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Abstract

In this paper, we merge the differential equation model, regression model and credibility measure based fuzzy
mathematics proposed by Liu [13] into a new differential equation associated regression model (abbreviated as DEAR
model). The creation of the DEAR model does not only offer a rigorous treatment of the grey differential equation
problem proposed by Deng [3] on the random fuzzy variable theoretical foundation, but also increases the variety of
model choices greatly. Furthermore, we develop a multivariate DEAR model for the quantitative modeling based on
multivariate small sample data. Multivariate DEAR models will be able to establish the quantitative relationship
among the main response factor vectors and the covariate vectors, which is a major improvement of information
extraction under sparse data availability. Finally, we point out some potential application areas of the new modeling
family.
© 2009 World Academic Press, UK. All rights reserved.
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1 Introduction

When facing a system in the real world, the dynamic law governing the system will be the aim of study. Statisticians,
mathematicians or engineers often use the linearization idea to establish a linear model (geometrically a hyper-plane
in multi-dimensional space) on the region where the sampling data are collected to approximate the true nonlinear
dynamics (high dimensional surface or curve) according to linear model theory. Without any doubt, non-linear
statistical models may be also established based on maximum likelihood theory (or other criterion, say, maximum
entropy). However, the non-linear statistical modeling is required large sample for accuracy. A rule of thumb for the
ratio of the number of sample points to the number of parameters to be estimated is 15 to 1.

In real life, data collection requires manpower, equipment resources, and money and thus is expensive.
Furthermore, in today’s fast globalization business environments, product life circles are often shortening. For
example, in nano industries, every three months a new generation of nano chips is generated. In such circumstances,
there is no chance to collect of data. In other words, it is necessary to address the problem analyzing of real world
complicated systems without adequate sample information available.

The fundamental challenge becomes a problem whether a system dynamic law (nonlinear in nature) can be
revealed in terms of small sample data information. Utilizing small sample data in simple linear regression is well-
developed in statistics, while the differential equation is a well-known model for describing nonlinear law in many
scientific fields. These facts lead to the question whether a linear modeling of small sample could a generate nonlinear
law.

In this paper, we merge differential equation theory, linear regression theory, and random fuzzy variable theory
into a new mathematical theory of a small-sample oriented system analysis, which is named as DEAR, an
abbreviation of differential equation associated regression.

The structure of this paper is stated as follows. Section 2 introduces the DEAR concept and a classification of the
DEAR modeling family. In Section 3, we discuss the role of the Coupling Principle in DEAR model formation and
the error structure from coupling of differential equation and regression. Section 4 discusses the parameter estimation
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in a univariate DEAR model. Section 5 is a brief discussion of the formation of a multivariate DEAR model for a
single exploratory variable. Section 6 discusses the bivariate DEAR model which details the relevant theoretical
developments. A brief conclusion is given in Section 7. In the Appendix, there is a brief review of Liu’s [13,14]
credibility measure axiomatic foundation and random fuzzy variable theory.

2 Concept of DEAR Model, Classification

In engineering theory, particularly, in modern control theory, it is often convenient to use a hypothesized differential
equation to describe the dynamic law of a continuous system, for example, a p"-order univariate differential equation,
which proposes an unknown d-dimensional parameter vector ¢ = (g,,0,,---,6,)-

However, until the unknown parameter vector 9 is estimated by data information obtained from sampling from

the system itself, the system dynamic law is still unspecified. As we noted in the introduction, DEAR uses a linear
regression approach to achieve nonlinear modeling aim, which may seem contradictory. How could this aim be
achieved? The question deserves an intuitive explanation.

Without loss of generality, a simple linear differential equation dx/dt =« + X is used in this paper for
illustrative purposes. Let ifl) denote an approximation to the primitive function x(t) at t;, and let Ax /At, be an
approximation to the derivative function dx/dt at t,, with Ax; = x(t,)—x(t_,), At =t —t_,.

Definition 2.1: If a dynamic system governed by dx/dt = o + 3x is observed through n samples at its derivative level,
denoted by X © = {xl(o) X9 xff)} , the coupled equation system

dx
a—a'f—ﬂx (1)

X =g+ Y +5,i=23n

is called Type | DEAR model.

Definition 2.2: If a dynamic system governed by Eq. (1) is sampled at its primitive level with sample size n, denoted
by X% ={x(t).x(t,),+x(t,)} , the coupled equation system

dx
—=a+ fBX
o 4P

)
AX; .
—=a+BX(t)+e&,1=23,---,n
At, px(t)+e
is called Type 1l DEAR model.

The second equations in Eq. (1) and Eq. (2) are called the coupled regressions, while the first equations are
called the associated differential equations.

Let us examine Type | DEAR model first. The system dynamics are governed by the linear differential equation

dx/dt = o+ 3x, or equivalently, a nonlinear functional x(t)= f (t;c, 3). If the sample could be very large, it is
possible to perform a non-linear statistical modeling in terms of standard maximum likelihood procedures to estimate
a system parametergz(a,ﬂ). However, if only small-sample observations are available, the “best” modeling

exercise is to fit a simple regression model )?(t) =7, + 7,t, called primitive regression, for approximating the system
dynamics x(t) = f (t;c, 3) . Figure 1 shows that the blue-dot straight line X(t) =7, + 7,t may poorly approximate a
nonlinear curve x(t)= f (t;a, 3) inthe (t,X) space (or (t,x)-coordinate system).

Let us consider the case where sampling observations are collected at first-order derivative level, denoted
as X = {x{o),xgo),---,x@}. By a linear transformation, approximations to primitive function level observations are
obtained, denoted by {X(ti),i(tz),---,)“((tn)}, say, by partial sum. In terms of Type | DEAR model thinking, we

first fit the coupled regression, i.e., the second equation in the DEAR equation system of Eq. (2) in the (x,x') space
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(or (x, x') -coordinate system), where x'denotes the derivative of x with respectto t, i.e., x'=dx/dt .
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Figure 1: Two approximations to nonlinear curve x(t)= f (t;c, 3) in (t,x) space

From the fitting of the coupled regression, xi(o) =« +6>?i<1> +¢, , the estimator of parameter § = (a,,B) , denoted
by § = (&,B) is obtained. Now, in the (x,x') space, we fit the straight line %'= &+ 3% to approximate the straight

line x'=a+@x. It is obvious that goodness-of-fit measures for this model could be very good even with small
samples..
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Figure 2: Type | approximation in (x,x') space

Once the parameter Qz(a,ﬂ) is obtained, by solving the approximated linear differential equation

dx/dt =a +Bx , we will obtain an approximated nonlinear curve x' = gp(t; xg”,ol,@) , (yellow-colored curve in Figure

1), which is expected to approximate the primitive curve with relatively high accuracy.

Let us consider the case in which the sampling observations are collected at primitive function level, denoted as
X ={x(t,),x(t,),x(t,)} . Then in terms of DEAR Type Il model thinking, the derivatives could be
approximated, for example, by the divided difference, i.e., Ax; . /At , or other approaches available. Just as shown in
Flgure 3, we fit X'=Ax/At = a+ﬂx for the approximating line x'= o+ Gx . Similarly, the estimated parameter
0=|a, ﬂ will lead from the nonlinear approximation x —<p(t x4, ﬁ) to the primitive function x(t)= f (t;c, 3)
in (t,x) space (shown in Figure 1).
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Figure 3: Type 11 approximation in (x, x') space

Remark 2.3: As hinted by the intuitive discussion of Type | and Type 1l DEAR models, the associated differential
equation should take a linear form in system parameters, ie., 6,,6,,---,6, , whenever possible. The maximal

dimensionality of & should be d_,, =n—2. Furthermore, the hypothesized differential equation model should

include minimal numbers of unknown parameters, &.

To further discussion, it is necessary to define the divided differences and partial sum for approximating
primitive function respectively.

Definition 2.4: Given a set of n sampling observations at p" order derivative level over (ti,tz,---,tn), denoted by
X P {x(*‘”l) (), X (), xPI )} , then the approximations to the k™ order derivatives are denoted
by )2(4@1) _ {i(—kﬂ) (tp—k ), )A((—k+1) (tp7k+l)l.”1)2(7k+l) (tn)} ,where k=1,2,---, p 2.

Then the approximations to the first order derivatives dx/dt and primitive function X(t), are denoted by
7 (0 (0 (0 (0
RO =3 (t,.,),%°(t, ) 20 (1,)}

RO =101, 1,0) 1)

respectively. It is obvious that the notation in Definition 2.4 is consistent with Definition 2.1. The question of how to

and

obtain X P2, X P .. X© X @ s a matter of approximations to relevant integrations
[(d®x/dt? )at, [(d®x/dt>)at .-, [(d®x/dt* Jdt, [(dx/dtyt .
For example, given the first-order (approximated) values
RO = (10(t,.) 292 1)
the approximate values of primitive function may be obtained by

k &
29t =289 (4,)(t; -t ) = I(%)dt :
j=2

4

Definition 2.5: Given a set of n sampling observations at p" order derivative level over (t,,t,,---,t,), denoted by
X =P ={x('p+1) (tl),x(””l) (tz),n-,x("”l) (tn)} , then a pair of equations is called a (p™ order) Type | DEAR

model if
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) !'“1_1X;0
dtPt " dt*? dt’

KP4 (tk)zq)()@mz) (), X7 (1), 8D (1, ), x© (tk),%l)(tk);Q)Jrgk k=p,p+L--,n (b)

d®yx [d(Pl)X dP2x dx j

Eq. (3a) is called the associated differential equation and Eq. (3b) is called the coupled regression model.
It is obvious that Definition 2.5 is a generalization of 1% order DEAR Type | model. The Type Il (p" order)
DEAR model can be defined similarly.

Definition 2.6: Given a set of n sampling observations at primitive function level, x(t), denoted by

X = (X(l) (t), X (), x4, )) , then a pair of equations is called (p™ order) Type 1l DEAR model if

d®x  (d®Ux dPFx dx
Feg| S S S ke ()
dt dt dt dt @)
P+1 ( p+2 (-p+3) (tk)’...l)’i(—l) (tk),)’i(o) (tk),X(l)(tk);Q)+gk k = P, p+1’...,n_ (b)

A

In Type Il model, obtaining the values of X ("% XP2 ... X X© s matter of approximating the

derivatives d(p)x/dtp,d(p'l)x/dtp'l,---,d(z)x/dtz,dx/dt . Typically, the divided difference is a primary
approximation approach, for example,

~

5(0) B AX- .
R0 (1) =5 = ox(t) + 05 (1),
However, in numerical analysis literature, there are many efficient approaches for derivative approximations.

If we examine the DEAR models in Eq. (3) and Eq. (4) in detail, we will find that a DEAR model starts with an
associated differential equation, then, the coupled regression model is specified in the discretized form of the
associated differential equation, in turn, in terms of coupling regression model. The parameters specifying the
associated differential equation are estimated under a least-squares criterion.
Furthermore, the solution to the associated differential equation (or the discretized solution) evaluated with data-
assimilated parameter estimates, is used for system analysis or prediction. We should emphasize here that the way a
DEAR model uses system sampling information to solve the associated differential equation is different from that in
common algorithms for solving a differential equation numerically. In a DEAR model, we will obtain a closed-form
functional solution (i.e., the primitive function) to the associated differential equation with optimal data-assimilated

parameters. The availability of the closed-form primitive function x(t), will provide great conveniences in the

further investigation on the system under study. We acknowledge that the idea of obtaining a closed-form solution to
the associated differential equation was suggested by the founder of Grey Mathematics, Deng [3]. The DEAR models
defined in Definitions 2.5 and 2.6 have a common feature that both of them start with (a hypothesized) differential
equation model and then the coupling regression model. Therefore, they are differential equation motivated regression
(abbreviated as DEMR) models, Guo et al. [10].

It is possible that in modeling real world data, there is no hypothesized differential equation as such a priori. What

we may do is to search a best fitted regression model, for example, a set of system data {x(ti),i =1,2,-~-,n} is
collected and a fitted regression model takes the form
20 (1) = BX _
X7 () =——=ax(t )+ 5X
(1) =3y =ax(6) +0x" (1),
Then, the associated differential equation is a Bernoulli equation of the form

%+ p(t)x* =q(t)x"

Then a model can be established as
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i ®)

Xm(ti)—l—ei%:ax—i—ﬁxm.

. . . . dx . ~ . : :
It should be fully appreciated that the estimated Bernoulli equation E = ax+ Bx"™, which results in a solution

of6,5) = 2™ 1) ol (m=0)

(0]
for producing the nonlinear approximation to the true system dynamics X = f (t;oe,ﬁ, 7) .

The example discussed actually begins from a fitted regression and then searching for the best matched (coupled)
differential equation from a differential equation family. This kind of nonlinear modeling idea can be called
regression motivated differential equation (abbreviated RMDE) modeling. For the distinction between DEMR and
RMDE models, we always put the motivated model first. For example, in the RMDE model of Eq. (5), the regression
comes first and the differential equation comes second.

In summary, DEAR models are classified into two families: DEMR and RMDE. Each family is classified into two
subfamilies: Type | (sampling at derivative level and thus primitive function requires approximation) and Type Il
(sampling at primitive function level and thus approximation to the derivative is necessary), as in Table 1.

Table 1: DEAR family and its classifications

DEAR
DEAR subfamily DEMR RMDE
fpel LIS X0 =+ Y e, =120
(data at derivative dt q
level) (0) e i &@_ + X
X =a+pX +¢&,i=12,---,n at a+p
TYPE II K i )A(ito):Ax(l)(tk):a+ﬂxi(1)+gi’ 12
(data at primitive dt(l)( ) At,
level) 0 ) @ e 212, dx
b A, a+px’ +¢,i1=12,---n a:az+ﬁx

We should emphasize that the new DEAR modeling family proposed by Guo et al. [7, 8, 9, 10], includes very
rich members and therefore the DEAR modeling family will have potentially wide applications. In data modeling
exercises if a linear differential equation (or non-linear in some cases) has the close-form solution its coupled
regression can be identified for fitting the data collected. Conversely, a very good linear regression model may be
“pointed” to a differential equation with close-form solution. Therefore, in either case, the approximated solution of
the associated differential equation with fitted parameters obtained from regression modeling should provide accurate
predictions. Furthermore, DEAR modeling idea may facilitate an accurate model goodness of fit without large sample
requirement.

Linear regression modeling practices revealed that sample data collected possesses both local features and global
features. Goodness of fit, as a measure of modeling accuracy, is local. The solution (with estimated parameters) to the
associated differential equation is global. DEAR modeling is actually seeking a balance between local and global
features carried by sample data.

For illustrating the richness and easiness of DEAR family, we list seven elementary models in Table 2. Note that
the order of differential equation: p=1,2 and ¢ a linear function in (4a).




Journal of Uncertain Systems, Vol.3, No.1, pp.31-51, 2009

Table 2: Seven elementary models in the Type || DEMR subfamily

37

DEAR Order p=1 Order p=2
model
2
A d—X=a0+0{1X d—zxzao—o—alx+a2d—x
dt dt dt
Ax(t ) Ax(tk)—Ax(tH): ¢
Tkk=0(0 +(Z1X(tk)+€k At, a0+a1x( k)
Ax(t
v 0
dx s 2
B E=ozoe’t +ayX = tax+ta,—
AX(t,) . AX(t ) —Ax(t ;) st
A—tk_aoe +ax(t)+&, m o™ + X (t,)
+a Ax(tk)+s
2 Atk k
dx . 2
I Ezaosm(wt+w)+alx %:aosin(wt+w)+alx+az%
Ax(t . AX(t, ) —AX(t,_ .
(&) _ apsin(at, +@)+aX(t )+ &, w:%s'”(w‘k +@)+ax(t)
" k
AX(t
+a, X(k)+gk
At,
d - d’ P d
D d—)t(Z%eMS'n(a)Hw)JfalX W:(:aoe sm(wt+w)+alx+azd—)t(
AX(tk) st s Mz%@‘;1k sin(at, +@)+ax(t,)
= o™ sin(at, + @)+ o X(t, )+ &, At
At, Ax(tk)+
2 AL, &
dx d?x dx
E* E‘aopq (t)+ax W:%pq(tﬁ"‘lx*aza
Ax(t AX(t) = Ax(t ;)
A(tk)zaopq(tk)+alx(tk)+gk %:%pq(tk%alx(tk)
k
k
AX(t
At,
dx d?x s dx
Fx G = %" P () +anx o~ e Pt Faxan
AX(t : M) -MX(ba) _ o
A(t k) =™ Py (tk )+alx(tk )+5k At =t m (b rax(t)
k Ax(t,)
2 At, k
d . d’ . d
G* d—)t(:ao P, (t)sin(at+@)+a;x Ti(:%Pq(t)sm(w”w)*%’(*azd*:
Ax(t )= Ax(t, .
Ax(t,) _ %: by (t,)sin (e, + @) + ayx(t,)
- %P (t)sin(at +@)+ax(t )+, 3
K AX(tk)
2 At +&
k

Note

: (*) involves a q"-order polynomial function: P, (t)=po+pt+-+ pt* (@>1).



38 R. Guo, D. Guo, T. Dunne, and C. Thiart: DEAR Model -The Theoretical Foundation

3 The Coupling Principle and Error Structure of a DEAR Model

Based on the discussions of DEAR model in Section 2, it is fairly clear that organically coupling a differential
equation and a regression together does change the nature of data-oriented modeling exercises. Such coupling
generates a different optimality and efficiency in terms of a small sample of observations. In the paper of Guo, Guo
and Thiart [6], the nature of coupling a differential equation and regression was examined for the first time and
accordingly summarized as the Coupling Principle. For an overall intuitive picture of the coupling principle, we list
the relevant components and the discretization rule according to the coupling principle in Table 3.

Table 3: Coupling principle (Rule) in univariate first-order DEMR model

Term | Motivated DE | Coupled REG
DISCRETIZATION RULE BETWEEN MOTIVATED DE AND CoOUPLED REG

Intrinsic feature Continuous Discrete
Independent Variable t t,, k=12,---,n

dx . AP () xP(t ) - xY(t
1%-order Derivative — %9 (t,)= (t) _ (t) (t)

dt Atk tk _tk—l

o(-p+1)
() £ (t,) 2 (&)
" . d""x(t) T At

p-order Derivative —_— K

dt’ o(=p+2) (-p+2) (p)

R ()X (b)) d|
— p
t -t dt \Hk
Primitive function X(t) x(t,)
X% (t,) = o+ BR(t, ) + &,
dx(t
Model Formation d(t ) =a+px(t) or
Ax(tk) :oc+[3x(t )+8
At, k k

A fundamental idea here is that an approximated derivative of the dynamic law x(t) is obtained by divided

difference, and the primitive is linked to the partial sum as an approximation to the integration (i.e., the primitive
function).
In the literature of classical statistical linear models, the error terms in a regression model, denoted as

&, 1=12,---,n, are typically assumed to have zero mean and constant variance, i.e., E[¢]=0 and Var[a] =o?. For
the convenience in hypothesis testing, &;, i =1,2,---,n are assumed to be sampled from a normal distribution with
zero mean and constant variance, i.e., N (0,02) .

However, we should be fully aware that when carrying the coupling principle back and forward between the
associated differential equation and coupled regression, approximation errors are introduced. In other words, the
discretization and alternation between the associated differential equation and the coupled regression, in terms of the

Coupling Principle, will bring in new error which is different from the random sampling error of the N(O, 02)
variable. Use of a divided difference Ax(t, )/At, =(x(t )—x(t._,))/(t —t_,) to replace a derivative (dx/dt)_ and

use of the average accumulated partial sum i(tk) to replace the primitive function x(tk) during the discretization

between the associated differential equation and the coupled regression give rise to new error.
Our simulation studies have shown that the coupling-introduced error is dependent upon the grid sizeh, or
equivalently upon the total number of approximations N. The simulation evidence has shown that the larger the count
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of nodes on the approximating grid, or equivalently, the smaller the approximating grid size, the smaller the coupling
discretization error. However, the coupling discretization error and the approximating grid do not satisfy a
deterministic functional relation. What we can see is the functional relation has a particular degree of belongingness.
In other words, the coupling discretization process induces a fuzzy error term, denoted as € with a credibility

distribution function A, ().
For example, a simulation study of the error occurrence frequencies when approximating cos(z/2) by

(sin(7/2)—sin(z/2+ Ax))/Ax , gave the following graph.

Error frequency

o
o

Pey /03 \

c

S 0.2 1

o

£ 0.1 -
o——0_ _——_
A 4 T 0 T @

-1 -0.5 010 0.5

error

Figure 4: Error occurrence frequency

In general the discretization error term of a DEAR model is fuzzy because of the stratification feature and the
vague nature of the error occurrences. In this sense, the coupled regression in Eg. (4b) and Eq. (5b) are actually cases
of a special random fuzzy regression model.

As a standard approach, the fuzzy error component €; may be assumed to be a triangular fuzzy variable with a
membership function

3+9 if —g<s<0
g

H(s)= % if0<s<g

0 otherwise,

which has a fuzzy mean zero. Therefore, the composite error term appearing in the differential equation associated
regression is €, =€, +1;, i =2,3,---,n, which is a sequence of random fuzzy variables, because of the nature of the

summation of a fuzzy variable, e, and a random variable, z with E[z]=0and Var[c]=0c?, according to Liu [13,14].

Finally, we need also stress that the coupling-generated errors need not be a zero mean fuzzy variable. In general,
we may assume a triangular membership function specified by parameters (a,b,c) as shown in Eq. (A8) in the
Appendix.

4 An M-Estimator for a Univariate DEAR Model

We emphasize here that the coupled regression is in nature a random fuzzy regression model. The literature is limited
but very complicated when the random fuzzy regression model is handled at random fuzzy set level, for example,
Bandemer [1], Bardossy [2], Diamond [4], Kacprzyk and Fredrizzi [11], Korner [12], Tanaka and Watada [16], and
others. However, based on the credibility measure theoretical foundation developed by Liu and Liu [15], Liu [13,14],
a random fuzzy variable is defined as a mapping from the credibility space ((—),2@,Cr) to a set of random variables and

thus the random fuzzy regression modeling will be handled at (scalar) functional level. The fundamental change in
modeling level will lead to random fuzzy regression, highly similar to that in statistical regression models (or linear
models based on probabilistic foundation) rather than these developments at set level.
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As we pointed out in Section 3, the coupled regression either in Type | DEAR model or Type || DEAR model is
random fuzzy regression in nature and thus the usual statistical regression theory should not be directly utilized.
Without loss of generality, we use the coupled regression in a simplest DEAR model form Y, = a+gx +¢,,

and a differentiable function of the random fuzzy error term is assumed to take a form
2
\Il(si): g(—W(Yi —(a+ﬁxi)) ) .
Definition 4.1(M-function for random fuzzy variable): Let {xl,xz, o n} be a simple random fuzzy data sampled

drawing from a given random fuzzy population, where parameter-vector 9" =(01,t92,---,0d), d >1 Then the M-
function is defined by

(C(ehezi"'!ed |{X1,X2,---,Xn} :Z\P(Xi |91’02""’9d)
i=1

For a given simple random sample {xi,xz,---,xn} , the optimal data-assimilated parameter-vector
0" =(6,,6,,---,6,) maximizes the M-function.

Mathematically, the parameter search can be performed by solving a nonlinear M-function equation system,
which is called an average chance M-function

ac“
Z

i=1

6‘P(x

(6)
a(c " a\y(x,,e)

5~ X

i=1

. . . . . T
The solution to the M-function equation system is called an M-estimator for (61, 0,, ---,ey) .

Theorem 4.2: The M-estimator for coupled regression coefficients E:(a,B)T , denoted by ﬁ:(&,ﬁ)T is the

solution to the M-functional equation system
n

Sl —{ae ax) Ju-(a )=

1

Z( (Y (a+ﬂx))2j(Yi—(o?+,§xi))xi=0,

where &(-) is the derivative of g (-).

The proof is very straightforward by taking the derivative of Eq. (6) with respect to & and [ respectively.

Equivalently, Eqg. (7) can be written in a weighted least-squares normal equation
XWX =X"W?Y |

Y

where d, = 6(—W(Yi —(a+bx, ))2) and

Y, s d 0 0
v - Y, ¥ = X, W = 0 d, 0
Y, 1 x, 0 0 d,

Furthermore, the coefficient M-estimator will have weighted least square presentation form
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where the weighted averages are defined as

% ZZ n
=1 IZ&(—W( (a+bx)) )

7o Zn: 5(—W(Y (a+bx, ))2)
I= Z5(—W( (a+bx, )))

Theorem 4.3: The coupled regression coefficient M-estimator is unbiased, i.e., E[a]=a, E[ﬁ] =p.

n 5(—W(Y (a+bx) 2)

Y.

The proof is divided into two steps. First setting
Z5(—W( (a+bx, )) )(xi ~X;)
K = [l
25( w(Y, —(a+bx)) )(xi—Kg)2

Then, writing ﬁas ﬁ:ZKY Finally, it is not difficult to show that E[ ] {Z }

i=1

Theorem 4.4: The estimated variance-covariance matrix of the regression coefficient M-estimators is given by
~ ~ _ 17
Vo[£]=6%(X"W X)XV YW X [(XTW’lx) 1} ,

where

Zh( (Y, - (a+bx )) )(Yi—(a+bxi))2.
; m_rz @ &A(&,B)}

{ad) #(7)

Corollary 4.5: The estimated variances and the covariance for M-estimator & and B respectively, are

Let

and
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, ®)

(g ottt
(ool e St (Sl -t )
Theorem 4.4 and Corollary 4.5 pave the way of prediction for a future Y,,, value, denoted by YAn+k given X,

k=12,---,K as well as the variance of \?M .

5 The General Formation of a Mutivariate DEAR Model

A multivariate DEAR (m-dimensional) model may be stated as

dx® (t)
= 7= B x"+h(t
dt <m+1>xm5mx1+—m(xl) (a)
(mx1) (9)
X© =z B + E (b)

((n=1)xm)  ((n=1)x(m+1)) ((m+1)xm) ((n—l)xm)’

where Eq. (9a) is called a (multivariate) associated differential equation system and Eqg. (9b) will be called a coupled
multivariate regression model. The first-order vector differential equation in Eq. (9a) is

@) .
dx; /dt B PBu  Pm x®
1
dxgl) /dt _ Poo P - Bna «
: ST
dxr(nl) /dt ﬁOm ﬂZm ﬂmm )((1)

In general, a multivariate regression model addresses the relationship between m response variables Y1,Y,,...,Yn
and a single set of explanatory variables z;, z,, ..., z,,. Each response variable is assumed to follow its own regression
model so that

Y, :ﬂ01+ﬂ1121+"'+ﬂp12m +é&
Y, = By +ﬂ1221+"'+ﬂpzzm T &

Ym =IBOm +ﬂ1mzl+"'+ﬂpmzm T &y

The error term &' =(&,,¢,,-+,¢, ) isassumed to follow E[£]=0,, and Var[g]=Z,,..
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However, in the coupled multivariate regression model (8), the response variable Y; is not an arbitrary one, but
AX()

Y= At(i)’

are not arbitrarily chosen but are discretized approximate values of the related primitive functions
X = (%, X, x“’)T ie.

i=12,---,m, which involves the original observations. The explanatory variables Z = (Zl,Zz,-.-,Zm)T

X ()= Zk: [AXAl—t(iti)JAti

i=2

% ()= z{ﬁmﬂth

X (te) = Z [mJAn,

where AX, (l) =X, (l) k=12,---,n. Accordingly the approximate values of primitive functions are calculated as
mm:MWW+wn4/z
%, (%) (x()( )+ 3 (4y) /2

R () = (%3 (1) + xgj>ktk_1))/z,k =2,3,,n

It is necessary to point out that in seeking a solution to Eq. (9a), it is inevitable that we invoke the finite term
approximation of matrix e*

e™ =i, (1)1 + i, (t) Bt +x, (t)(Bt)” ++x, , (t)(Bt)"
To determine the functions {x, (t),x, (t),-, &, (t)}, let us define a function
r(A)=r,(t)+x (1) A+, (1) A2 ++x,, (1) A" (10)
Now let 2 be an eigenvalue of matrix Bt , i.e., [Bt—A1|=0.Then e* =r(4).
is an eigenvalue of multiplicity j, then the following equations hold

d“r(2
e/%_:{ I’( ):l L k=1,2,--]j.
A=4,

Furthermore, if A

dA*
When the equation system is established for each eigenvalue of matrix Bt , which comprises n linear equations,

all including e* on the left side, then we can solve the linear equation system for {Ko (t),xy (t), - &y (t)}
Section 6 details a special case.

6 A Bivariate DEAR Model Example

It is difficult to discuss the high-dimensional DEAR model in detail. However, a bivariate DEAR model is a quite
manageable example for revealing the fundamental features.

6.1 Formation of General Bivariate DEAR Model

A bivariate DEAR model takes the form
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dx® (t
SUSIC G
dt (11)
= , (b)
((n-2)x2)  ((n-1)x(3))(3x2) ((n-1)=2)
where
@) t
5(1) (t): X () ] (12)
y(l) (t)

The first vector-differential equation Eq. (11a) is called the bivariate associated differential equation system,
while the second equation Eq. (11b) is called the coupled bivariate regression model.

6.2 Bivariate Differential Equation System

To obtain insight into the bivariate DEAR model, we start with a bivariate associated differential equation system in
the same form in Eq. (11a)

@
dﬁdt(t) —BxY +h(t). (13)
A typical example is
dx
E =, + fuX+ By
q (14)
d_)t/ =, + B X+ S

Let

a
B=|:ﬂll 1312:|, g=|: 1:|.
B P a,
Then the bivariate differential equation system in Eq. (14) can be re-written in a matrix form

%ZBX-FB.. (15)
a - -

A common geometric interpretation of bivariate differential equation Eq. (12) is that under a two-dimensional
coordinate system, a curve can be defined as {(x(t) y(t)),t S ’JI‘} . It is obvious that in Eq. (10) the vector function

h(t)=a isaconstant vector.
The differential equation system
dx

— =Bx
dt -
is called the homogeneous version of Eq. (13), and we investigate its solution matrix.
Lemma 6.1: Let B be a 2x 2 matrix as
. {bn bu} |
bZl b22

Define function r ()=, + 74, where 4 is an eigenvalue of matrix Bt , then e* =r(4 ), i =12. Furthermore,
if 4, =4, =1, then

(16)

d
et =Hr(/‘t)

A=
Lemma 6.2: If the eigenvalues of the matrix Bt are 4, # 4, , then the equation system

{70 "‘7/1212621
Yotk =e”
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defines functions , (t)and y,(t)as
1

7/0:/12—]1

(ke ~¢*)
(17

Nn= e%_e/ﬁ)’

g
where 4, and A, are eigenvalues of matrix Bt with

ﬂi(t) ((bll _b22)+A)t/2
ﬂZ(t):((bll _bzz)_A)t/Z'
A= \/(bu —by, )2 +4b,,b,,

If the eigenvalues of matrix Bt are 4 (t)=4,(t)=A(t), then the equation system

will define functions y, and y, as
vo=(1-2)e" 7, =¢" , (18)
respectively. Use of Lemmas 6.1 and 6.2, allow us to obtain a closed form expression for matrix e® . We state the

result as a theorem.
Theorem 6.3: The homogeneous bivariate linear differential equation system in Eq. (16) has an elementary solution
matrix

X (t)=e™ =yl +Bt,

where functions y, (t)and y,(t) are defined in Eq. (17), or Eq. (18) respectively.

We proceed to the solution for the nonhomogeneous bivariate differential equation system.
Theorem 6.4: For the bivariate differential equation system in Eq. (13), the general solution to the non-homogeneous
system takes the form

t
x(t)=e"c+ IeB(“S)n(s)ds ,
tU
T . .
where ¢ =[c, C,] isan arbitrary constant vector.
Example 6.5: Let h(t)=a=[e;, «a, ]T . Then Eq. (13) becomes Eq. (15). The general solution becomes

x(t):eBtE+ B—l(eBt _eBto)gy

where ¢ =[c, ¢,]" isan arbitrary constant vector. However, for 2x 2 matrix Bt,
e™ =y, (1)1 +,(t)Bt.
If 4, #4,,then

t t
l(t):emg_’_J‘eB(t—s)gds :eBtE_’_[J‘eB(t-s)ds\Ja

1 1%

= eBtg+U(y0 (t-s)l +71(t—s)(t—s)B)dng

fo

=e®c +Uyo(t - s)ds}g +[j(y1(t —s)(t- s))ds} Ba.

f to

Note that
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roft-s)as = (ent0) 1) & e )
fo

7z Ty

and

jyl (t-s)(t—s)ds=— Aifz (e”Z("‘” —1) + Aiﬂl(e”l(“ﬂ) _1)

1
fo

where

m=((by —by,)+A)/2,7, =((b, by, ) - A) /2,6, =j,92 :j-

6.3 The Coupled Bivariate Regression Model

In the bivariate DEAR model of Eq. (11), the second equation system in Eq. (11b) is just the coupled bivariate
regression model by assuming equal-interval observation times),

{ X9 (tk ) =a + :31121(1) (tk ) + ﬂlzzgl) (tk ) +é& (k)

0 1 1
y( )(tk ) =, + ﬂ21zi ) (tk)+ ﬂzzzg ) (tk ) T & (k)
In contrast to the univariate case, the observations are data pairs (X®,YO)={(x©(i),y (i)}, i=1,2,...,n}. Then the
approximate primitive function pairs will be generated in a manner similar to the univariate DEAR model case,

k
x¥ (1) =D x(t)At,
i=1

for k=2,3,---,n.

Thus, the mean pair sequence will be generated as

2 (t)= (X(l) (t)+x"” (tk-l))/z
20(6)=(y" (6)+ v (1)) /2

With the data as handled by linear transformation of the original data observation vector, we are ready to explain
the discretization from the associated differential equation systems into the coupling multivariate regression model.

The bivariate (coupling) regression model here suggests the relationship between bivariate responses, 5(0), y(o) and a

k=2,3---,n.

single set of bivariate predictors, ;l(l) , ;2(1) . Each response is assumed to follow its own regression model.

In classical multivariate regression theory, the error term & = (&, ¢, )T has E[£]=0 and Var[¢]=X, which

indicates the error terms associated with different responses might be correlated.

Let [21(1) (k), 2\ (k)] be the values of the bivariate predictors for the k™ observed pair in a sequence, and

£(k)=(x )y () 1)=& (k) 2 ()
the values of responses and errors in k™ observation. Then in matrix notation, the “design matrix” takes the form
1 z29(t,) ZP(t,)
7 7)) ()|

(n-1)x3 —

120(t) (%)
The response matrix is
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x(© (tz) y(O) (tz)

(0) (0)
XV (t y t .
Fias = :( 3) :( )| [x© yO]
x(© (tn) y(O) (tn)
The parameter matrix is
a
Ao =|Pu P |= I:él éz] '
ﬂlz ﬁZZ
and finally the error matrix is
En € £T (2)
T
&3 Ep £ (3)
E (g = Cl=la el
gnl gnz ET (n)
Then the coupled bivariate linear regression model in matrix form is
F =272 A+ E .
((n-1)x2)  ((n-1)x3)(3x2) ((n-1)x2)

It is obvious that the both response vector 5(0) =Zp, + ¢ and response vector y(o) =7, + &, follow their own

bivariate linear regressions respectively.
Based the observed data sequence pair (X©,Y(©), the weighted least-squares estimates ,_31 are obtained
B=(z'wz) Z'w X,
Similarly,
B=(Z'Wz) 27wy,

We combine the two least-squares estimates as
A= |:,§'1 é'z:| _ (ZTW iz )*1 7TW-! [X(O) X(U):| _ (ZTW’lZ )71 ZTWE .

For any choice of parameter B=[b b,], the matrix of weighted least-squared error is G(F -ZB), where
W =G"G . Therefore, the error matrix for sum of squares and the cross-products is
(x"-zb) w(x@-zb) (x@-zb) W (¥ - 2b;)

T T )
(Y@ -zb) w(x-zb) (y"-zb) w(y"-2zb,)
The estimate of parameter matrix A actually minimizes the trace of the weighted matrix
(F-ZB)' W™(F-ZB),

(G (F-zB)) (6 (F-2B))=

ie.,
A=mintr{(F -ZB) W™ (F -ZB)|
and it can be shown that the generalized variance ‘(F ~ZB) W (F - ZB)‘ is minimized by the weighted least-squares
estimates A . Then the predicted values are
F=zA=z(z'Wz) Z'W™F.
As to the weighted matrix W , it is necessary to mention here that W depends upon the object function to be
used.

7 Conclusion

In this paper, we propose a new modeling family, called the DEAR. We discuss the mathematical foundation for a
DEAR model, which combines the (ordinary) differential equation theory, (statistical) linear model theory and
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random fuzzy variable theory based on credibility measure and probability measure foundations, into a new small-
sample oriented prediction theory. The coupled regression component in a DEAR model is in nature a special random
fuzzy regression model. The multivariate DEAR model is also introduced and as illustration, a bivariate DEAR model
is explored in detail to offer further insight into multivariate DEAR modeling.
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Appendix: A Review on Axiomatic Fuzzy Credibility Measure Theory

A.1 Axiomatic Fuzzy Credibility Measure Theory

Let ® be a nonempty set, and 2° the power set on ® . Each element, let us say, Ac ®, Ae 2° is called an event. A
number denoted as Cr{A}, 0<Cr{A} <1, is assigned to event Ae 2, which indicates the credibility grade with

which event A 2® occurs. Cr{A} satisfies the following axioms (Liu, 2004, 2007):
Axiom 1: Cr{®} =1.

Axiom 2: Cr{-} is non-decreasing, i.e., Cr{A} <Cr{B} whenever Ac B.

Axiom 3: Cr{} is self-dual, i.e., Cr{A}+Cr{A°} =1 forany Ae2°.

Axiom 4: Cr{U; A} =sup[ Cr{A}] forany {A} with sup[Cr{A}] <05,
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Axiom 5: Let set functions Cr, {-} : 2% — [0,1] satisfy Axioms 1-4, and © =©, x©, x---x O, then
Cr{6,,6,,+.0,} =Cr {6} ACr, {6,} A+~ Cr {0, }

for each {91,92,---,9p} €2,
Definition A.1 ([13,14]): Any set function cr:2° —[0,1] satisfies Axioms 1-4 is called a (v,/\) -credibility measure
(or classical credibility measure). The triple (6, 2('),Cr) is called the (v, /\) -credibility measure space.

Definition A.2 ([13,14]): A fuzzy variable & is a mapping from credibility space (@,2““,Cr) to the set of real
numbers.

Similar to random variable, a fuzzy variable is fully specified by its distribution function.
Definition A.3 ([13,14]): The credibility distribution (D:R—>[O,1] of a fuzzy variable £ on (9,2@,Cr) is

A(x)=Cr{oe@l(0)<x].

The credibility distribution A(x) is the accumulated credibility grade that the fuzzy variable & takes a value
less than or equal to a real-number x e R .
Definition A.4 [13,14]: Let @ be the credibility distribution of the fuzzy variable £. Then function 1:R — [0, +)
of a fuzzy variable & is called a credibility density function such that

A(x):fmﬂ(y)dy, vxeR.

Zadeh [17] based his fuzzy set concept upon the membership function, which is intuitive and sounds very
practical. However, the membership function is not the correct starting point for establishing a set-theoretical
foundation of the fuzzy mathematics. Some later developments on possibility measure theory, which was assumed to
be the counterpart of probability measure theory, however, failed to behave as expected by Zadeh [18]. In contrast,
the axioms for the credibility measure proposed by Liu [13,14] have introduced a set-theoretical foundation. As a
traditional treatment, whenever a fuzzy variable is involved, its membership function is given. One should be fully
aware that this treatment may not be the natural way to deal with a fuzzy variable. On credibility measure theoretical
grounds, a fuzzy variable should be characterized by its credibility distribution first. The corresponding membership
is merely an induced function and a conventional and convenient mathematical language for describing the fuzzy
phenomenon. The credibility measure of an event permits many developments related to the membership function.

Definition A.5 ([13,14]): The (induced) membership function of a fuzzy variable £ on (@, 29, Cr) is

u(x)=(2Cr{&=x})al, xeR.

Conversely, for a given membership function the credibility measure is determined by the credibility inversion
theorem.

Theorem A.6 ([13,14]): Let & be a fuzzy variable with membership function £ . Then for VB C R,
Cr{¢eB}-= %(sxtigy (x)+1—squcy (x)j BcR.
As an example, if the set B is degenerate at a point x, then :
Cr{¢=x}= %(y(x)+1—syti[3y(y)j, vxeR .

Theorem A.7 ([13,14]): Let & be a fuzzy variable on (@,ZG,Cr) with membership function p. Then its credibility
distribution is

1
A(x)= ?(Syliix)u(y)+1—syu>ey(y)j ,Vxe R .

An important class of fuzzy variables is defined by a triangular credibility distribution with three parameters
(a,b,c)
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0 ifx <a
X—a
fac< b
K 2(b—a) ifa<xc<
(X)i M ifb< x<c¢c¢
2(c-b) B
1 ifx>c

A.2 Random Fuzzy Variable

Liu [13,14] stated that a random fuzzy variable is a mapping from the credibility space (6,2"),Cr) to a set of random
variables. We present a constructive definition.
Definition A.8: A random fuzzy variable, denoted as@:{xﬁ(e),ee(a} , 1S a collection of random variables XB

defined on the common probability space (€2,2(,Pr) and indexed by a fuzzy variable 3(8) defined on the credibility
space (@, 2"’,Cr).
A random fuzzy variable is a bivariate mapping from (Qx 0,2 x 2@) to the space (R,%) .

In Liu [13,14], random fuzzy variable theory, we may say that the average chance measure plays an equivalent
role similar to that of a probability measure, denoted as pr, in probability theory.

Definition A.9 ([15]): Let & be a random fuzzy variable. Then the average chance measure denoted by ch{-}, of a
random fuzzy event {& <x} , is

ch{¢ < x}:er{&e@lPr{f(@)s X}>alda .

Then function ¥ (-) is called as average chance distribution if and only if ¥ (x)=ch{&<x}.

A function ¢:R — R" such that ¥ (x)= Iqﬁ(u)du is called the average chance density function of random

fuzzy variable &.

A.3 Normal Random Fuzzy Variable with Triangular Fuzzy Parameter

Let & and ® be the density and cdf of the standard normal random variable, respectively. Then, for a normal

random fuzzy variable with a triangular fuzzy mean defined by parameters(a,b,c), the average chance distribution

for the mean is

¥ (x) = X — a Q(x—aj_cp(x—bj+x+c—2b (D(x—bj_q)(x—cj
2(b - a) o o 2(c—hb) o o

X—a x-b

o o

(o2

X —C o
+<I>( . j—z(b_a)iju¢(u)du—m'f ug (u)du.

X-=C
o

The average chance density is
1 X—a X—Db X—a X—a X—Db
'”(X)‘z(b—a>[q’( SRl jj+2<b—a)a[¢[ =)=
L1 [(D(x—b)_q)(x—cj}rx+c—2b(¢(x—bj_¢[x—cn+i¢(x—cj
2(c—-b) o o 2(c—b)o o o o o

B 1 (x—a¢(x—a)_x—b¢(x—b)] 1 (x—b¢(x—b)_x—c¢(x—c)j
2(b-a) o o o o

- 2(c-b) o o c o
from the differentiation formula of an integral
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d [°F "0 o (x t) db(t) da(t)
— f(x,t)dx | = dx + f (b (t),t f t),t
T ema - P00 o000 1 o).l

Because sampling distributions are critical for the construction of hypothesis tests, we will address sampling of
average chance distributions.

The sample mean, denoted as X =& = Z X, /N, is a normal random fuzzy variable and the average chance
i=1

distribution of the sampling mean can be obtained by substituting al+/n in place of o . The reason is obvious
because

o saalo 2 o ) e ()< (2

( X/J(:_J 2Tb/z/§ X[b u¢(u)du——2(’;c/z/§) j ug (u)du.
o /v o /v






