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Abstract

Fuzzy random variable is a combination of fuzzy variable and random variable, and can characterize
both fuzziness and randomness in the real world. The mean chance of a fuzzy random event is an
important concept in fuzzy random optimization, just like the probability of a stochastic event in stochastic
optimization and the credibility of a fuzzy event in fuzzy optimization. In fuzzy random programming, the
constraints are always represented by the mean chance function of fuzzy random events, so it is difficult to
solve them directly. In this paper, we deduce the formulas for the mean chance of fuzzy random events in
some special cases such as the fuzzy random variables are trapezoidal fuzzy random variables for normal
fuzzy random variables. The obtained formulas are very useful in fuzzy random optimization problems
when we design algorithm to solve them.
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1 Introduction

In the real world problems such as in a manufacturing system or a production process, we may only obtain
data by statistic due to the complexity or the big scale of the problem. In such situations, the data can not
be precisely known. To solve these problems, we may use probability to deal with the uncertainty involved in
it. In fact, probability is a very useful and important tool to solve stochastic programming problems.

On the other hand, with the development of fuzzy set theory [23], many researchers realized that there
exists another uncertainty called fuzziness besides randomness in the world [18]. Fuzziness exists because
sometimes we can only obtain data from experts, and the data are usually given by experts according to their
knowledge or experience. However, different experts may have different ideas and even if the data were given
by one expert, it contains many objective factors, this leads to the existence of the fuzziness in the data. In
a fuzzy environment, to deal with the fuzziness, we may use credibility measure.

However, in a more complex system, there exists randomness and fuzziness in the data simultaneously. In
this case, we can not only consider its randomness or fuzziness and ignore the other uncertainty because this
will give us a meaningless solution. To consider the twofold uncertainty in the problem, we can represent it by
fuzzy random variables, which is a fundamental concept in fuzzy random theory and was initially introduced
by Kwakernaak [3] to depict the phenomena containing both fuzziness and randomness. In the literature,
fuzzy random variable was studied by many researchers aiming at different purposes [1][2][12][19]. With
fuzzy random variables, fuzzy random optimization theory has been developed rapidly and more and more
optimization models have been well developed in recent years [4][5][10][17][22]. In fuzzy random programming,
we may use mean chance to measure a fuzzy random event, just like probability in stochastic programming
and credibility in fuzzy programming. For example, a two-stage fuzzy random nimimum-risk problem was
established by using mean chance function as the objective [11]; and the convergence modes in mean chance
theory has been developed recently in [15], which facilitate us to design algorithms to solve fuzzy random
optimization problems.

In fuzzy random optimization problems, the constraints are often modeled as the mean chance of fuzzy
random events. Due to the complexity of the computation of mean chance, it is always difficult to solve the
programming problems. However, in some special cases, such as for the trapezoidal fuzzy random event and
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normal fuzzy random event, the mean chance function can be turned into its equivalent form. In this paper,
we will consider several special cases, including the randomness is characterized by normal distribution,
exponential distribution and uniform distribution. We also give some examples to illustrate the obtained
results. With these formulas, we can solve these problems more precisely.

This paper is organized as follows. In Section 2, we recall some basic concepts in fuzzy random theory. In
Section 3 we deduce some formulas about the mean chance distributions related to trapezoidal fuzzy random
variables. In Section 4 we study some formulas about the mean chance distributions related to normal fuzzy
random variables. In Section 5 we draw our conclusions.

2 Preliminaries

Given a universe I', an ample field A on T' is a class of subsets of I' that is closed under arbitrary union,
intersection, and complement in I' [20].

Let Pos : A+ [0, 1] be a set function on the ample field A. Pos is said to be a possibility measure [20] if
it satisfies the following conditions:

1) Pos(®) = 0, and Pos(T") = 1;

2) For any subclass {A;|i € I} of A (finite, countable or uncountable),

POS(U A;) = sup Pos(4;).
i€l el

Based on possibility measure, the credibility measure [9] is defined as

Cr(A) = = (1 +Pos(A) —Pos(4°)), Aec A, (1)

[N

where A€ is the complement of A.
The triplet (T', A, Cr) is called a credibility space [7]. A credibility measure has the following properties:

(1) Cr(0)=0, and Cr(T") = 1.

(2) Monotonicity: Cr(A) < Cr(B) for all A,B C I" with A C B.
(3) Self-duality: Cr(A)+ Cr(A°) =1forall ACT.

(4) Subadditivity: Cr(AU B) < Cr(A) 4 Cr(B) for all A,B C T

An n-dimensional fuzzy vector is defined as a function from a credibility space (T',.A,Cr) to the set of
n-dimensional vectors. If n = 1, then it is called a fuzzy variable [9]. More properties about credibility
measure can be found in [21].

If £ = (r1,7r9,73,74) is a trapezoidal fuzzy variable, then we have

1, ifr<nr

2;(27;73;;, ifri <r<nrg
Cr{¢>r}= %, ifro<r<rs

%, ifry3 <r<mry

0, ifrg <.

If ¢ is a normal fuzzy variable with parameter (a,b) and its possibility distribution function is pe(z) =
(z—a)®

exp(—gpz—), a € R, b> 0. Then we have

2
1— Lexp(—9) ifa>r
2 2b2 b) paiy
CI‘{§ > T} = 1 (r—a)? .
5 exp(— -z ), ifa<r.
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Let (2, X, Pr) be a probability space, and F? a collection of n-ary fuzzy vectors. A map & = (&1,---,&,)T:
Q — F} is said to be an n-ary fuzzy random vector if for any Borel subset B of R", the function

Cr{vel|&(y) € B}

is measurable with respect to w. As n =1, £ is called a fuzzy random variable [12].
In a word, a fuzzy random variable is a random variable with fuzzy values. For example, if

(=2,0,2), with probability
€= (=1,0,1), with probability
(8,9,10), with probability

Nl D= Wl

then £ is a discrete triangular fuzzy random variable. If
E=(X-2,X-1,X+1,X+2), X ~N(1,2),

then £ is a continuous trapezoidal fuzzy random variable.
Let & be a trapezoidal fuzzy random variable. Then for each w, {(w) = (X (w), X (w)+a, X (w)+b, X (w)+¢)
is a trapezoidal fuzzy variable with the following possibility distribution function

g=X(w) if X(w)<z< X(Ww)+a

a

@) 1, if X(w+a<z<X(w)+b
He@)\T) =
“ %&?HC, if Xw)+b<z < X(w)+c

0, otherwise,

where ¢ > b > a > 0, and X is a random variable.

Let £ be a normal fuzzy random variable. Then for each w, {(w) is a normal fuzzy variable with the
following possibility distribution function

(w—X(w))2>’

He(w) (z) = exp (— 552

where b > 0, and X is a random variable.

Let £ be an n-ary fuzzy random vector, and B a Borel subset of R"™. Then the mean chance of a fuzzy
random event {{ € B} is defined as [13]

Chi¢ € B} = /ch {y €T | £.(7) € B} Pr(dw).

3 Mean Chance Distributions for Trapezoidal Fuzzy Random Vari-
ables
Theorem 3.1 Let £ be a continuous trapezoidal fuzzy random wvariable such that {(w) = (X (w), X(w) +

a, X (w) + b, X (w) +¢) withc>b>a >0 for each w, and X a random variable.
(1) If X ~ N (i, %) with probability distribution ®, then we have

r—p)* —1)°2
Ch{§ 2 ’I"} = _Qa\o)g (eXp (_( 20'/;) ) — €xXp (_%))
s (o0 (- U ) - exp (-5 )

Hr () — B R() + R R — B () + 1
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(2) If X ~ EXP(N), A >0, then we have

7o (exp(=A(r — a) — exp(—Ar))
+2>\(c b) [exp(—=A(r —¢)) — exp(=A(r — b))}, ifr>c
—3teiyx EXP(=A(r = 1)) + 5oz (exp(=A(r — a)) — exp(—r})) + 1;\6(;\:2)’\, ifb<r<c
Ch{ >r} = 2(1/\ exp(—Ar) + 2(1/\ exp(— )\(T—a))+%, ifa<r<b
—5ax €XP(=7A) + gox (1 +2aX — 7)), ifo<r<a
1, if r <0.

(3) If X ~U(l1,l2), I1 < la, then we have

(la—r+c)? .
4(631))02_[1); if L <r—c<la<r-—»

c+b+2l5—2r
4(l2—11)
(l2—T)2+a(a+4l2—4r+c+b)
4a(l27l1) )
a+b+c+4(la—r)
4(lo—11) ’
ll+4112(¢—:t2§)_2T7 fr—c<lhi<lo<r-—b
(r—b)(2c—=b—7r)—11 (I1+2c—27r)+2(c—b)(lo— 7‘+b)
4(0 b)(lQ l])
(r—b)(2c—b—r)—11 (l14+2c—27r) +
4(c—b)(Ia—11) o) l(] 4(12511)
Chi¢>r} = +(T7a)(ri45()lj_2l(l)2+ : T)7 if r—c<lhi<r—br—a<lp<r
(r—b)(2c—b—r)—11 (l14+2c—27r)
4(c=b)(la—11)

if h<r—c,r—b<la<r-—a

if h<r—c,r—a<ly<r

if h<r—c r<ly

ifr—c<lhi<r—br—-bv<lpa<r—a

2b+a lo—r -
+4(l2—ll)+l22 o fr—c<li<r—»b,r<l

1 if r=b<li<lh<r—a

2
(r—a) 24aaz(1gzzl(ll)2+4a ) if r—b<h<r—a,r—a<lp<r
atdly =2, —2r if r=b<li<r—a,r<l

4(la—1y)
do=dribitly if r—a<li<la<r
(r=l1)(4a—r+l)+4a(la—r)
40.([2—l1) ’

s if’f‘<l1<l2.

fr—a<li<lb<r
1

Proof: According to the credibility measure of fuzzy event, for each w, we have

1, if X(w)>r
W, ifr—a<X(w)<r

Cr{¢(w)>r} =< 1, ifr—b<Xw)<r—a
%, ifr—c<Xw)<r-—=5
0, if X(w)<r—ec

(1) If X(w) > r, then

My = [F o exp (< Y dr =1 @ (752).
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Ifr—a< X(w) <r, then

r—a 2a 27

(et (it2ar)
r—a 2a

= I S e (S ek 1, R0 O e () o
2

M, :fT atZa—r__1_ oyp (—(xz_aﬁ)z)dx
1

r—a 2a o271
r—p

_ (T - (z—p)? +2 > 1 10— -
= [ g St e (U ) do 4+ 0 [0, e (—3(552))d(554)
_ (z— )2 u+2a— —n —a—p

= —nrmexp (— 55 ) o+ [2 () — o ()

)2 a2 o o o
e o () o () e e ).
Ifr—b<X(w)<r—a, then
M3 = ::ba %U 127T exp (,(IQ—;QLP) dr — % (<I> ($) _® <r—g—u)) '

Ifr—c¢< X(w) <r—b, then

[a—

M4 = f: cb 923?;6 b; 0\/7 eXp ( (T '”) ) dz

r—b (z—p)+(pu+ec—r z—p)?
= Jr—c ( lg(c(—ﬂb) ) 1271- €xp <_( 2(7%) dx
r—b (z— T— c—r T
= fr c 2((c—l}i))) o ’ o exp ( ( M) ) dx + f Mt b)) 127r exp (_( 20’2) ) dx
n

r—b o T—i
= 2wt o <202> )dxw(tib;“fr o rexph (222)")d(252)
_ (z ) r—b +c—r r—b—
= bV &P <_ 502 ) ‘;—c + Semp) (q’ ( < M) — (= H))
o r—b— r—Cc— c—r r—b—p 7 c—
=~z (o0 (15 - e (<1550 ) + 55 (‘D ) -0 (=),

Therefore, we have

Ch{f ZT} :M1+M2+M3
T— 2 a —T2
= 57w (o (- 05) —ew (45 ))

—r)?2 ctp—r)?
_2(c—g)m exp _(b+2;;2 Y _exp (¢ +2;02 ) 2
- r— a—r r—a— b—r r—b— c—r r—c—
AT O(E) — MR O() + BEEF 0 () — SR () + 1

(2) Case 1: 7 > c.
If X(w) > r, then we have

“+oo
M, = / Aexp(—Az)dz = exp(—Ar).

If r—a < X(w) < r, then we have

My = [ 2027 \exp(—Az)dx
= T_a Az exp(—Az)dx + 2“7 f: JAexp(—Ar)dz

T+ 5 /\)exp( Az)|T_, 2“ —Lexp(—Az)[;_,
exp(—A(r —a)) — 2“2;\31 exp( Ar).

[l
gl
+
=3

= Jexp(=A(r —7b)) — 2 exp(=A(r — a)).
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If r —c < X(w) <r—b, then we have

My=[" b ade- L\ exp(—Az)dw

r—c 2(c—b)
= 2(clfb) fr—c Az GXp( )\x)da? + 2(C T) fr_b)‘exp(_)‘ )dl‘
= _(Q(Cl_b)x + Q(CEb))\)eXp( )‘x) r—c ( exp( Az ) :_lc}

)

—(ﬁ( —¢) + i) eXP(=A(r — ¢)) — (505
— (=g (exp(=A(r — b)) *exp( Ar C)))
ﬁexp( Ar—c) = (5 + 2(e— b))\)eXp( A(r —b)).

( b) + 2(c b))\) eXp(—)\(T - b))

Combining the above, we have

Ch{{>r} fM1+M2+M3+M4
= 2ax (exXP(=A(r — @) — exp(=A7))) + gxpe=py [exP(=A(r — ¢)) — exp(=A(r = b))].

Case 2: b<r<ec
If X(w) > r, then we have

“+o0
M, = / Aexp(—Az)dz = exp(—Ar).
If r—a< X(w) <r, then we have

My = [ 2027 \exp(—Az)dx

r—

=5 [ Az exp(—Azx)dz + 2" [T Xexp(—Az)dx
1

1
2a Jr 9 r—a
= (7$+2 5) exp(— /\x)li_a— Sa-exp(=Az)[r_,

= 2 exp(— )\(r—a))—Q“QZ\lijlexp( Ar).

3

Ifr—b< X(w) <r—a, then we have

= Jexp(=A(r —7b)) — g exp(=A(r — a)).

If r — ¢ < X(w) <r—b, then we have

M, = fob et )\ exp(—A\x)dx

0 2(c—b)
r—b
= 2(01 b) fo Az exp(—Az)dx + 2(0 b) fo )\eXp —A\z)dx
= —(%(C HT+ 3o b))\)exp( )\x) — 2(0 7’) exp(—Az) 6717

R = ,(c—_b)( . —b)+ 20~ b),\)eXp( Alr = b)) — 5= exp(=A(r — b))
oy + 3t — (2 T aemn) (A = b)),

Combining the above, we have

Ch{{ >r} =M, + My + M3+ M,
et exp(-A(r— ) 4y (exp(—Alr —a)) — exp(—rA)) + LA

Case 3: a<r <hb.
If X(w) > r, then we have

+oo
M, = / Aexp(—Az)dx = exp(—Ar).
If r—a < X(w) < r, then we have

My = [ Z20=7 \exp(—Az)dx
" )\x exp(—Az)dz + 2= [T Nexp(—Az)dx

a —a 2a r—a

(L + 5ax) exp(—Az)|7_, — 25T exp(—Az)[}

+ exp(—A(r —a)) — 2‘;21'1 exp(—Ar).

‘ =

[\
q

T—a
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Ifr—b< X(w) <r—a, then we have

fr “ LN exp(—Az)dz
%( irxp( Az))lo™*
=5 — 5 exp(=A(r —a)).
Combining the above, we have
Ch{{ >r} = M; + My + Mj
= Qi)\ exp(—Ar) + exp( AMr—a))+ %

Case4d: 0<r<a.
If X(w) > r, then we have

+oo
M, = / Aexp(—Az)dz = exp(—Ar).
If r —a < X(w) < r, then we have

fr LE201 ) exp(— Az )da
fo )\x eXp( Az)dx + 24— Tfo Aexp(—Az)dz

= (2a$+ 3ax) exXp(— )"I)LO)\ 2o (= Az)lg
(1% ) exp(—Ar) + X0

Combining the above, we have

Chi{§¢ >r} = M, + M
= — a5 exp(—TA) + 5o5 (1 + 2aX — 7X).

Case 5: r <0.
If X(w) > r, then we have

+o0
M =DM = / Aexp(—Az)dx = 1.
0
(3)Case I: 1 <r—c<ly<r-—b

Chi{¢>r} = f 6”5?1512 dr

_ (c—7r)x 1

= ey + 2(0717)) r—c

_ 3 (c=r)l (r—c)? (c=r)(r—c)
= oo (15w + 5oty — ey T 2en) )

_ (lg+67’l")2
T A(e=b)(l2—11) "

Case 2: [ <r—c,r—b<ly <r—a.

r—b
Chi{¢>r} = f b212 zld z+ [ cgtcbglz i de

_ la—r+b z? 1 1 (c=m)z\ |r—b
= st T\ T =i T o 3h) "=e
— lg—”"‘rb c—b

2(l2—11) 4(l2—11)
_ btet2lo—2r

4(l2—ll)

Case 3: [ <r—c,r—a<ly<r.

r—a i r=b gic_p m+2a—r 1
Ch{f Z T} f?" b 2 l2 ll d + f —C 2—"(_:‘ b) lQ ll d.’I; + f 2a l27l1 dx
(2a—r)x

— +b 1 1 (e=7) b 2 1
- 702(?277[.1) +( (C b) lg ll + lg ll C(C”‘b";) r_ + (4(1(;; ll) + lg ll 2a

_ _b—a (r=0)” 1 1 (e=r)(r=c) (r=0? 1 1 (e=r)(r=b)
- 2(l27l1) + (4(671}) lzfll + lz*ll 2(671)) ) - (4(67!7) lQ*ll + l27l1 2((;71)) )

l2
rT—a

12 1 (2a—r)l (r—a)? 1 (2a—r)(r—a)
+ 4a(l; 1) + lo—11 2a 2) - <4a(lz—l1) + lo—1q 2a )
_ (la—r)?44a(ly—r)+3a>
= 2(52 11) + 10— zl) + Talla—11)

_ (l2—7)*+a(4ly— 4r+a+b+c)
- 4a(l2 ll)

305
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Case 4d: [y <r—c,r<ls.

r r=b gic_p x+2a—r l2
Ch{fZT}_f baélg lld +f —c 24:: b) lo— lld$+f +2 dx +.f

T— 2a l2 ll
_ r—a—r+b 1 1 (c—r)zx

r— b z2 (2afr)w lo—1
= o l1)+((c Nl * Lol 2(e= b)) r—a + 125

- + (4a(l2 ll) + lg ll 2a
_ _b—a (r=0)” 1 1 (e=r)(r=c) (r=b)° _1 1 (e=r)(r=b)
- 2(l27l1) + (47(.Cfb) l27l1 + lz*ll (/2(706:17)0 ) - (4267!7) lQ*ll + l2 ll (TC rb) )
r2 1 (2a—7)r (r—a)? 1 (2a—r1)(r—a) lo—7
+ (4a(l2—l1) + lg—ll 2a ) - (4(1(l2—l1) + l2—l1 2a ) + l; ll

_ b—a c—b 3a lo—1
=3 VAt T im— T oo
_ a+btc+4(la—1)

= " i)

Case b: r—c<ly <lp <r—hb.

1
Ch{¢ >r} = J” gzc(tc ) e lldx

2 1 1 (c—7)z
4(c—b) -l T Ll 2(c—b))

— (1 1 (e=n)l I 1 (e=n)l

- 4(Cib) lg*ll + l2711 2((;71))2) - (4((;1717) l27l1 + l27l1 2(67(7)1

_ L+l +2(c—r)

= T4

l2

Case6: r—c<li <r—-b<lh<r—a.

r—b gic— r
Ch{g¢ =r} = [ 5555 P

— z? 1 1 (= r)ac r—b lo—r+b
(C b) l2 l1 + l2 ll (C b)) + 2(l2711)
(r=0)? 1 (c=r)(r=b) 1 1 (e=r)l ly—r-+b
4(0717) lz*ll + lzfll 2(076) ) (4(071)) l27ll + 12711 2(071)) ) + 2(12711)
_ (r=b)(2c=b—")+11(2r—2c—11) lo—r+b
= 1(e—b)la—11) + 30
_ (r=b)(2c=b—r)—=1l1(l14+2c—2r)+2(c—b)(l2— r+b)
- 4(6 b)(lg ll)

Case : r—c<li<r—br—a<ly<r.

_r=bgyc—r r—a 1 z4+2a—r 1
Ch{E=r} = [, 22:;71))12 ldx""f —b 2l7ld +f e Lo dr

_ 22 1 1 (e—r)z r—b r—a—r b 2 1 (2a—r)z
=\t = T -1 2(c—b)> R s (4a(l2 T oo 2 )
_(=b)® 1 1 (e=r)(r=b) g1 1 (e=r) b—a
- 4”(671)) lz*ll + lz*ll 02{077.1)) ) - (4(01717) lQ*ll + l27l1 2(Cib)1) + 2([27l1)
12 1 (2a—r)l (r—a)? 1 (2a—r)(r—a)
+ 4(1(l22—l1) + l2—l1 2a 2) - <4a(l2 ll) + l2 l1 2a )
(r=>b)(2c—b—r)+11 (2r—2c—11) + b—a + (la—r)*4+4a(la—r)+3a?
4(6—17 lg—ll) 2(lz—l1) 4a(l2—l

)(
(r=b)(2c—=b—r)—11(l1+2c—2r) — (r
e Tt + sy Ta(la—11)

l2
r—a

Case 8: r—c<ly <r—>b,r<ls.

Ch{¢ = r}

r— bz+c r r—a i m+2a r l2
I, 2(c— b)l2ldx+f b2l7l dx—i—f 20 Ip— 1d$+f dx

_ o 1 1 (c=7)x\ |r=b r—a—r b 2 1 (2a r)z lo—r
=\t = T -1 2(c—b)) Lt Syt (4a(l2 T oon o ) [
_ (=0 1 1 (e=r)(r=b) g1 1 (c—n)l b—a

- 4”(671)) lz*ll + lz*ll 02{077.17) ) - (4(0 b) lQ ll + l27l1 2(Cib)1) + 2([27l1)

r2 1 (2a—7)r (r—a)? 1 (2a—r)(r—a) lo—7
+ (4(1(l2—l1) + l2—l1 2a ) - (4a(l2 ll) + lz—ll 2a ) + l;—ll
(r—>b)(2c—b—r)+11 (2r—2c—11) b—a lo—r

= 0l —11) + sty Ay T i
_ (r=b)(2c=b—r)—=11(l1+2c—2r) + 2b+a lo—1
- 4(Cfb)(l27l1) 4([27l1) l27l1 :

Case :r—b<li<lhy<r—a.

la
1 1 1
Ch{¢>r :/ ——dr = —.
ezr= | =% =3
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Case 10: r—b< i <r—a<l<r.

Ch{{ >r} = l:_a ;lz rdx + f o TR l;lldx

_ li—r+a 1 (2a—r)z
=2G-n) + 4a(l2—l1) tooh T 2a

_ h—rta 2 1 (2a7r)l2) 7( (r—a)? I - ll (2a7r)(rfa))

l2
r—a

(lg l)+ 4a(l2 ll) +l2 l1 2a 4(1([2 l) 2a
_ (r—a)®—2al1+la(lz+4a— 27‘)
- 4&([2 l )

Case 1l: r—b<lh <r—a,r <ls.

r—a €T a—7T l
Ch{¢ >r} = [/ ptpde+ [[_, #5a=r da + 7 4

_ li—r+a z? 1 (2a—r)xz\ |r lo—1

= 2h-y T \Tate-ty T oo 2a ra + 25

_borta (. 1 @omor (= | 1 @amnG-a)) | ber
- 2(127[1) 4a(l2 ll) lg ll 2a 4a(l27l1) l27l1 2a lg*ll
_ li—r+4a 3a

= story s e

— a+4l,—211 —2r

4(la—11) .

Case 12: r—a<li <lp <r.

ldx

Chi{€ > r} = [* et2a=r Ly

2a 12 —ll
2 + 1 (2a—r)z\ |l
4da(la—11) lo—1q 2a 151

13 L1 (a=nle) 5 L1 (2a=nl
4a(l2 ll) l27l1 2a 4a(l2711) lgfll 2a

— Ltlatda—2r
- 4a

Case 13: r—a<ly <r<ls.

_ (" z4+2a—r 1 l2
Ch{§ =r} = [, =" rde + S Lo de
_ z2 + 1 (2a—7)z | 12_r
4a(l2—ll) lg—ll 2a ll lg—ll

_ r2 1 (2a—r7)r (12 1 (2a—r)ly lo—7
— \4a(la—11) + Io—l, 2a ~ \4a(ia—11) + lo—l; 2a + lo—1y

_ dar—dal;—(r—1;)*—2r lo—1
- 4a(l2—l1) +lg l1
_ (r=lh)(4a—r+l1)+4a(la— r)

- 4(1([2 ll)

Case 14: r < Iy < 5.

x=1.

Chi¢ > r} = /ZQ

o l—1h

The proof is complete.

Theorem 3.2 Let &1, -+ ,&, be fuzzy random wvariables such that for each w, &;(w) = (X;(w), X;(w) +
a;, Xi(w) + b;), Xi(w) +¢;), i = 1, ,n are mutually independent fuzzy variables. If X; ~ N(p;, 0?) with
probability distribution ®, and c¢; > b; > a;, 1 = 1,--- ,n are positive numbers. Then we have

Ch{Siy i 2 vy = ~ et (ow (- i) — o (- Epgiecga=h))
e (e (- Bt e (- gl )
+Rpmery (SR ) - Doy (1T nea)

G o mltb)—rg (1ol wbotn) | | Sy eute)rg (=2 1<c1+u>>.

221 1 zi(ci—by) S 2202 230 xi(ei—b;) 2202

i=1"i" 4 ’ 1,111

Proof: Let £ =Y &, Z =Y i, x;X;. Then for each w, we have

g(w) = (Z(W), Z(w) + Zl‘iaiv + Z-rzb Z + szcu> )
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where
Z~N (Z T, foc?) :
i=1 i=1
It follows from Theorem 3.1 that the theorem is valid. The proof is complete.
Example 3.1 Let § be a trapezoidal fuzzy random wvariables such that for each w, {(w) = (X(w), X (w) +

2, X(w) +4,X(w)+6).
(1) If X ~ N(2,1) with probability distribution ®, then according to Theorem 3.1, it is easy to derive that

Ch{¢ > 3} = —=(exp(~3) — exp(—

(2) If X ~ EXP(2), then according to Theorem 3.1, it is easy to derive that

Ch{¢ >3} = —% exp(—6 + § exp(—2) + 1,

and
Ch{¢ > 7} = g(exp(~10) — exp(~14)) + §(exp(~2) — exp(~6))
= 5 (exp(—10) — exp(—14) 4 exp(—2) — exp(—6)).

(8) If X ~U(1,3), then according to Theorem 3.1, it is easy to derive that

Ch{é— 2 4} — 4—4+31(2+8—8) — %7

and

Ch{¢ > 6} = 2(12-4-6)—(1412—12)44(3—6+4) _ 7

= 16 16°

Example 3.2 Let &1,& be two independent trapezoidal fuzzy random variables such that for each w, & (w) =
(X (w), X(w)+0.5, X (w)+1, X (w)+1.5) and &2(w) = (Y (w), Y (w)+1,Y (w)+2,Y (w)+3), where X ~ N (2,1),
Y ~ N(1,1) with probability distribution ®. Since & and &5 are mutually independent, for each w, according
to Theorem 3.2, we have

Ch{2¢& +3&% > 6} = —% (exp (—35) — exp (—29—6)) — %(exp (—3—2) — exp (—%))
el - fec gy + fel- k) - Rel-dh +1
= Y15 (exp (— %) —exp (—5) +exp (—22) —exp (—1&
Sﬁ(,lq)<i6>,§ §(¢2i) 3 (Z,%Z)(I) ,L( EGL)) Lgp_ 1L 1
() — 5 +32(-m) +s —s2-m) - T +32—5) +
= — 32 (exp (—g5) = exp (—g5) +exp (—33) — exp ()
1 (2(gh) - 30() - 11e(2h) - 1)

4 Mean Chance Distributions for Normal Fuzzy Random Variables

Theorem 4.1 Suppose that £ is a continuous normal fuzzy random variable such that for each w, {(w) is a
normal fuzzy variable with the following possibility distribution function

(x—X(w))2>7

He(w) (.’IJ) = exp <_ 202

where b > 0, and X is a random variable.
(1) If X ~ N (u,0?) with probability distribution ®, then we have

r— 0 u—r)? rV/b2+02 ro? 2
Ch{ 2r}=1-2(*)+ 2\/be+fr2 oxp (_2&432)) (2(1) ( bb; o bo\/l;ibfrz) B 1) '
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(2)If X ~EXP(A), A >0, then we have

—exp(—Ar) — L2Tpxexp(—22200) (1 — d(AD)), ifr<o0

Ch{§ > r} =

—exp(—Ar) + L2Zp exp(— 22200 (99 (\b) — H(EA=r) — 1), ifr >0,

b

(8) If X ~U(l1,12), l1 <la, then we have

1 - 222 (a(l5) — o(br)), if r<iy
Chig > 1) = 127;51” - i’ﬁ <<1><12b Lgt) —o(h5)), i h<r <y
l2 ll( ( ) (llb_r))v if’l">l2.

Proof: According to the credibility measure of fuzzy event, for each w, we have

L~ Jo (-CHE) . i x>

C > = 2
r{é(w) >} Sexp (—U3E) i X(w) <

(1) If X(w) > r, then

0o r—z)? z—p)?
M= [F (1 — Lexp(— 2 )) — exp (7( ) ) dx
= f:_oo 2171'0' exp ( (l M) ) dx — fT+Oo 2 éﬂ'o’ exp (_ (I2_o'lé) (T I) ) dx

2
- —ry? o Vo7 (o — Lo
~1- 00 o (et 17 o - (TG EE)

r—u —r 2 vV o T’(Tz J,)2
=1 ("5") — gy oxp (_ 28:%32)) (1 -¢ ( s bU\/%)) '

If X(w) <7, then

—XT 2 xTr— 2
M, f 1 5 exp(— (T2b2) ) 217m exp (7( 20’;) ) dz
= f—oo 2 ;770' exp (_ (w2_a'l;) o :E) ) dx

2
ro? b2,u
1 ( 1 Vb2+‘72(r_ 2+E,2 )
- gexp( 72@2_’_02))]_00 —exp [ —3 ( s dz

_ b exp (— (u—7)? ) rVb2>+o2 _ ra’4ub®
2Vb2 02 2(b2+02) bo bo/b2 402

Combining the above, we have

Chi{¢ >r} = M, + My

r— n—r rv/b2 402 ro? b2
=1 @(51) + gt oxp (ot ) (20 (W07 - ts) - 1),

(2) Case 1: 7 <0
If X(w) > r, then

My = f+oo (1 — %exp(_(rz—bﬂg)z)) Aexp(—Az)dz
= [ Xexp(-Aw)dr — [ §Aexp(— U5 — Aada
2 2
= —exp(—Az) [ — [ Lxexp(— 22PN ) exp(— B Yy

2b2
— — exp(—Ar) — L2Tp)exp(— 22200 (1 — (Ab)).

Thus
Ch{¢ > 7} = My = —exp(—Ar) — Y2EpX exp(— 222500 (1 — &(\D)).
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Case 2: 7 > 0.
If X(w) > r, then

M, = f > (1 — L exp(— (T;b‘ﬁ)z)) Aexp(—Az)dz
_ [T o 1 (r—xz)?
= [T Xexp(— )\x)dm—f sAexp(— 5 — A\z)dx
= exp(-An)lr — [

50 - T b2 N)2

:_ %)\exp( j(j#)exp(—%)dw
= —exp(—Ar) — @b)\exp(—%)(l — B(\b)).

If X(w) < r, then

M,y = for %exp( (r%ﬁ ))\ezxp( Az)dx .
= V2T \pexp(— 2220 (9 (M) — (HA=T)).

Combining the above, we have

Ch{gZT}:Ml-l-Mg
= —exp(—Ar) + ZTpA exp(— A2 (99(\) — D(LA=) — 1),

b
(3) Case 1: r <[y
If X(w) > r, then
l r—T
M, = 112 pe—n (1 — exp(— 2b2) ))dz
= 1— P2E(a(l2r) — o(L5r)).
Therefore, we have
Ch{€ > r} = My =1 — P2T(p(l27r) — o(bsr)).
Case 2: [1 <r <l
If X(w) > r, then
l r—z)?
My = [ - (1 — exp(— U535 ))da
lo—r bV2m la—r
=L lﬁ(@(zT) - %)
If X(w) <1, then
r _ 2
My =[] lzill exp(—(gbﬁ) Ydx
_ - bV 21 li—7
- lglfll - lg(% - (I)(IT))
Therefore, we have
Ch{{ >r} = M; + M
= Lpho2r BT - B(U50).
Case 3: r > o
If X(w) < r, then
l T
fzf 12111 exp(— 2b§) )dx
=1— PEE((57) — o(15).
Therefore, we have
Ch{g > 7} = M = 1 — pER(@(157) — @(157)).
The proof of the theorem is complete.
Theorem 4.2 Let &, -+ ,&, be fuzzy random variables. For each w, the possibility distribution function of
{Z(w) 8
(z — X;(w))?
e e §
K3

and &;(w) i =1,--+ ,n, are mutually independent fuzzy variables. If X; ~ N (u;,02) with probability distribu-
tion @, b; is a positive number, i =1,--- ., n. Then we have

n _ T—3 i Tifki V 24i I?b? (O xiﬂi—r)z
Ch{Zizl & >rp=1-90 ( />m 115171 -2 ) + 2\/Zn71(mflb72+12g2) €xXp (_ 7L1(1?b?+as?c;.2))
i 1(:c2b2+x2<72) . 1$7 PV R wipitr 3o alo;
(20 (AL - Bglma el )
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Proof: Let £ =" | 2;&, Z =", 2;X,. Then for each w, we have

He(w) (¥) = exp (_m) ’

where
n n
Z~N <Z Tifli, focf) .
i=1 i=1
It follows from Theorem 4.1 that the theorem holds true. The proof is complete.

_ 2
Example 4.1 Let £ be a normal fuzzy random variable such that for each w, e (x) = exp (—%).
(1) If X ~ N(1,1) with probability distribution ®, then according to the first part of Theorem 4.1, it is easy

to derive that
1 1 25 6

(2) If X ~ EXP(2), then according to the second part of Theorem 4.1, it is easy to derive that
Ch{¢ > 2} = —exp(—4) + 2V 21 exp(4) (20(4) — ®(3)).

(3) If X ~U(1,4), then according to the third part of Theorem 4.1, it is easy to derive that

Ch{522}=%—2m (@(1)+q>(;>_1>.

3

Example 4.2 Let §1,& be two independent normal fuzzy random variables such that for each w, pe, () () =
exp (—W), and fig, ) (z) = exp (—W), where X ~ N(2,1), Y ~ N(1,2) with probability
distribution ®. Then according to Theorem 4.2, it is easy to derive that

Ch{26, + & >0} =1+ & <2\5ﬁ) _ \/%exp (-ii’) o (%) .

5 Conclusions

In fuzzy random optimization problems, the uncertain parameters are usually represented by fuzzy random
variables, and the constraints are always containing mean chance functions. It is difficult to compute mean
chance of a fuzzy event due to the two fold uncertainty of the event. In this paper, we deduced some formulas
for computing the mean chance distribution of fuzzy random variables in some special cases, in which the mean
chance distribution can be turned into their equivalent forms. In our future work, we will apply the formulas
to fuzzy random optimization to discuss the computation of the mean chance of fuzzy random constraints.
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