128c)  (§+8—2a)*(§—B—4a)?(5+B+6a)
384x4(b—a)(d—a) 384x4(6—a)(B—a)(6—B)(b—a) 256 x24(B—a)(b—a) 256x4(6—a)(B—a)(b—a)
+(6+ﬁ 2a)?(116+118+420)(5— ﬁ)2 (648-20)%(6—B—20)(§4+B8+10a)(§—B)  (160°+4aB+120:6+6B5+78°+35°)(5—3)
24x256(6—a) (B—a)(b—a) 384x2(6—a)(B—a)(b—a) 384(b—a)

+(52 20%)(6—4a—pB)? + (6—B—40)>(196—35—360) + (6—B—20a)(6—p)(136—5—24a) + (6—B—4a)?(5—B)(6— 98+16a)
64(6—a)(b—a) 256 x24(B—a)(b—a) 384x2(B—a)(b—a) 256 x4(B—a)(b—a)
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If2a <d— 0B <4da, and (6 — f+4a)/2 <b—a < (6 +30)/2, then

_ B2 3 56—B—8a |, 58—56—8« 2 (36+P)2 (64+30)2
VI = smagaya—ay 0~ @) + (192(&&) + 192(5%!)) (b—a)”+ (256(67(1) + 256([3704)) (b—a)
_|_16a278a,8+24a6+666+13627352 (4a—35+p)° (4a+5-p)" T (4a+5—pB)* (5—8)*
96 T 384x2(6—a)  384x2(f—a) | 256x8(f—a)(b—a)  256x24(6—a)(b—a)
_(=B)*(56-B—8a) _ (6=B)°(35+B)° _ (4at+3—P)*(6+30)* _ (§—B+4a)°(56—0-8a) | 9a®+2as”+50°5

384x4(0—a)(b—a)  256x4(6—a)(b—a) 256 x4(B—a)(b—a) 384x4(B—a)(b—a) 12(b—a)
(4a4+6—B) (162 —20a8+36d+6354+193% —952) (—B)(4a—64+p)3 (6—P) (160> +4aB+12a5+685+782+352)
- 384(b—a) + 384x4(6—a)(b—a) 384(b—a)

_ (6+8—20)%(6—B—4a)* 4 (64+8—20)(6—B—40)®(5+5+20) + (84+8—20)*(6—B—20) (6+B+10a) (5—7)
24%x256(6—a)(B—a)(6—B)2(b—a) 384x4(6—a)(B—a)(6—B)(b—a) 384x2(6—a)(B—a)(b—a)

_ (0+B—20)*(6—B—40)*(3++6a) _ (6-B)*(110-75+128a) | (6+B—20)(3—f—4a)® _ (33—B+2a)(6—f—da)®

256 x4(6—a)(B—a)(b—a) T T 256x24(8—a)(b—a) 6x256(0—pB)2(b—a) 384(0—p)(b—a)
(6—8—40)?(19—35—360) (6—B8—20)(6—)%(138—5—24a) (—B)2(116—58+10a) (83 —=2a%)(6—2a—0)
T exzai—a)=a) T 384x2(F—a) (h—a) + 6% 256(b—a) + TG =a) -0

_(62—202)(6+4a—PB)(56—8a—503) + (6+6—20a)?(116+115+420)(5—5)* 4 (6—B—4a)?(6—B)(5—9B+16a)
64(6—a)(b—a) 24x256(6—a)(B—a)(b—a) 256 x4(B—a)(b—a)
(62—202)(5—4a—B)? | 9a2—2B2+46%2—5aB+7ads+638
t e mt—a T 18(b—a) .

If2a0<d—F <da, and (6 —B)/2<b—a < (§ — B+ 4a)/2, then

N2 _ _ 2 2 2_ _ 2« 2 2 _ 33
V[f] _ (b2:11) + (B 61)éb a) + 32a°+343 +5§6 6a8+14ad + (6—B) (320 —3af+11ad+B°+65°+36) + (b—a)

192(b—a) 384(0—a)
+(56—B—8a)(b—a)2 + (36+8)%(b—a) + 1602 +408+1205+635+732+352  (4a—6+p3)° + (5—-0)*
192(6—ar) 256(5—a) 192 384x2(6—a) | 256x24(6—a)(b—a)

(0—B—40)3(196-35—36a) | (3—B—4a)?(6—B)(5—96+16a) , (8°—2a*)(6—2a—0) |, (6+B—2a)(6—F—4a)*
T mex2ai—aro=a) T 356 % 4(F—a) (h—a) t T —a)—a) T 6x26(-5)2(h—a)

(0—B—20)(6—B)3(136—35—24a)  (36—B+2a)(5—F—4a)® | (52—2a2)(6—4a—B)% | (6—B)*(116—55+10a)
+ 384x2(3—a)(b—a) ~ 380 (—a) Gi—a)b—a) T~ 6x256(—a)

(5—8)3(56—B—8a) (5—B)2(36+8)> (6—8)(16a°+4af+12a64+685+76%+352) (B—6+40)3(6—0)
T 384x4(5—a)(b—a)  256x4(d—a)(b—a) 384(b—a) + 384x4(6—a)(b—a)

_ (3+B8—20)%(5—f—4a)* 4 (0+8-20)*(0—B—40)°(0+f+2a) | (5+3—20)*(116+116+42a)(3—p)”
24x256(6—a)(B—a)(6—B)2(b—a) 384x4(6—a)(B—a)(6—B)(b—a) 24x256(6—a)(B—a)(b—a)

4 (8+8-20)°(8—B—20)(6+B+100)(6=) _ (§—B)*(116-753+128c) _ (§+B—20)*(3—B—4a)*(3+B+6a)

384x2(0—a)(B—a)(b—a) 256 % 24(B—a)(b—a) 256x4(0—a)(B—a)(b—a)

_ (62—20”)(6+4a—B)(56—8a—50) + 902 —28%+46%—5084+7a6+635
64(3—a)(b—a) 18(b—a) a.

If2a <d— B <4da, and (B—5+4a)/2<b—a< (§ —3)/2, then

Ve = ( 1 _ (5+B—2a)? ) (3a4—5b4—6a2b2+12a3b—4ab3> n ((6+ﬁ—2a)2(6+5+2a) _ 5—55+8a)
= 10— ~ B0-0)F-a) 0B b—a 96(0—a)(F-a)(3—5)  96(5—a)

<a3_b3_3ab2+3a2b) i ((6+ﬁf2a)2(5+ﬁ+6a) _ (6-B)(6-96+16a)  §2-2a% 5—36—6a> (b—a)+ L=2
b—a 256(8—a)(d—a) 256(8—a) 16(6—a) 64 12(6—a)

(6+5—2a) 5+8—2a 1 3 (0+8—20)(3+B+2a) | 58—8a—3 | 36—B+2a
- (96(6—a)(5—a)(6—6)2 T 3a5-p)7 96(5—a)> (a+b)°+ (64(6—00(5—«1)(6—6) T 6i(5—a) T 16(6-5) )

1 (5+5—2a)° (6—B—4a)* (6+8—20)%(§+5+2a) 5—58+8a
(a + b)2 + (24><256(ﬂ7a) - 24><256(ﬁfa)(6(ia)(676)2) bfaa + (4><384(,67aa)(67a)(6g,8) _4><384(,67a))

(6—B—4a)® ((5+ﬁ—2a)2(5+ﬁ+6a) (6—B)(6+16a—98) 62—2o<2> (6—B—4a)? + (64+8—20)(6+B+100a)(5—p)
b—a

b—a 4x256(B—a)(d—a) 4x256(f—a) 64(0—) - 384x2(6—a)(B—a)
i ((6+,672a)2(5+ﬁ+4a)(57ﬁ) 4 (188-0-240)(5—p) _ (6*—2")(3—B) | 5372&) (3—B—4a) _ (§°—2a*)(5—B)
4x384(B—a)(d—ax) 4x384(B—a) 32(0—a) 24(6—a) b—a 16(0—a)

+64a2+5ﬂ2+1152+26a6—10a6 + (36—B+2a)(a®—b34+3a%b—3ab?) + (5+6—2a)(6—B—4a)* + (30— B+2a)(6—B—4a)>
192 24(6—P)(b—a) 256x6(6—05)2(b—a) 384(6—pB)(b—a)
(6—3B—6a)(6—B—4a)? (6402458241162 +2603—10a8)(5—B—4a) (6+8—2a)(5a* —3b* +6a2b>+4a>b—12ab>)
+ 256(b—a) - 384(b—a) - 96(6—F)2(b—a)
(138—8—240)(6—F)?
T mneEea

If 20 < § — B < 4o, and b—a < (B — 9§ +4a)/2, then

_ 356—842 1162464024582 +26a8—10ad
1419 *ﬁ(b_a)z‘k R
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If6— 08 >4a, andb—a > (36 + 8)/2, then

Viel = 16045824552 +3208—16a5+685 _ (6+8)(64a>+8°+716°+8a>F—8a25+24a3% +40a6> —21525-2985%) | (5—0)(a+b)
€] = i3 384(5—a)(b—a) + 2

_ (36+B) (160> +3203—160+635+33%+236%)  (6+38) (160> +3203—16a6+685+233°+35) n (b—a)®> _ (5—B)(6+B)(a+b)
12

192(b—a) 192(b—a) 4(b—a)
+(67,8)2(11675,6+10a) + 902 —23%+46%—508+7a8+635 + (0+8—2a)?(116+118+420)(5—B)>  (36—B+20)(6—B—4a)®
6x256(b—a) 48(b—a) @ 24%256(6—a) (B—a) (b—a) 384(6—pB)(b—a)
_ (6+8—20)3(6—B—4a)* _ (6-B)*(116-758+128c) _ (§4+B8—2a)*(§—B—4a)(5+B+6a) + (63 —=2a3)(6—2a—0)
24x256(0—a)(B—a)(0—P)2(b—a) 256 x24(f—a)(b—a) 256x4(0—a)(B—a)(b—a) 12(0—a)(b—a)
_ (6°—20*)(6+4a—B)(56—8a—58) + (6—B—40a)(198—35—36a) + 302 +98%+15028—8a26—9aB8°+4ad%+12a85+65°8
64(0—a)(b—a) 256%x24(8—a)(b—a) 24(b—a)
+(§+ﬁf2a)2(67574a)3(5+ﬁ+2a) + (5—B—20)(6—B)*(136—5—24a) T (6%2—202)(6—4a—p)* + (5+8—2a)(6—B—4a)*
384x4(0—a)(B—a)(6—p)(b—a) 384x2(B—a)(b—a) 64(6—a)(b—a) 6%x256(6—B3)2(b—a)
+(6+5—2a)2(6—6—2a)(6+6+10a)(6—5) + (§—B—40)*(6—B)(6—98+16a)
384x2(6—a)(B—a)(b—a) 256 x4(B—a)(b—a) :

If 6 — B >4a, and (§+30)/2<b—a < (30 + )/2, then

Vie] = (b—a)®  (5+3B)(16a>+3208—16a5+635+233%+357) + 160245082 4+56243203—16a6+685 _ (6—B)(5+38)(a+b)
— 384(6—a) 192(b—a) 96 16(b—a)

2 2 2 2 2 2 _ 35
+“’§Z) + (6—ﬁ)§2a+3b) + (56—B—8a)(b—a) + (36+p8)=(b—a) + 16a +4aﬁ+120ﬁ)§6ﬁ5+17[3 +35 + (4a—d+B)"(0—PB)

192(6—a) 256(6—a) 384x4(b—a)(d—a)
4 (6—p)* _ (6-PB)*(56—B—8a) (160 +408+12a5+635+73>+35%)(5—B) + (6+8—20)2(6—B—40)>(6+8+20a)
256x24(6—a)(b—a)  384x4(6—a)(b—a) 384(b—a) 384x4(6—a)(B—a)(6—pB)(b—a)
(6—8)%(35+8)* (5+B8—2a)%(6—f—4a)* (4a—5+B)* | (8°—20%)(6—2a—PB) _ (§—-B)*(116—755+1280)
T 256x4(0—a)(b—a)  24x256(0—a)(f—a)(0—PB)2(b—a)  384x2(0—a) 12(6—a)(b—a) ~  256x24(f—a)(b—a)
_ (64B—20)?(6—B—42)? (6+B+60) + (6—B—40a)%(6—B)(6—98+16a) + (6+8—-20)(8—B—4a)*  (36—B420)(5—B—4a)®

256x4(6—a)(B—a)(b—a) 256 x4(B—a)(b—a) 6x256(0—B)2(b—a) 384(6—pB)(b—a)

(62 —2a2)(6+4a—B)(56—8a—50) + (6—B—20a)(6—P)2(136—6—24a) + 3a®+93%+15028—8a25—9aB%+4ad%+12a36+63%5
64(6—a)(b—a) 384x2(B—a)(b—a) 24(b—a)

(6—B—40a)(198—35—36a) (62 —202)(6—4a—pB)* (6+68—20a)2(116+115+42)(5—B)* (6—B)%(116—58+10a)
T Imexa—a)—a) T 6i0-a)—a) T 2ax25600-a)(F-a)b-a) T = 6x256(h—a)

902 —23%4+46%—508+7a5+635 + (6+8—20a)?(6—F—2a)(5+8+10a)(6—)
+ 48(b—a) @ 384x2(0—a)(B—a)(b—a) :

If6 — B8 >4a, and (0 — B+ 4a)/2 < b—a < (§ +305)/2, then

_ B+6—2a 3 55—6—8a |, 56—0—8a 2 (36+P)2 (5+38)2
VIl = s (b —a)” + (192(67a) + 192(@7@) (b—a)*+ (256(5%) + 256(ﬁ7a)) (b—a)
1602 —8af+24a6+685+1382-38%  (5—B)(160°+403+1205+685+78°+36%)  (4a+d—B)°  (4a—35+pB)*
96 384(b—a) 384x2(B—a)  384x2(6—a)
_O=BP(56=p-8a) | __ (4a+i—p)" _ _ (5-8)* _ (0—B+40)%(58—5-8a) _ _(§—B)*(36+P)*
384x4(6—a)(b—a) 256X 8(B—a)(b—a) 256%x24(6—a)(b—a) 384x4(B—a)(b—a) 256x4(6—a)(b—a)
+(5+ﬁ72a)2(57ﬁ74a)3(5+ﬁ+20¢) + (éfﬁ)(4o¢76+ﬁ)3 902 +2a82+5025 - (5+ﬁ72a)3(67ﬁ74a)4
384x4(6—a)(B—a)(6—0B)(b—a) 384x4(6—a)(b—a) 12(b—a) 24%256(5—a) (B—a) (5—B)2(b—a)
(4a+5—B) (16> —20af+36a5+665+198%—95%)  (6—8)3(116—756+128a) | (5—B—20a)(6—B)%(136—5—24a)
- 384(b—a) T T 256x24(B—a)(b—a) + 384x2(f—a)(b—a)
+(6+6—2a)(6—ﬁ—4a)4 _ (36—B+20)(5—B—4a)? + (6—p)%(116—58+10a) + 902 —28%+46%2—508+7ad+636
6x256(0—B)2(b—a) 384(6—pB)(b—a) 6x256(b—a) 48(b—a) @
_ (6+B-20)*(5—B—4a)*(3+f+6a) | (5+8-2a)°(116+115+42a)(6—F)? | (8+F—20)(6—B—20)(3+(+100)(6—F)
256 x4(0—a)(B—a)(b—a) 24x256(0—a)(B—a)(b—a) 384x2(6—a)(B—a)(b—a)
+(5—6—4a)2(6—ﬁ)(6—96+16a) (6% =202)(6+4a—PB) (56 —8a—50) + (62—2a2)(6—4a—B)? | (6°—2a>)(6—2a—03)

256x4(8—a)(b—a) - 64(6—a)(b—a) 64(0—a)(b—a) + 12(6—a)(b—a)

+

(0—8—40)?(196—35—36c)  (4a+6—P)(5+30)>
+ 256x24(3—a)(b—a) T 256x4(B—a)(b—a) *

If6—F>4a, and (6 —B)/2<b—a < (§ — B+ 4a)/2, then

5—B—16a 36+3)° ) a?+36%+55% —6a ad
Ve = 384((1s7a) (b— a)3 4 138=p=16a _ )2 | (( +8)? | %) (b— a) 4 3207438 +596 603+14

192(5—a) 256(6—cx)
+160?+4a5+12a5+656+752+352 + (6—p)* _ (4a—5+8)? + (6—B)(32a° —3af+11a6+8%+652+36)
192 256x24(6—a)(b—a)  384x2(6—a) 192(b—a)

_(6-B)3(56—-B=8a) _ _(6—B)>(35+B)> _ (5—B)(16a°+40B+1206+685+78°+35%) _ (6—8)°(116—755+128a)
384x4(6—a)(b—a) 256 x4(0—a)(b—a) 384(b—a) 256 x24(B—a)(b—a)

_ (64+8—20)°(6—B—4a)* 4 (0+8-20)*(3—B—40)%(0+B+2a) | (B—6+40)*(0—B)  (6=B)*(116—53+10a)
24x256(0—a)(B—a)(0—PB)2(b—a) 384x4(6—a)(B—a)(6—PB)(b—a) 384x4(3—a)(b—a) 6x256(b—a)
(6+8—20a)?(6—B—20)(64+5+10a)(6—B)  (6+8—20)3(6—B—4a)?(6+8+60) + (6+8—20)%(116+113+420)(5—)>

+ 384x2(6—a)(B—a)(b—a) - 256 x4(6—a)(B—a)(b—a) 24x256(6—a)(B—a)(b—a)
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(62—2a2)(6—4a—B)% | (6—B—2a)(6—B)%(138—6—24a) |, (6—B—4a)?(6—B)(6—98+16a) , (5°—2a°)(6—2a—p)
+igca—a T 384X 2(F—a)(b—a) + 756 4(F—a) (b—a) R Y ¢ sy (s
(62 —202)(5+4a—pB) (56 —8a—>503) (6+8—2a)(6—B—4a)* (36—f+2a)(6—B—4a)? (6—B—40a)3(198—35—36a)
- 64(6—a)(b—a) + 6x256(6—B)2(b—a) 384(0—p)(b—a) + 256 x24(f—a)(b—a)

+ 902 —23%4+46% —508+7a6+6368 a
48(b—a) :

If6—B>4a, and (§ —f—4a)/2<b—a < (6 — §)/2, then

ViE] = ( 1 _ (6+8-2a)° ) (3a475b476a2b2+12a3b74ab3) 4 ((6+Bf2a)2(5+ﬁ+2a) _6—5ﬁ+8a)
T \384(B—a)  384(d—a)(B—a)(0—-P)? b—a 96(6—a)(B—a)(0—P) 96(B8—a)

(a37b373ab2+3a2b) n ((6+5—2a)2(6+6+6a) _ (0=P)(3-98+160) _ 5>—24> 673ﬁ76a) (b—a) + ( 1

b—a 256(B—a)(d—a) 256(B—a) T 16(6—a) 64 96(f—a)

(6+8—2a)° ) (a+b)?+ ((5+ﬁ—2a)2(5+5+2a) i 55_8a_5) (a+b)2+ (5+8—2)2(6+B+10a)(6—B)

T 96(B—a)(6—a)(6-P)? 64(B—a)(6—a)(6—p) 64(8—a) 384x2(0—a)(B—a)
I §3—2083 4 (138-6—24a)(5-8)% _ (§2=2a2)(6—0) + ( 1 - (6+B8—2a)3 ) (6—B—4a)*
12(6—a) 384x2(B—a) 16(5—a) 24%256(B—a)  24x256(B—a)(6—a)(0—P)2 b—a
+( (0+B8-2a)%(6+B+2a)  5—58+8a ) (6—B—4a)® ((5+ﬁ—2a)2(6+ﬂ+6a) _ (6=B)(6+16a—98) 5272,12)
4x384(B—a)(d—a)(6—P) 4x384(8—a) b—a 4x256(B—a)(d—a) 4x256(8—a) 64(6—a)
(6=B-40)? | ((5+ﬁ—2a)2(6+ﬁ+4a)(5—ﬁ) 4 (188—6-240)(0=p)* _ (8°—20*)(6-B) 53—2a3) §—B—da
b—a 4x384(B—a)(6—a) 4x384(B—a) 32(0—a) 24(6—a) b—a

(5+8—20)(5a*—3b*+6ab%+4a°b—12ab>) 5+8—2a 3, 30—f+2a 2 | 64a458%4116%+26a8—10ad
- 96(6—B)% (b—a) —5ip-pz(@+b)° + Toi=p (a+b)° + 192

(6+8—2a)(6—B—4a)* | (30—F+2a)(6—B—4a)® | (6—3B8—6a)(6—8—4a)®>  (640>+58°+115°4+2603—10ad)(5—B—4a)
+ 256x6(6—0B)2(b—a) + 384(6—B)(b—a) + 256(b—a) - 384(b—a)

_|_(36—[3+2a)(a3—b3+3a2b—3ab2)
24(5-B)(b—a) :
If6—B>4a, andb—a < (§ — B —4a)/2, then
_ ((04B—2a)%(5+B+20a)  §—58+8 (64+8—20)*(6—B) (§+B8+100)
VIEl = (et—ata-aro-p — wota ) (0 — ) + = —ig-a)5-a)

(133—6—240)(6—3)° (6—B)(8*—202) | §*—24a3
+ ) — T Rema — t ey

Proof: The proof of the theorem is similar to that of Theorem 3.1. [J

Example 3.2 Let £ be a trapezoidal fuzzy random variable. For each w, é(w) = (X (w) —3, X (w) — 1, X (w) +
1, X(w) + 2) is a triangular fuzzy variable with X ~ U(0,1). Since « = 1,5 = 2,6 = 3,a = 0,b = 1,
d—pf=1<2a0=2,and (§ —p5)/2=1/2<b—a=1<(B—3d+4a)/2=3/2, by Theorem 3.2, we have

—a)? —2a o’ +682+6%+ab+a o— afB—10ad— 3%+
Ve = %4—%(1)—@)4— 8a+4 +152+ Btas | | ﬁ)(lolgg(blga) BE+3%) _ %.
Proposition 3.3 Let & be a trapezoidal fuzzy random variable such that for each w, {(w) =(X(w) — 6, X (w) —
a, X(w) 4+ a, X (w) + B), where § < 3, and denote m = (4E[X] — 0 + 3)/4.
(1) If X(w) <m — (3, then

_ o—p)m 202432 +6%—206+4a8
E[(¢(w) —m)?] = X2(w) — 2mX () + m? + E=m | 20745740 —2adtdaf

2)Ifm-0<Xw<m—-—a,and f—06<2a, orm—F<X(w)<m—(8-10)/2, and — 6 > 2a,then

—2a @ m—a)?
Bl(§(w) — m)?) = — gt X°(w) + X2 w) — (257 +m o+ Gt ) X (@)
+(67274[;_02; + am+5m;—o¢6+m2 + (/3*604)2 .

B)Ifm—a<Xw)<m-—(6-19)/2, and § — 9 < 2a, then

Bl¢w) —m)’] = X*(w)— (%% +2m) X(w) +a® +m* + (5—a)§a+m) + (6_6a)2'
Ifm—(0-0)/2<X(w)<m-—a, and § — 3§ > 2«, then

_ 1 (5+6—2a)3 R (6+8—20a)?(af—ad+ms+mpB—2ma)
E[(¢(w) —m)?] = (6(6—a) - 6(5—a)(5—a)(ﬁ—6)2) X (w) + ( 25— ) (F—a)(B—0)°

_1_% _ _a+m )XQ((.U) o <(6+[3—2a)(aé—aﬁ—m&—m[j—i—Zma)z +m— (atm)? a+ﬁ) X(W)

2(6—a) 2(0—a)(B—a)(B—9)? 2(6—a) 2

_(a57a57m57m5+2am)3 N (a+m)3 (ﬁfoc)2 (a—m)(B—m)
63— (B—a)(5—0)? G-y T 6 T :
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4 Ifm—(B8-90)/2<X(w)<m, and f—0 <2a, orm —a < X(w) <m, and §— 6 > 2, then

21 §+3—2 (6+8—2a)3 3 (6+6—2a)?(5m~+pBm—2am+af—ad)
Bl(E(w) ~m)?] = (se2am — somaypoarizmy ) X (@) + (g,
2B—a—m m+ta 2 (m+a)? (6+3—2a)(dm~+pBm—2am+af—ad)? (a—m)? 3a+p—4m
LT 2(6—a>) X2 w) + (2(6—a> - 200—a) (F—a) (302 BT > )
(m+a)? (a—m)? (B—a)? (a—m)(a+B—2m) (6m+Bm—2am+af—ad)®
X(w) — 66-a) T6B-a T 6 T 2 T T 80-a)(F—a)(B=3)?

(5) If m < X(w) <m + «, then

Bl(g(w) = m)?) = X?(@) + (252 — 2m) X (@) +a? + m? 4 E=ofomm) | (foe)®

(6) If m+a < X(w) <m+0, then

m4a)?
E[(€(w) - m)?) = sy X3w) + (3 = 5% ) X2(w) + (52 - m+ G5 ) X (w)
m+a)® a—m)? B—a)(a—m B—a)?
(ol (o) | (Po)emm) |y (mo)?,

(7) If X(w) > m + 9, then

BI(§(w) = m)?] = X2(w) — 2mX (w) + m? 4 L 200000 Sadde)

Proof: The proof of the proposition is similar to that of Proposition 3.1. [J
As a consequence of Proposition 3.3, when X ~ U(a,b), we obtain the following variance formula for a
trapezoidal fuzzy random variable with 6 < 3.

Theorem 3.3 Let £ be a trapezoidal fuzzy random variable such that for each w, £(w) =(X(w) — 6, X (w) —
a, X(w) + a, X (w) + 8), where § < B, and denote m = (4E[X] — 0 + 3)/4. When X ~ U(a,b), we have the
following results.

If -0 <2a, andb—a > (6 +308)/2, then

_ (b=a)?  (5=PB)(6+B)(a+b) | 24a°+378%+23534+60a>B—4a>5—1603°+48a5>+24035+415825+1985>

Vgl = =5 - 4(b—a) + 96(b—a)
+(5—B)(a+b) 160245824552 4+3208—16054+685 _ (36+3)(16a>+3208—16a5+635+33>+2352)
2 + 18 192(6—a)
(3438) (160> +32a8—16a5+635+235%+35%) | (8—9)(64a>+24ad—8aB—435+65%+145%)
B 192(b—a) + 192(b—a) :

If -6 <2a, and (30 + 3)/2 < b—a < (0 +30)/2, then

_ (b—a)® (138—86—16a)(b—a)? (36+5)%(b—a) (6—B)(3a+5b) | 48a*444af+4ad+1835+298°+5°
VIEl = sapay + 192(3—a) + “me(r—ay T 16 + 192
_ (4a+6—B) (160> —20aB+360:5+685+198%—95%) + 840> +3%+235%4+68a25+20a 8% +48ad2 —24a35+1732 5419352
384(b—a) 96(b—a)

+(675)(35+ﬁ)(a+b) _ (4a+6-p)° + (4a+5—-p)* _ (4a+6-B)3(56—5-8a) _ (4at+i—PB)2(36+9)2

16(b—a) 384x2(B—a) 256 x8(B—a)(b—a) 384x4(B—a)(b—a) 256 x4(B—a)(b—a)
(B—08) (640> —8af+24a5—435+143%+652) (36+3) (162 +32a8—16d+6854+235%+332)
+ 192(b—a) B 192(b—a) :

If6—6<2a, and (B—0+4a)/2 <b—a < (35 +3)/2, then

_ __ B+s-2 3 50—B—8 53-6-8 2 (35+p)* (5+3p)*
VIl = smip-ay—a (b —a)° + (192(57;)V + 192(575)() (b—a)”+ (256(5700 + 256(5760) (b—a)
+16a2—8a5+24o¢6+656+1352—362 _ (40—6+B)*®  (4a+5-p)° + (4a+6—p)* 4 (4a—5+p)*
96 384x2(6—a)  384x2(B—a) ' 256x8(B—a)(b—a) | 256x8(6—a)(b—a)
(4a+6—PB) (160 —20a8+366+685+198% —952) (4a+8—3)2(5+30)> (8—6) (640> —8af+24a5—435+65%+14(%)
- 384(b—a) T 256x4(B—a)(b—a) + 192(b—a)
_ (4a—6+P)%(56—B—8a) (4a—5+B)2(35+8)> 1440344002 8+40025+36a 42 +36082 —40035+32 5 —535°4+8°+35%)

384x4(6—a)(b—a)  256x4(6—a)(b—a) + 96(b—a)

(4a—8+6) (160> +4af+12a6+685+752+36%)  (4a+d—B)°(56—5—8a)
384(b—a) 384x4(B—a)(b—a)
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IfB-6<2a,and (6 —B+4a)/2<b—a < (8—05+4a)/2, then
_ (b—a)® (138—35—16a)(b—a)? | (36+9)%(b—a) |, (b—a)(b—a) |, (8—9)(32a>+27aB—19a6—5085+88%+55%)
Vi = o+ + - +

384(3— 192(B—a) 256(8—a) 16 192(b—a)
(4a+6—p3)° (4a+6—p)* (4o+5—B)*(58—0—8a) _ (4a+6—B)(160>—2008+3606+685+198%—95%)
T 384x2(B—a) + 256x8(6—a)(b—a)  384x4(f—a)(b—a) 384(b—a)
+(5—5+2a)(18a2+9a5+a5—55+2ﬁ2+352) _ (40+35-B)*(5+38)° + 80a%+8a3+240.6+635+298% —35>
48(b—a) 256x4(f—a)(b—a) 192 :
If—6<2a, and (B—0)/2<b—a<(8—0+4a)/2, then
_ (b—a)? (B+5—2a)(b—a) | 8a+B%+6%+aB+as | (8—3)(10as—10ap+6%—4%)
VIl = S+ o+ 12 + T02(5—0) :

If 6—0 <2a, andb—a < (8 —0)/2, then

38—5+2 118246402 +56%426a5—10
Vel = 3ot (b — a)? 4 1EHOeTsh 20001005,

If2a < f—0 <da, and b—a > (6 + 30)/2, then

Ve = (b=a)® (2= (at+b) _ (5+3B)(16a>+32a8—16ad+686+238%+38%)  (36+8)(160>+3203—16a6+635+33%+2357)

12 4(b—a) 192(b—a) 192(b—a)

+((sfﬁ)(aer) _ (6+8—20)3(B—6—4a)* + (6+8—2a)2(B—6—4a)3(6+5+2a)  (6+8—2a)*(B——4a)?(6+8+6a)
2 24%x256(6—a)(B—a)(B—0)2(b—a) 384x4(6—a)(B—a)(B—0)(b—a) 256 x4(0—a)(B—a)(b—a)

+(5—6—4a)2(6—6)(6—96+16a) + (B*—20%)(B—3—2a) _ (B>—20°)(B—5)(58—8a—55) + 902 +48°%—262 —5a6+7af+638
256x4(6—a)(b—a) 12(B—a)(b—a) 64(B—a)(b—a) 48(b—a) @

_ (B=0)®(11B—755+128a) + (B—0—4a)3(195—35—36a) + (0+8—20)(B—0—4a)* + (6+8—-2a)?(B—5—20)(5+8+10a)(B—3)
256%x24(6—a)(b—a) 256%24(6—a)(b—a) 6x256(8—0)2(b—a) 384x2(6—a)(B—a)(b—a)

+(ﬁ2—2a2)(ﬂ—5—4a)2 _ (38=0+2a)(B—6—4a)? + 1202 +58% 43202 8—40%6+14a3%+18a6% —4aB36+115826+2786°%+178>
64(B8—a)(b—a) 384(B—6)(b—a) 96(b—a)

1602 +58%2+552+32a8—16a5+638 (6+8) (640> —103834+5° —88a 5+88a25+136a 3% —8ad? —64036—293%5+11352)
+ 48 - 384(f—a)(b—a)

(B=6)2(118—56+10a) | (§+B—2a)?(116+118+42a)(B—6)> | (B—6—20)(8—0)?(135—B—24a)
+ T 6x256(0—a) t T aese—a) (=) —a) 384%2(0—a) (h—a) :

If2a < B —0 <4a, and (36 + B)/2 < b—a < (0 + 30)/2, then

b—a
V[ﬂ = 38(4(ﬁ—)a) +

3 (bfa)2+(5*5)(3a+5b) (5=B)(35+8)(atb)  (35+8)(16a>+32a8—16a5+665+235%+35%)
24 16 - 16(b—a) o 192(b—a)

+16a2+5,62+562+32a,6‘—16a5+6,6(5 + (56—5—8a)(b—a)? + (6+38)%(b—a) + 1602 —20a8+36a5+685+1938% —952
96 192(B—a) 256(8—a) 192

(82—2a2)(B—8)(56—8a—58) | (B3—2a*)(8—30—2a) | 9a>+48%2—26%2—5ad+7aB+635 (5+6—2a)(B—5—4a)*
64(—a) (h—a) L 7 gz ey oy i 18(b—a) A+ 5 756(-0)2 (—a)

(4a+8-B)%(8—9) (5+8—20)3(8—5—4a)* (B—6—4a)3(196—33—36a)  (8—68)3(118—756+128a)
+384><4(/3—a)(b—a) T 24x256(6—a)(f—a)(B—0)2(b—a) + 256x24(6—a)(b—a) T 256x24(6—a)(b—a)

(B=8)" (8—8)*(56—8—8a) (B—08)*(5+3p)* (160°—2008+3605+685+198°—95%) (8—9)
+256><24(,8704)(b7a) T 384x4(B—a)(b—a)  256x4(f—a)(b—a) 384(b—a)

_|_(5+ﬁ72a)2(B7574o¢)3(5+['3+2a) T (6+8—20)3(116+118+420)(8—68)>  (§4+8—2a)*(B—5—4a)?(§+B+6a)
384x4(6—a)(B—a)(B—0)(b—a) 24x256(0—a)(B—a)(b—a) 256 x4(0—a)(B—a)(b—a)

+(6+B—2a)2(6—5—2a)(6+ﬁ+10a)(6—6) + (B=3—40)*(8—0)(8—95+16a) + (B=8—20)(8—0)*(136—f—24x)
384x2(d—a)(f—a)(b—a) 256 x4(6—a)(b—a) 384x2(6—a)(b—a)

+(,6‘2—2o¢2)(6—6—4a)2 + (8—6)%(113—55+10a) + 120 4+58% 43202 8—4a25+14a 8% +18ad° —4a36+118%5+2786%+178°
64(B—a)(b—a) 6x256(b—a) 96(b—a)

(38—6420a)(8—b6—4a)®
384(F—0)(b—a)

If2a < -6 <4a, and (B—5+4a)/2<b—a < (36 + 3)/2, then
_ 5—2 55—3—8 53—5-8 36+8)2 5+38)2
VIl = %(b —a)’+ (192([;—03 + 152(5—03) (b—a)®+ (2(56(5—)04) + 2(56(5—)a)) (b—a)

(6+8—2a)(B—5—40)(5+L+2a) (6+8—2a)(116+118+42a)(8—5)> (6+8—2a)?(B—56—40a)?(6+5+6a)
+ 384x4(0—a)(f—a)(B—0)(b—a) + 24%256(0—a)(B—a)(b—a) - 256x4(0—a)(B—a)(b—a)

+72a3+5,6’3—353+30aﬂ2+6a52+72o¢26—320¢25—20&56—5626+3662 _(B=8)%(5+38)% (4a—6+PB)%(35+8)2

96(b—a) 256 x4(B—a)(b—a) 256 x4(6—a)(b—a)
(B—3-40)*(B—0)(B—96+16a) _ (B°—2a)(B—08)(58—8a—53) | (6+8—20)(B—d—4a)* _ (38—64+2a)(B—6—4a)?

+ 356X 4(5—a) (b—a) - 64(F—a) (h—a) + T6x256(3-0)2(b—a) ~  384(B=0)(b—a)

_ (5+8—2a)%(B=6—4a)! 4 (8=9-20)(8-9)°(130—3=24a) | (8°—20*)(B—3—4a)® | (B°—20")(3—0—2a)
24x256(6—a)(B8—a)(B—0)%(b—a) 384x2(0—a)(b—a) 64(8—c)(b—a) 12(6—a)(b—a)
_ (4a—8+P8) (160> +4af+12a5+685+78°+36%) + (B—86—40)>(196—38—360a) + (3+8—20)2(8—5—20)(8+B8+10a) (B—9)
384(b—a) 256 x24(6—a)(b—a) 384x2(6—a)(B—a)(b—a)
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+16042—8a6+24a6+655+13[32—362 _ (4a=5+B)? + (4a—5+3)* . (B—08)* _ (B=8)*(58—5—80)
96 384x2(0—«) 256 x8(6—a)(b—a) 256 x24(B—a)(b—a) 384x4(B—a)(b—a)

(4a—5+P)3(56—B—8a) (4a+5—p)3(8—=9) (8=9)3(118=756+128a)  (8—9)(16a>—20a+36a5+6854+198%—952)
T 384x4(6—a)(b—a)  384x4(B—a)(b—a)  256x24(6—a)(b—a) 384(b—a)

(8=8)%(118-56+10a) | 9a>+482—26%—5as+7aB+635
+ 6x256(b—a) + 18(b—a) a.

If2a<B—0<4a, and (B3—10)/2<b—a< (8—08+4a)/2, then

Viel = (6+8—2a)3(B—6—4a)* (6—P)(32a2 —3ad+11aB+52+6524+35) (b—a)® (138—6—160)(b—a)?
€] = ~ a2y F-mEP o + 192(b—a) + sma—ay T 192(3—a)
_‘_(ﬁfa)(bfa) T (6+38)%(b—a) + 160® —20a8+365+635+1938%—952 (B—6)* (8—9)3(58—35—8a)
16 256(B3—a) 192 T 256x24(f—a)(b—a)  384x4(B—a)(b—a)
_(B=0)2(6+3B)% _ (B—8)(160>—20a8+36a+685+198 —962) (8—08)(6—p+4a)* 320’4582 +36% —6ad+14a3
TB6X4(F—a)(b—a) 384(b—a) + 3sxa(Emao—a) T 96

+(6+,(3—2a)2(ﬂ—6—4a)3(6+ﬂ+2a) + (6+8—20a)2(B—56—20)(5+3+10a)(3—0) + (6+3—2a)?(1156+118+42a)(5—6)?
384x4(0—a)(B—a)(B—5)(b—a) 384x2(0—a)(B—a)(b—a) 24%256(8—a)(B—a)(b—a)

(8=9)%(118-756+128a) _ (6+B—2a)*(B—3—4a)?(§+B+6a) Jr(,37572a)(576)2(1357,6724@ n (B2—20%)(B—6—4a)?

T 256%x24(5—a)(b—a) 256x4(6—a)(B—a)(b—a) 384x2(6—a)(b—a) 64(B—a)(b—a)
(B—6—4a)2%(8—5)(B—95+16a) (8%2—20a2)(B—08)(58—8a—58) (B—0—4a)3(196—38—36a) (82 —203)(B—6—2a)
+ 756 x4(6—a) (h—a) - 64(3—a) (h—a) + T asex2ati—ayb—a) T 12(3=a)(—a)
+(6+,872a)(ﬂ7574a)4 (38—6+2a)(B—3—4a)? 4 (B—9)%(118—55+10a) + 9024482 —262—506+708+638
6x256(8—3)2(b—a) 384(8—03)(b—a) 6x256(b—a) 18(b—a) a.
If2a<fB—0<4a, and (6 — B+4a)/2 <b—a < (8—48)/2, then
Ve = (6+B8—2a)? _ 1 5a*—3b% 160202 +4a3b—12ab® \ [ (0+8—22)%(6+B+22)  B—55+8a
384(0—a)(B—a)(B—0)2 = 384(5—a) b—a 96(5—a) (B—a) (B—3) 96(5—a)

<b37a3+3ab273a2b> + ((5+5—2a)2(5+6+6a) _ (B=8)(B—96+16a) _ p*-2a% _ ﬁ—36—6a) (b—a)— ( 1
b—a 256(B—a)(0—a) 256(6—a) 16(B—a) 64 96(6—a)

(5+B—20) 4+ 6+B—2a) (a+b)? + ((§+ﬁ—2a)2(6+ﬁ+2a) 4 B6-8a—f 35—5+2a) (a + b)2

T 96(B—a)(6—a)(B—9) 24(B—0)? 64(8—0a)(0—a)(B—9) 64(6—c) 16(8—9)
+B3—2a3 + (136—B—24a)(B—0)>  (B°—2a%)(B-9) T ( 1 B (5+8—2a)3 ) (B—6—4a)*
12(B—a) 384%x2(5—a) 16(B—c) 24%256(0—)  24x256(B—a)(0—a)(8—0)2 b—a
+( (0+B8-2a)%(6+B+2a) B—55+8a ) (B—b6—4a)® ((5+B—2a)2(5+5+6a) _ (B—é)(6+16a—96)) (B=5—4a)?
4x384(B—a)(d—a)(B—9) 4x384(6—a) b—a 4x256(B—a)(0—a) 4x256(6—a) b—a
4 ((5+ﬁ—2a)2(6+6+10a)(5—5) i (135—B—24a)(8—6)? + gtzoﬁ) f—b—da | (8%2—202)(6—B—40)(B—5—4a)
4x384(B—a)(6—a) 4x384(6—a) 24(B—a) b—a 64(B—a)
_|_(6+[372o¢)(3a475b476a2b2+12a3b74ab3) (3+8—20)2(5+8+10a)(8—9) (6424562 +118%+26a5—10a8) (8—35—4a)
96(5—0)2(b—a) + 384x2(0—a)(B—a) B 384(b—a)
+64a2+11[32+562—10aﬂ+26a6 + (38—8+2a)(a®—b>+3a%b—3ab?) + (6+6—2a)(B—6—4a)* (B—35—6a)(B—5—4a)?
192 24(B—5)(b—a) 256 x6(8—5)2(b—a) 256(b—a)

_ (38—6+2a)(B—3—4a)?
384(6—0)(b—a) :

If2a < f—6 <4da, andb—a < (6§ — B+ 4a)/2, then

38—5+2 1182464024562 +26a6—10
Vil = 264(6—6;1@*“)2+ e T ol

If6 — 8 >4a, and b—a > (§ + 305)/2, then

Vie] = (6=B)(a+b)  (—B)(6+B)(a+b)  (3+B) (640> —1033°+5%—88a>3+880°5+13608° —8ad® —64aB5—293%5+1135%)

2 4(b—a) 384(B—a)(b—a)

(8=6)%(118-755+128a) _ (6+3B)(16a°>+3208—16ad+685+238°+35%)  (35+8)(16a°+32a8—16ad+635+36%+235%)
T 256x24(0—a)(b—a) 192(b—a) - 192(b—a)

160245824562 +3203—16a5+6335 (64+8—20a)3(B—6—4a)* (6+8—20a)%(B—56—40)(6+5+20a) (b—a)?
+ 48 T 3Ix256(6—a) (A-a) (F—0)2(h—a) T~ 384x4(6—a)(B—a)(F-0)b—a) T 12
+(6+ﬁ72a)2(116+11B+42a)(ﬁ76)2 + (0+8-202)%(B—5-20)(6+8+10)(8—8)  (8+B—2a)(B—35—4a)>(6+B+6c)

24x256(0—a)(B—a)(b—a) 384x2(6—a)(B—a)(b—a) 256 x4(6—a)(B—a)(b—a)

(B—6—40)3(196—-38—-36a) |, (B—6—20)(8—0)%(136—F—24a) |, (B—0—4a)*(8—38)(8—95+16a) , (B°—2a>)(B—6—2a)
+ " osex2a—a)o—a) T 384x2(0—a) (h—a) + 256 x4(6—a) (h—a) + e -a)
_ (B2=202)(8-0)(58=8a=56) | (B°—2a%)(B—0—4a)® | (O+B—20)(B—d—da)! | 9a?+48?—25”—5a8+7aB+636
64(B—a)(b—a) 64(B—a)(b—a) 6x256(8—0)%(b—a) 48(b—a) @
_ (38—8+2a)(B—5—4a)3 + (8—6)2(118—56+10a) + 1202 +56% 43202 —4a25+14a62 418062 —4aB5+11626+2786% +1763
384(8—0)(b—a) 6x256(b—a) 96(b—a) :
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If 0 =B >4a, and (30 + 3)/2 < b—a < (0 + 33)/2, then
_ (b—a)? (6—)(3a+5b) (6—8)(35+8)(a+b) 160245824562 +3208—1606+685 | (58—3—8a)(b—a)?
V[f] ="t 16 - 16(b—a) + 96 + 192(5—a)
+12a3+5B3+32a25—4a25+14a62+180z62—4aﬂ6+1lﬂ25+27662+1763 _ (38=0+20)(B—0—4a)® + (5+38)%(b—a)
96(b—a) 384(8—0)(b—a) 256(8—a)
+16@2720aﬁ+36a6+6ﬂé+19/3’27952 _ (35+PB) (160> +3208—160:5+685+235%+38°) + (8—6)2(113—55+10a)
192 192(b—a) 6x256(b—a)

4 (B—8)* _ (B=8)3(58—6—8a) _ (B—8)2(5+38)% (160> —20aB+36a8+685+1982-95%)(6—4)
256 x24(B—a)(b—a) 384x4(B—a)(b—a) 256 x4(B—a)(b—a) 384(b—a)

+ (4a+86—3)3(8—9) + (B—6—20a)(8—6)%(136—F—24a) + (B—6—4a)(B—0)(B—95+16a) _ (8—6)*(113—755+128a)
384x4(B—a)(b—a) 384x2(6—a)(b—a) 256 x4(6—a)(b—a) 256 x24(6—a)(b—a)

(82 —202)(B—8)(58—8a—58) I (8%2—202)(B—5—4a)? I (8% —202)(B—5—20) 4 9a2+4B2726275a6+7a[3+6,85a

64(B—a)(b—a) 64(B—a)(b—a) 12(B8—a)(b—a) 48(b—a)

B (54+8—2a)%(B—6—4a)* + (6+8—2a)(B—0—4a)®(6+8+2a)  (5+B—2a)*(B—8—4a)?(6+5+6a)
24x256(6—a)(B—a)(8—0)2(b—a) 384x4(6—a)(B—a)(B—0)(b—a) 256 x4(6—a)(B—a)(b—a)
(B—86—40)>(196—38—360) (64+8—2a)%(116+118+42a)(8—5)> (6+8—2a)2(B—6—2a)(5+3+10a)(3—05)

+ 256 x24(6—a)(b—a) + 24%256(6—a)(B—a)(b—a) + 384x2(0—a)(B—a)(b—a)

(6+8—20)(8—5—4a)* (b—a)®
+ 6x256(3—0)2(b—a) + 384(B—a)”

If6 — B >4a, and (B —0 +4a)/2<b—a < (364 3)/2, then

_ B+6—2a 55—B—8a |, 58—5—8a (35+8)* (5+38)?
VI = smitrays—ay 0 — @)’ + (192(5*0() + 192(5701)) (b—a)®+ (256(5700 + 256(5700) (b—a)
_(Ba—64p)P | (da—6+B)t B=5* _ (B=8)°(58—6—8a) _ (6+B—2a)*(B—5—4a)*(5+B+6c)
384x2(6—a) 256x8(0—a)(b—a) 256x24(B—a)(b—a) 384x4(B—a)(b—a) 256 x4(0—a)(B—a)(b—a)
(4a—=38+p)3(56—B—8a) (4a+5—)3(8—9) (4a—38+B3)2(30+8)%2  (8—0)(16a>—2003+36a5+665+1962—952)
T 384x4(6—a)(b—a)  384x4(f—a)(b—a)  256x4(0—a)(b—a) 384(b—a)

__(B=0)%(s+3B)? + (8—6—40)?(195—38—36) + (8—6—20a)(8—9)*(136—F—24a) _|_(ﬁ*5740¢)2(/3*5)(ﬁ*95+16a)
256x4(8—a)(b—a) 256%x24(6—a)(b—a) 384x2(6—a)(b—a) 256x4(6—a)(b—a)

(82—2a2)(8—-0)(56—8a—55)  (4a—6+8)(160>+4a8+12a5+685+7624362) (6+8—20)3(B—6—4a)*
- 64(B—a)(b—a) - 384(b—a) T 24x256(6—)(B—a)(f—0)2(b—a)

720 +58° —36° 430082 +6a8>+72a°%8—32025—20a35 —53%5+335° + (8%—20°)(B—6—20) + (8% —202)(B—6—4a)?

+ 96(h—a) 12(3=a)(b—a) 54— (h—a)
(6-8)*(116-55+10a) _ (3-0+2a)(f—8—4a)® _ (8-08)*(115—-756+128a) 4 (3+8—20)2(B—5—40)3(5+5+2a)
384x4(6—a)(B—a)(B—0)(b—a)

+ T 6x256(5—a) 384(3=9)(h—a) T56x24(0—a)(b—a)

+(6+B—2a)2(ﬁ—6—2a)(6+ﬁ+10a)(6—6) + (64+8—20)2(1164+118+42)(8—6)? +
384x2(6—a)(B—a)(b—a) 24x256(0—)(B—a)(b—a)

1602 —8aB+24a6+635+1338%—36° + (64+5—20a)(B—6—4a)*
96 6x256(3—08)2(b—a) -

9o¢2+4ﬁ2—252—5a6+7aﬁ+656a
48(b—a)

+

If6—B>4a, and (B—0)/2<b—a < (8—0+4a)/2, then

_ 32024582+35%—6ad+1408 | (6—B)(320°—3ad+1108+5%+68>+35) (b—a)®
Vil = 96 + 192(6—a) *+ wieay T

+(5+36)2(b—a) 4 160 —2003+3606+686+1982—952 (B=85* 4+ 6=
256(8—a) 192 256x24(6—a)(b—a)

_ (B=0)(6438)* | (B=0)(0—B+da)" _ (3+B8—20)%(B—6—4a)* 4 B48-20)%(B—6-40)*(6+B+20)
256x4(B—a)(b—a) 384x4(B—a)(b—a) 24x256(6—a)(B—a)(B—06)2(b—a) 384x4(6—a)(B—a)(B—05)(b—a)

+(6+B—2a)2(115+115+42a)(ﬁ—5)2 + (5+8—20)2(B—3—202)(6+B8+100)(8—8) _ (5+B—2a)(B—5—4a)?(5+B+6c)
24%256(0—a)(B—a)(b—a) 384x2(0—a)(B—a)(b—a) 256x4(0—a)(B—a)(b—a)

(B=8—40)3(196—38—36a) , (8—=35—20)(8—8)2(136——24a) , (B8°—20>)(8—0—2a) (8—8)3(118—7554+128)
+ T osex2a—a)b=a) T 384x2(6—a) (h—a) t TEGa)t—a)  256x24(6—a)(b—a)

(82=20*)(B=0)(58—8a=5) | (B°—2a”)(B—d—4a)” | (B=0—4a)*(B=0)(8=9+16a) | (§+B—2a)(B=3—4a)’
64(B8—a)(b—a) 64(B8—a)(b—a) 256 x4(6—a)(b—a) 6x256(8—0)2(b—a)

_ (B=9)(16a*—20aB+360:6+685+198%—-95%)  (38—6+2a)(B—5—4a)? + 90> +43%—26%—b5ad+7a8+638
384(b—a) 384(5—9)(b—a) 18(b—a) @

(8—6)2(118—56+10a)
+ 6x256(b—a) :

If6 —>4a, and (B—0 —4a)/2<b—a < (8 —0)/2, then

V[ ] _ (6+8—20)" _ 1 5al—3b%+6a2b2+4a®b—12ab | _ [ (0+8—2a)?(5+B4+2a)  B-55+8a
£l = 384(0—a)(B—a)(B—06)2  384(6—a) b—a 96(0—a)(B—a)(B—9) 96(0—a)

b3 —a®+3ab>—3a2b (6+8—20)>(8+B460)  (B—8)(B—95+160)  [2—2a®  p—35—6a 1
( )+ (e - o - ) =) = (=

(138—5—16a)(b—a)?
192(B—a)

a)(b=a) _ (8=8)°(58—=6—8a)

16 384x4(f—a)(b—a)

b—a 256(B—a)(6—a) 256(6—a) 16(B—a) 64
§+8—2a) 5+8—2 54+8—2a)%(5+8+2a 56—8a— 38—8+2
~ S e E=a T 24(5—6512) (a+0)*+ <(64(ﬂ—a)()5£a)(ﬂ—5)) + Sty t Aoy ) (a+b)?
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+(6+6—2a)2(6+5+10a)(ﬂ—5) _ (82—20%)(8-9) + 1 _ (6+B—20a)3 (B—5—4a)*
384x2(6—a)(f—a) 16(6—a) 24x256(0—c)  24x256(B—a)(6—a)(B—0)2 b—a
+ (0+8—20)°(6+B+20) B—55+8« (B=6—4a)® [ (6+B—22)%(6+B+6a)  (B—08)(B+16a—96)\ (B—5—4a)?
4x384(B—a)(6—a)(B—9) 4x384(6—av) b—a 4x256(B—a)(6—a) 4x256(6—a) b—a

n ((6+ﬁ72a)2(6+,8+10a)(ﬁf§) T (136—B—24a)(B-5)? n B8%—2a° T (6272012)(57&74&)) B—0—4a
4x384(B—a)(d—a) 4x384(6—a) 24(B—a) 64(B8—a)(b—a) b—a
(8—36—6a)(B—0—4a)? | (136—B—24a)(8—0)? | (38—0+2a)(a®—b>+3a%b—3ab?) | (§4+B—2a)(B——4a)* 8% —2a°
+ 256(b—a) + Tssix2ca) T 24(5—0)(h—a) t 356x6(A=0)2(—a) T 12(F—a)
6402411824562 —10a8+2608  (64a>4+5524+118% 42605 —10a8)(B—5—4a) (5+8—2a)(3a*—5b*—6a%b%+12a°b—4ab®)
+ 192 o 384(b—a) + 96(8—0)2(b—a)

(38—6+2a)(8—6—4a)®
384(8—0)(b—a)

If6 — B3 >4a, andb—a < (8 — 6 —4a)/2, then

_ [ (0+B8—20)2(5+B+2a)  B—55+8a (6+8—20)2(8—0)(6+8+10a)
V¢l = (96(6704)({3704)@76) T 96(6—a) ) (b—a)*+ 384(0—a)(B—0)

—B—240)(3—8)2 _ 2_9,2 3_ 943
+(130=5—240)(5-9) (B=0)(5"—207) 4 (-2

384(6—a) - 8(f—a) 6(f—a)*

Proof: The proof of the theorem is similar to that of Theorem 3.1. [J

Example 3.3 Let £ be a trapezoidal fuzzy random variable. For each w, {(w) = (X (w) —2, X (w) — 1, X (w) +
1, X(w) + 3) is a triangular fuzzy variable with X ~ U(0,1). Calculate V[£]. Since « = 1,0 = 3,5 =
0,b=1,(f—-9)/2=1/2<b—a=1<(8—-0d+4a)/2="5/2, by Theorem 3.3, we have

_ (b=a)® | (B+6—2a)(b—a) | 8a’+B%+8%+af+ad | (B—6)(10a5—10aB+8°—5%) _ 463
V[§]— 15 + 12 <+ = 12 S 4 ?92(1)—0;) — 192°

4 Concluding Remarks

The variance of a fuzzy random variable is often contained in the objectives or constraints of fuzzy random
optimization problems. Due to the twofold uncertainty, the variance of a fuzzy random variable is difficult
to compute. Motivated by this fact, this paper first presented some moment formulas for trapezoidal fuzzy
variables, then established several variance formulas for trapezoidal fuzzy random variables, in which the
randomness is characterized by uniform distributions. Three numerical examples were also provided to illustrate
the useful applications of the obtained formulas.
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