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Abstract

Fuzzy random variable is a combination of fuzzy variable and random variable, and can characterize
both fuzziness and randomness in the real world. The mean chance of a fuzzy random event is an
important concept in fuzzy random optimization, just like the probability of a stochastic event in stochastic
optimization and the credibility of a fuzzy event in fuzzy optimization. In fuzzy random programming, the
constraints are always represented by the mean chance function of fuzzy random events, so it is difficult to
solve them directly. In this paper, we deduce the formulas for the mean chance of fuzzy random events in
some special cases such as the fuzzy random variables are trapezoidal fuzzy random variables for normal
fuzzy random variables. The obtained formulas are very useful in fuzzy random optimization problems
when we design algorithm to solve them.
c©2008 World Academic Press, UK. All rights reserved.
Keywords: fuzzy random variable, mean chance, credibility theory, fuzzy random optimization

1 Introduction

In the real world problems such as in a manufacturing system or a production process, we may only obtain
data by statistic due to the complexity or the big scale of the problem. In such situations, the data can not
be precisely known. To solve these problems, we may use probability to deal with the uncertainty involved in
it. In fact, probability is a very useful and important tool to solve stochastic programming problems.

On the other hand, with the development of fuzzy set theory [23], many researchers realized that there
exists another uncertainty called fuzziness besides randomness in the world [18]. Fuzziness exists because
sometimes we can only obtain data from experts, and the data are usually given by experts according to their
knowledge or experience. However, different experts may have different ideas and even if the data were given
by one expert, it contains many objective factors, this leads to the existence of the fuzziness in the data. In
a fuzzy environment, to deal with the fuzziness, we may use credibility measure.

However, in a more complex system, there exists randomness and fuzziness in the data simultaneously. In
this case, we can not only consider its randomness or fuzziness and ignore the other uncertainty because this
will give us a meaningless solution. To consider the twofold uncertainty in the problem, we can represent it by
fuzzy random variables, which is a fundamental concept in fuzzy random theory and was initially introduced
by Kwakernaak [3] to depict the phenomena containing both fuzziness and randomness. In the literature,
fuzzy random variable was studied by many researchers aiming at different purposes [1][2][12][19]. With
fuzzy random variables, fuzzy random optimization theory has been developed rapidly and more and more
optimization models have been well developed in recent years [4][5][10][17][22]. In fuzzy random programming,
we may use mean chance to measure a fuzzy random event, just like probability in stochastic programming
and credibility in fuzzy programming. For example, a two-stage fuzzy random nimimum-risk problem was
established by using mean chance function as the objective [11]; and the convergence modes in mean chance
theory has been developed recently in [15], which facilitate us to design algorithms to solve fuzzy random
optimization problems.

In fuzzy random optimization problems, the constraints are often modeled as the mean chance of fuzzy
random events. Due to the complexity of the computation of mean chance, it is always difficult to solve the
programming problems. However, in some special cases, such as for the trapezoidal fuzzy random event and
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normal fuzzy random event, the mean chance function can be turned into its equivalent form. In this paper,
we will consider several special cases, including the randomness is characterized by normal distribution,
exponential distribution and uniform distribution. We also give some examples to illustrate the obtained
results. With these formulas, we can solve these problems more precisely.

This paper is organized as follows. In Section 2, we recall some basic concepts in fuzzy random theory. In
Section 3 we deduce some formulas about the mean chance distributions related to trapezoidal fuzzy random
variables. In Section 4 we study some formulas about the mean chance distributions related to normal fuzzy
random variables. In Section 5 we draw our conclusions.

2 Preliminaries

Given a universe Γ, an ample field A on Γ is a class of subsets of Γ that is closed under arbitrary union,
intersection, and complement in Γ [20].

Let Pos : A 7→ [0, 1] be a set function on the ample field A. Pos is said to be a possibility measure [20] if
it satisfies the following conditions:

1) Pos(∅) = 0, and Pos(Γ) = 1;
2) For any subclass {Ai|i ∈ I} of A (finite, countable or uncountable),

Pos(
⋃

i∈I

Ai) = sup
i∈I

Pos(Ai).

Based on possibility measure, the credibility measure [9] is defined as

Cr(A) =
1
2

(1 + Pos(A)− Pos(Ac)) , A ∈ A, (1)

where Ac is the complement of A.
The triplet (Γ,A,Cr) is called a credibility space [7]. A credibility measure has the following properties:

(1) Cr(∅)=0, and Cr(Γ) = 1.

(2) Monotonicity: Cr(A) ≤ Cr(B) for all A,B ⊂ Γ with A ⊂ B.

(3) Self-duality: Cr(A) + Cr(Ac) = 1 for all A ⊂ Γ.

(4) Subadditivity: Cr(A ∪B) ≤ Cr(A) + Cr(B) for all A,B ⊂ Γ.

An n-dimensional fuzzy vector is defined as a function from a credibility space (Γ,A,Cr) to the set of
n-dimensional vectors. If n = 1, then it is called a fuzzy variable [9]. More properties about credibility
measure can be found in [21].

If ξ = (r1, r2, r3, r4) is a trapezoidal fuzzy variable, then we have

Cr{ξ ≥ r} =





1, if r ≤ r1

2r2−r1−r
2(r2−r1)

, if r1 ≤ r < r2

1
2 , if r2 ≤ r < r3

r4−r
2(r4−r3)

, if r3 ≤ r < r4

0, if r4 < r.

If ξ is a normal fuzzy variable with parameter (a, b) and its possibility distribution function is µξ(x) =
exp(− (x−a)2

2b2 ), a ∈ R, b > 0. Then we have

Cr{ξ ≥ r} =





1− 1
2 exp(− (r−a)2

2b2 ), if a ≥ r

1
2 exp(− (r−a)2

2b2 ), if a < r.
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Let (Ω,Σ,Pr) be a probability space, and F v
n a collection of n-ary fuzzy vectors. A map ξ = (ξ1, · · · , ξn)T :

Ω → F v
n is said to be an n-ary fuzzy random vector if for any Borel subset B of Rn, the function

Cr {γ ∈ Γ | ξω(γ) ∈ B}

is measurable with respect to ω. As n = 1, ξ is called a fuzzy random variable [12].
In a word, a fuzzy random variable is a random variable with fuzzy values. For example, if

ξ =





(−2, 0, 2), with probability 1
3

(−1, 0, 1), with probability 1
6

(8, 9, 10), with probability 1
2 ,

then ξ is a discrete triangular fuzzy random variable. If

ξ = (X − 2, X − 1, X + 1, X + 2), X ∼ N (1, 2),

then ξ is a continuous trapezoidal fuzzy random variable.
Let ξ be a trapezoidal fuzzy random variable. Then for each ω, ξ(ω) = (X(ω), X(ω)+a,X(ω)+b,X(ω)+c)

is a trapezoidal fuzzy variable with the following possibility distribution function

µξ(ω)(x) =





x−X(ω)
a , if X(ω) ≤ x < X(ω) + a

1, if X(ω) + a ≤ x < X(ω) + b

−x+X(ω)+c
c−b , if X(ω) + b ≤ x < X(ω) + c

0, otherwise,

where c > b > a > 0, and X is a random variable.
Let ξ be a normal fuzzy random variable. Then for each ω, ξ(ω) is a normal fuzzy variable with the

following possibility distribution function

µξ(ω)(x) = exp
(
− (x−X(ω))2

2b2

)
,

where b > 0, and X is a random variable.
Let ξ be an n-ary fuzzy random vector, and B a Borel subset of <n. Then the mean chance of a fuzzy

random event {ξ ∈ B} is defined as [13]

Ch{ξ ∈ B} =
∫

Ω

Cr {γ ∈ Γ | ξω(γ) ∈ B}Pr(dω).

3 Mean Chance Distributions for Trapezoidal Fuzzy Random Vari-
ables

Theorem 3.1 Let ξ be a continuous trapezoidal fuzzy random variable such that ξ(ω) = (X(ω), X(ω) +
a,X(ω) + b,X(ω) + c) with c > b > a > 0 for each ω, and X a random variable.
(1) If X ∼ N (µ, σ2) with probability distribution Φ, then we have

Ch{ξ ≥ r} = − σ
2a
√

2π

(
exp

(
− (r−µ)2

2σ2

)
− exp

(
− (a+µ−r)2

2σ2

))

− σ
2(c−b)

√
2π

(
exp

(
− (b+µ−r)2

2σ2

)
− exp

(
− (c+µ−r)2

2σ2

))

+µ−r
2a Φ( r−µ

σ )− µ+a−r
2a Φ( r−a−µ

σ ) + µ+b−r
2(c−b) Φ( r−b−µ

σ )− µ+c−r
2(c−b) Φ( r−c−µ

σ ) + 1.
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(2) If X ∼ EXP(λ), λ > 0, then we have

Ch{ξ ≥ r} =





1
2aλ (exp(−λ(r − a)− exp(−λr))

+ 1
2λ(c−b) [exp(−λ(r − c))− exp(−λ(r − b))], if r > c

− 1
2(c−b)λ exp(−λ(r − b)) + 1

2aλ (exp(−λ(r − a))− exp(−rλ)) + 1+cλ−rλ
2λ(c−b) , if b < r ≤ c

− 1
2aλ exp(−λr) + 1

2aλ exp(−λ(r − a)) + 1
2 , if a < r ≤ b

− 1
2aλ exp(−rλ) + 1

2aλ (1 + 2aλ− rλ), if 0 < r ≤ a

1, if r ≤ 0.

(3) If X ∼ U(l1, l2), l1 < l2, then we have

Ch{ξ ≥ r} =





(l2−r+c)2

4(c−b)(l2−l1)
, if l1 ≤ r − c < l2 ≤ r − b

c+b+2l2−2r
4(l2−l1)

, if l1 ≤ r − c, r − b < l2 ≤ r − a

(l2−r)2+a(a+4l2−4r+c+b)
4a(l2−l1)

, if l1 ≤ r − c, r − a < l2 ≤ r

a+b+c+4(l2−r)
4(l2−l1)

, if l1 ≤ r − c, r < l2

l1+l2+2c−2r
4(c−b) , if r − c < l1 < l2 ≤ r − b

(r−b)(2c−b−r)−l1(l1+2c−2r)+2(c−b)(l2−r+b)
4(c−b)(l2−l1)

, if r − c < l1 ≤ r − b, r − b < l2 ≤ r − a

(r−b)(2c−b−r)−l1(l1+2c−2r)
4(c−b)(l2−l1)

+ b−a
2(l2−l1)

+ (r−a)(r−3a)+l2(l2+4a−2r)
4a(l2−l1)

, if r − c < l1 ≤ r − b, r − a < l2 ≤ r

(r−b)(2c−b−r)−l1(l1+2c−2r)
4(c−b)(l2−l1)

+ 2b+a
4(l2−l1)

+ l2−r
l2−l1

, if r − c < l1 ≤ r − b, r < l2
1
2 , if r − b < l1 < l2 ≤ r − a

(r−a)2−2al1+l2(l2+4a−2r)
4a(l2−l1)

, if r − b < l1 ≤ r − a, r − a < l2 ≤ r

a+4l2−2l1−2r
4(l2−l1)

, if r − b < l1 ≤ r − a, r < l2

4a−2r+l1+l2
4a , if r − a < l1 < l2 ≤ r

(r−l1)(4a−r+l1)+4a(l2−r)
4a(l2−l1)

, if r − a < l1 < l2 ≤ r

1, if r < l1 < l2.

Proof: According to the credibility measure of fuzzy event, for each ω, we have

Cr{ξ(ω) ≥ r} =





1, if X(ω) ≥ r

X(ω)+2a−r
2a , if r − a ≤ X(ω) < r

1
2 , if r − b ≤ X(ω) < r − a

X(ω)+c−r
2(c−b) , if r − c ≤ X(ω) < r − b

0, if X(ω) < r − c.

(1) If X(ω) ≥ r, then

M1 =
∫ +∞

r
1

σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx = 1− Φ

(
r−µ

σ

)
.
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If r − a ≤ X(ω) < r, then

M2 =
∫ r

r−a
x+2a−r

2a
1

σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx

=
∫ r

r−a
(x−µ)+(µ+2a−r)

2a
1

σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx

=
∫ r

r−a
(x−µ)

2a
1

σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx +

∫ r

r−a
(µ+2a−r)

2a
1

σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx

=
∫ r

r−a
σ

2a
√

2π

x−µ
σ2 exp

(
− (x−µ)2

2σ2

)
dx + µ+2a−r

2a

∫ r−µ
σ

r−a−µ
σ

1√
2π

exp
(− 1

2 (x−µ
σ

)2
)d(x−µ

σ )

= − σ
2a
√

2π
exp

(
− (x−µ)2

2σ2

) ∣∣r
r−a + µ+2a−r

2a

[
Φ

(
r−µ

σ

)− Φ
(

r−a−µ
σ

)]

= − σ
2a
√

2π

(
exp

(
− (r−µ)2

2σ2

)
− exp

(
− (r−a−µ)2

2σ2

))
+ µ+2a−r

2a

[
Φ

(
r−µ

σ

)− Φ
(

r−a−µ
σ

)]
.

If r − b ≤ X(ω) < r − a, then

M3 =
∫ r−a

r−b
1
2

1
σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx = 1

2

(
Φ

(
r−a−µ

σ

)− Φ
(

r−b−µ
σ

))
.

If r − c ≤ X(ω) < r − b, then

M4 =
∫ r−b

r−c
x+c−r
2(c−b)

1
σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx

=
∫ r−b

r−c
(x−µ)+(µ+c−r)

2(c−b)
1

σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx

=
∫ r−b

r−c
(x−µ)
2(c−b)

1
σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx +

∫ r−b

r−c
(µ+c−r)
2(c−b)

1
σ
√

2π
exp

(
− (x−µ)2

2σ2

)
dx

=
∫ r−b

r−c
σ

2(c−b)
√

2π

x−µ
σ2 exp

(
− (x−µ)2

2σ2

)
dx + µ+c−r

2(c−b)

∫ r−b−µ
σ

r−c−µ
σ

1√
2π

exp
(− 1

2 (x−µ
σ

)2
)d(x−µ

σ )

= − σ
2(c−b)

√
2π

exp
(
− (x−µ)2

2σ2

) ∣∣r−b
r−c + µ+c−r

2(c−b)

(
Φ

(
r−b−µ

σ

)
− Φ

(
r−c−µ

σ

))

= − σ
2(c−b)

√
2π

(
exp

(
− (r−b−µ)2

2σ2

)
− exp

(
− (r−c−µ)2

2σ2

))
+ µ+c−r

2(c−b)

(
Φ

(
r−b−µ

σ

)
− Φ

(
r−c−µ

σ

))
.

Therefore, we have

Ch{ξ ≥ r} = M1 + M2 + M3

= − σ
2a
√

2π

(
exp

(
− (r−µ)2

2σ2

)
− exp

(
− (a+µ−r)2

2σ2

))

− σ
2(c−b)

√
2π

(
exp

(
− (b+µ−r)2

2σ2

)
− exp

(
− (c+µ−r)2

2σ2

))

+µ−r
2a Φ( r−µ

σ )− µ+a−r
2a Φ( r−a−µ

σ ) + µ+b−r
2(c−b) Φ( r−b−µ

σ )− µ+c−r
2(c−b) Φ( r−c−µ

σ ) + 1.

(2) Case 1: r > c.
If X(ω) ≥ r, then we have

M1 =
∫ +∞

r

λ exp(−λx)dx = exp(−λr).

If r − a ≤ X(ω) < r, then we have

M2 =
∫ r

r−a
x+2a−r

2a λ exp(−λx)dx

= 1
2a

∫ r

r−a
λx exp(−λx)dx + 2a−r

2a

∫ r

r−a
λ exp(−λx)dx

= −( 1
2ax + 1

2aλ ) exp(−λx)|rr−a − 2a−r
2a exp(−λx)|rr−a

= aλ+1
2aλ exp(−λ(r − a))− 2aλ+1

2aλ exp(−λr).

If r − b < X(ω) ≤ r − a, then we have

M3 =
∫ r−a

r−b
1
2λ exp(−λx)dx

= − exp(−λx)|r−a
r−b

= 1
2 exp(−λ(r − b))− 1

2 exp(−λ(r − a)).
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If r − c ≤ X(ω) < r − b, then we have

M4 =
∫ r−b

r−c
x+c−r
2(c−b) λ exp(−λx)dx

= 1
2(c−b)

∫ r−b

r−c
λx exp(−λx)dx + c−r

2(c−b)

∫ r−b

r−c
λ exp(−λx)dx

= −( 1
2(c−b)x + 1

2(c−b)λ ) exp(−λx)|r−b
r−c − c−r

2(c−b) exp(−λx)|r−b
r−c

= ( 1
2(c−b) (r − c) + 1

2(c−b)λ ) exp(−λ(r − c))− ( 1
2(c−b) (r − b) + 1

2(c−b)λ ) exp(−λ(r − b))
− c−r

2(c−b) (exp(−λ(r − b))− exp(−λ(r − c)))
= 1

2(c−b)λ exp(−λ(r − c))− ( 1
2 + 1

2(c−b)λ ) exp(−λ(r − b)).

Combining the above, we have

Ch{ξ ≥ r} = M1 + M2 + M3 + M4

= 1
2aλ (exp(−λ(r − a)− exp(−λr))) + 1

2λ(c−b) [exp(−λ(r − c))− exp(−λ(r − b))].

Case 2: b < r ≤ c.
If X(ω) ≥ r, then we have

M1 =
∫ +∞

r

λ exp(−λx)dx = exp(−λr).

If r − a ≤ X(ω) < r, then we have

M2 =
∫ r

r−a
x+2a−r

2a λ exp(−λx)dx

= 1
2a

∫ r

r−a
λx exp(−λx)dx + 2a−r

2a

∫ r

r−a
λ exp(−λx)dx

= −( 1
2ax + 1

2aλ ) exp(−λx)|rr−a − 2a−r
2a exp(−λx)|rr−a

= aλ+1
2aλ exp(−λ(r − a))− 2aλ+1

2aλ exp(−λr).

If r − b < X(ω) ≤ r − a, then we have

M3 =
∫ r−a

r−b
1
2λ exp(−λx)dx

= − exp(−λx)|r−a
r−b

= 1
2 exp(−λ(r − b))− 1

2 exp(−λ(r − a)).

If r − c ≤ X(ω) < r − b, then we have

M4 =
∫ r−b

0
x+c−r
2(c−b) λ exp(−λx)dx

= 1
2(c−b)

∫ r−b

0
λx exp(−λx)dx + c−r

2(c−b)

∫ r−b

0
λ exp(−λx)dx

= −( 1
2(c−b)x + 1

2(c−b)λ ) exp(−λx)|r−b
0 − c−r

2(c−b) exp(−λx)|r−b
0

= 1
2(c−b)λ − ( 1

2(c−b) (r − b) + 1
2(c−b)λ ) exp(−λ(r − b))− c−r

2(c−b) exp(−λ(r − b))
= 1

2(c−b)λ + c−r
2(c−b) − ( 1

2 + 1
2(c−b)λ ) exp(−λ(r − b)).

Combining the above, we have

Ch{ξ ≥ r} = M1 + M2 + M3 + M4

= − 1
2(c−b)λ exp(−λ(r − b)) + 1

2aλ (exp(−λ(r − a))− exp(−rλ)) + 1+cλ−rλ
2λ(c−b) .

Case 3: a < r ≤ b.
If X(ω) ≥ r, then we have

M1 =
∫ +∞

r

λ exp(−λx)dx = exp(−λr).

If r − a ≤ X(ω) < r, then we have

M2 =
∫ r

r−a
x+2a−r

2a λ exp(−λx)dx

= 1
2a

∫ r

r−a
λx exp(−λx)dx + 2a−r

2a

∫ r

r−a
λ exp(−λx)dx

= −( 1
2ax + 1

2aλ ) exp(−λx)|rr−a − 2a−r
2a exp(−λx)|rr−a

= aλ+1
2aλ exp(−λ(r − a))− 2aλ+1

2aλ exp(−λr).
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If r − b < X(ω) ≤ r − a, then we have

M3 =
∫ r−a

0
1
2λ exp(−λx)dx

= 1
2 (− exp(−λx))|r−a

0

= 1
2 − 1

2 exp(−λ(r − a)).

Combining the above, we have

Ch{ξ ≥ r} = M1 + M2 + M3

= − 1
2aλ exp(−λr) + 1

2aλ exp(−λ(r − a)) + 1
2 .

Case 4: 0 < r ≤ a.
If X(ω) ≥ r, then we have

M1 =
∫ +∞

r

λ exp(−λx)dx = exp(−λr).

If r − a ≤ X(ω) < r, then we have

M2 =
∫ r

0
x+2a−r

2a λ exp(−λx)dx
= 1

2a

∫ r

0
λx exp(−λx)dx + 2a−r

2a

∫ r

0
λ exp(−λx)dx

= −( 1
2ax + 1

2aλ ) exp(−λx)|r0 − 2a−r
2a exp(−λx)|r0

= −(1 + 1
2aλ ) exp(−λr) + 2aλ+1−rλ

2aλ .

Combining the above, we have

Ch{ξ ≥ r} = M1 + M2

= − 1
2aλ exp(−rλ) + 1

2aλ (1 + 2aλ− rλ).

Case 5: r ≤ 0.
If X(ω) ≥ r, then we have

M = M1 =
∫ +∞

0

λ exp(−λx)dx = 1.

(3) Case 1: l1 ≤ r − c < l2 ≤ r − b.

Ch{ξ ≥ r} =
∫ l2

r−c
x+c−r
2(c−b)

1
l2−l1

dx

= 1
l2−l1

(
x2

4(c−b) + (c−r)x
2(c−b)

) ∣∣∣l2r−c

= 1
l2−l1

(
l22

4(c−b) + (c−r)l2
2(c−b) − (r−c)2

4(c−b) + (c−r)(r−c)
2(c−b)

)

= (l2+c−r)2

4(c−b)(l2−l1)
.

Case 2: l1 ≤ r − c, r − b < l2 ≤ r − a.

Ch{ξ ≥ r} =
∫ l2

r−b
1
2

1
l2−l1

dx +
∫ r−b

r−c
x+c−r
2(c−b)

1
l2−l1

dx

= l2−r+b
2(l2−l1)

+
(

x2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)x
2(c−b)

) ∣∣r−b
r−c

= l2−r+b
2(l2−l1)

+ c−b
4(l2−l1)

= b+c+2l2−2r
4(l2−l1)

.

Case 3: l1 ≤ r − c, r − a < l2 ≤ r.

Ch{ξ ≥ r} =
∫ r−a

r−b
1
2

1
l2−l1

dx +
∫ r−b

r−c
x+c−r
2(c−b)

1
l2−l1

dx +
∫ l2

r−a
x+2a−r

2a
1

l2−l1
dx

= r−a−r+b
2(l2−l1)

+
(

x2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)x
2(c−b)

) ∣∣r−b
r−c +

(
x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣∣l2r−a

= b−a
2(l2−l1)

+
(

(r−c)2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)(r−c)
2(c−b)

)
−

(
(r−b)2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)(r−b)
2(c−b)

)

+
(

l22
4a(l2−l1)

+ 1
l2−l1

(2a−r)l2
2a

)
−

(
(r−a)2

4a(l2−l1)
+ 1

l2−l1

(2a−r)(r−a)
2a

)

= b−a
2(l2−l1)

+ c−b
4(l2−l1)

+ (l2−r)2+4a(l2−r)+3a2

4a(l2−l1)

= (l2−r)2+a(4l2−4r+a+b+c)
4a(l2−l1)

.
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Case 4: l1 ≤ r − c, r < l2.

Ch{ξ ≥ r} =
∫ r−a

r−b
1
2

1
l2−l1

dx +
∫ r−b

r−c
x+c−r
2(c−b)

1
l2−l1

dx +
∫ r

r−a
x+2a−r

2a
1

l2−l1
dx +

∫ l2
r

1
l2−l1

dx

= r−a−r+b
2(l2−l1)

+
(

x2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)x
2(c−b)

) ∣∣r−b
r−c +

(
x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣r
r−a + l2−r

l2−l1

= b−a
2(l2−l1)

+
(

(r−c)2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)(r−c)
2(c−b)

)
−

(
(r−b)2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)(r−b)
2(c−b)

)

+
(

r2

4a(l2−l1)
+ 1

l2−l1

(2a−r)r
2a

)
−

(
(r−a)2

4a(l2−l1)
+ 1

l2−l1

(2a−r)(r−a)
2a

)
+ l2−r

l2−l1

= b−a
2(l2−l1)

+ c−b
4(l2−l1)

+ 3a
4(l2−l1)

+ l2−r
l2−l1

= a+b+c+4(l2−r)
4(l2−l1)

.

Case 5: r − c < l1 < l2 ≤ r − b.

Ch{ξ ≥ r} =
∫ l2

l1
x+c−r
2(c−b)

1
l2−l1

dx

=
(

x2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)x
2(c−b)

) ∣∣∣l2l1
=

(
l22

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)l2
2(c−b)

)
−

(
l21

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)l1
2(c−b)

)

= l1+l2+2(c−r)
4(c−b) .

Case 6: r − c < l1 ≤ r − b < l2 ≤ r − a.

Ch{ξ ≥ r} =
∫ r−b

l1
x+c−r
2(c−b)

1
l2−l1

dx +
∫ l2

r−b
1
2

1
l2−l1

dx

=
(

x2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)x
2(c−b)

) ∣∣r−b
l1

+ l2−r+b
2(l2−l1)

=
(

(r−b)2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)(r−b)
2(c−b)

)
−

(
l21

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)l1
2(c−b)

)
+ l2−r+b

2(l2−l1)

= (r−b)(2c−b−r)+l1(2r−2c−l1)
4(c−b)(l2−l1)

+ l2−r+b
2(l2−l1)

= (r−b)(2c−b−r)−l1(l1+2c−2r)+2(c−b)(l2−r+b)
4(c−b)(l2−l1)

.

Case 7: r − c < l1 ≤ r − b, r − a < l2 ≤ r.

Ch{ξ ≥ r} =
∫ r−b

l1
x+c−r
2(c−b)

1
l2−l1

dx +
∫ r−a

r−b
1
2

1
l2−l1

dx +
∫ l2

r−a
x+2a−r

2a
1

l2−l1
dx

=
(

x2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)x
2(c−b)

) ∣∣r−b
l1

+ r−a−r+b
2(l2−l1)

+
(

x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣∣l2r−a

=
(

(r−b)2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)(r−b)
2(c−b)

)
−

(
l21

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)l1
2(c−b)

)
+ b−a

2(l2−l1)

+
(

l22
4a(l2−l1)

+ 1
l2−l1

(2a−r)l2
2a

)
−

(
(r−a)2

4a(l2−l1)
+ 1

l2−l1

(2a−r)(r−a)
2a

)

= (r−b)(2c−b−r)+l1(2r−2c−l1)
4(c−b)(l2−l1)

+ b−a
2(l2−l1)

+ (l2−r)2+4a(l2−r)+3a2

4a(l2−l1)

= (r−b)(2c−b−r)−l1(l1+2c−2r)
4(c−b)(l2−l1)

+ b−a
2(l2−l1)

+ (r−a)(r−3a)+l2(l2+4a−2r)
4a(l2−l1)

.

Case 8: r − c < l1 ≤ r − b, r < l2.

Ch{ξ ≥ r} =
∫ r−b

l1
x+c−r
2(c−b)

1
l2−l1

dx +
∫ r−a

r−b
1
2

1
l2−l1

dx +
∫ r

r−a
x+2a−r

2a
1

l2−l1
dx +

∫ l2
r

1
l2−l1

dx

=
(

x2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)x
2(c−b)

) ∣∣r−b
l1

+ r−a−r+b
2(l2−l1)

+
(

x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣r
r−a + l2−r

l2−l1

=
(

(r−b)2

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)(r−b)
2(c−b)

)
−

(
l21

4(c−b)
1

l2−l1
+ 1

l2−l1

(c−r)l1
2(c−b)

)
+ b−a

2(l2−l1)

+
(

r2

4a(l2−l1)
+ 1

l2−l1

(2a−r)r
2a

)
−

(
(r−a)2

4a(l2−l1)
+ 1

l2−l1

(2a−r)(r−a)
2a

)
+ l2−r

l2−l1

= (r−b)(2c−b−r)+l1(2r−2c−l1)
4(c−b)(l2−l1)

+ b−a
2(l2−l1)

+ 3a
4(l2−l1)

+ l2−r
l2−l1

= (r−b)(2c−b−r)−l1(l1+2c−2r)
4(c−b)(l2−l1)

+ 2b+a
4(l2−l1)

+ l2−r
l2−l1

.

Case 9: r − b < l1 < l2 ≤ r − a.

Ch{ξ ≥ r} =
∫ l2

l1

1
2

1
l2 − l1

dx =
1
2
.
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Case 10: r − b < l1 ≤ r − a < l2 ≤ r.

Ch{ξ ≥ r} =
∫ r−a

l1
1
2

1
l2−l1

dx +
∫ l2

r−a
x+2a−r

2a
1

l2−l1
dx

= l1−r+a
2(l2−l1)

+
(

x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣∣l2r−a

= l1−r+a
2(l2−l1)

+
(

l22
4a(l2−l1)

+ 1
l2−l1

(2a−r)l2
2a

)
−

(
(r−a)2

4a(l2−l1)
+ 1

l2−l1

(2a−r)(r−a)
2a

)

= (r−a)2−2al1+l2(l2+4a−2r)
4a(l2−l1)

.

Case 11: r − b < l1 ≤ r − a, r < l2.

Ch{ξ ≥ r} =
∫ r−a

l1
1
2

1
l2−l1

dx +
∫ r

r−a
x+2a−r

2a
1

l2−l1
dx +

∫ l2
r

1
l2−l1

dx

= l1−r+a
2(l2−l1)

+
(

x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣r
r−a + l2−r

l2−l1

= l1−r+a
2(l2−l1)

+
(

r2

4a(l2−l1)
+ 1

l2−l1

(2a−r)r
2a

)
−

(
(r−a)2

4a(l2−l1)
+ 1

l2−l1

(2a−r)(r−a)
2a

)
+ l2−r

l2−l1

= l1−r+a
2(l2−l1)

+ 3a
4(l2−l1)

+ l2−r
l2−l1

= a+4l2−2l1−2r
4(l2−l1)

.

Case 12: r − a < l1 < l2 ≤ r.

Ch{ξ ≥ r} =
∫ l2

l1
x+2a−r

2a
1

l2−l1
dx

=
(

x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣∣l2l1
=

(
l22

4a(l2−l1)
+ 1

l2−l1

(2a−r)l2
2a

)
−

(
(l21

4a(l2−l1)
+ 1

l2−l1

(2a−r)l1
2a

)

= l1+l2+4a−2r
4a .

Case 13: r − a < l1 ≤ r < l2.

Ch{ξ ≥ r} =
∫ r

l1
x+2a−r

2a
1

l2−l1
dx +

∫ l2
r

1
l2−l1

dx

=
(

x2

4a(l2−l1)
+ 1

l2−l1

(2a−r)x
2a

) ∣∣r
l1

+ l2−r
l2−l1

=
(

r2

4a(l2−l1)
+ 1

l2−l1

(2a−r)r
2a

)
−

(
(l21

4a(l2−l1)
+ 1

l2−l1

(2a−r)l1
2a

)
+ l2−r

l2−l1

= 4ar−4al1−(r−l1)
2−2r

4a(l2−l1)
+ l2−r

l2−l1

= (r−l1)(4a−r+l1)+4a(l2−r)
4a(l2−l1)

.

Case 14: r < l1 < l2.

Ch{ξ ≥ r} =
∫ l2

l1

1
l2 − l1

dx = 1.

The proof is complete.

Theorem 3.2 Let ξ1, · · · , ξn be fuzzy random variables such that for each ω, ξi(ω) = (Xi(ω), Xi(ω) +
ai, Xi(ω) + bi), Xi(ω) + ci), i = 1, · · · , n are mutually independent fuzzy variables. If Xi ∼ N (µi, σ

2
i ) with

probability distribution Φ, and ci > bi > ai, i = 1, · · · , n are positive numbers. Then we have

Ch{∑n
i=1 xiξi ≥ r} = −

√Pn
i=1 x2

i σ2
i

2
Pn

i=1 xiai

√
2π

(
exp

(
− (
Pn

i=1 xiµi−r)2

2
Pn

i=1 x2
i σ2

i

)
− exp

(
− (
Pn

i=1 xi(ai+µi)−r)2

2
Pn

i=1 x2
i σ2

i

))

−
√Pn

i=1 x2
i σ2

i

2
Pn

i=1 xi(ci−bi)
√

2π

(
exp

(
− (
Pn

i=1 xi(bi+µi)−r)2

2
Pn

i=1 x2
i σ2

i

)
− exp

(
− (
Pn

i=1 xi(ci+µi)−r)2

2
Pn

i=1 x2
i σ2

i

))

+
Pn

i=1 xiµi−r

2
Pn

i=1 xiai
Φ

(
r−Pn

i=1 xiµi√Pn
i=1 x2

i σ2
i

)
−
Pn

i=1 xi(µi+ai)−r

2
Pn

i=1 xiai
Φ

(
r−Pn

i=1 xi(ai+µi)√Pn
i=1 x2

i σ2
i

)

+
Pn

i=1 xi(µi+bi)−r

2
Pn

i=1 xi(ci−bi)
Φ

(
r−Pn

i=1 xi(bi+µi)√Pn
i=1 x2

i σ2
i

)
+
Pn

i=1 xi(µi+ci)−r

2
Pn

i=1 xi(ci−bi)
Φ

(
r−Pn

i=1 xi(ci+µi)√Pn
i=1 x2

i σ2
i

)
.

Proof: Let ξ =
∑n

i=1 xiξi, Z =
∑n

i=1 xiXi. Then for each ω, we have

ξ(ω) =

(
Z(ω), Z(ω) +

n∑

i=1

xiai, Z(ω) +
n∑

i=1

xibiZ(ω) +
n∑

i=1

xici,

)
,



308 R. Qin and F.F. Hao: Computing the Mean Chance Distributions of Fuzzy Random Variables

where

Z ∼ N
(

n∑

i=1

xiµi,
n∑

i=1

x2
i σ

2
i

)
.

It follows from Theorem 3.1 that the theorem is valid. The proof is complete.

Example 3.1 Let ξ be a trapezoidal fuzzy random variables such that for each ω, ξ(ω) = (X(ω), X(ω) +
2, X(ω) + 4, X(ω) + 6).
(1) If X ∼ N (2, 1) with probability distribution Φ, then according to Theorem 3.1, it is easy to derive that

Ch{ξ ≥ 3} = − 1
4
√

2π
(exp(− 1

2 )− exp(− 1
2 ))− 1

4
√

2π
(exp(− 9

2 )− exp(− 25
2 ))

− 1
4Φ(1)− 1

4Φ(−1) + 3
4Φ(−3)− 5

4Φ(−5) + 1
= − 1

4
√

2π
(exp(− 9

2 )− exp(− 25
2 ))− 1

4 + 3
4 − 3

4Φ(3)− 5
4 + 5

4Φ(5) + 1
= − 1

4
√

2π
(exp(− 9

2 )− exp(− 25
2 ))− 1

4 (3Φ(3)− 5Φ(5)− 1).

(2) If X ∼ EXP(2), then according to Theorem 3.1, it is easy to derive that

Ch{ξ ≥ 3} = − 1
8 exp(−6 + 1

8 exp(−2) + 1
2 ,

and
Ch{ξ ≥ 7} = 1

8 (exp(−10)− exp(−14)) + 1
8 (exp(−2)− exp(−6))

= 1
8 (exp(−10)− exp(−14) + exp(−2)− exp(−6)).

(3) If X ∼ U(1, 3), then according to Theorem 3.1, it is easy to derive that

Ch{ξ ≥ 4} = 4−4+3(3+8−8)
16 = 9

16 ,

and
Ch{ξ ≥ 6} = 2(12−4−6)−(1+12−12)+4(3−6+4)

16 = 7
16 .

Example 3.2 Let ξ1, ξ2 be two independent trapezoidal fuzzy random variables such that for each ω, ξ1(ω) =
(X(ω), X(ω)+0.5, X(ω)+1, X(ω)+1.5) and ξ2(ω) = (Y (ω), Y (ω)+1, Y (ω)+2, Y (ω)+3), where X ∼ N (2, 1),
Y ∼ N (1, 1) with probability distribution Φ. Since ξ1 and ξ2 are mutually independent, for each ω, according
to Theorem 3.2, we have

Ch{2ξ1 + 3ξ2 ≥ 6} = −
√

13
8
√

π

(
exp

(− 1
26

)− exp
(− 9

26

)
)−

√
13

8
√

π
(exp

(− 49
26

)− exp
(− 121

26

))

− 1
8Φ( 1√

13
)− 3

8Φ(− 3√
13

) + 7
8Φ(− 7√

13
)− 11

8 Φ(− 11√
13

) + 1

= −
√

13
8
√

π

(
exp

(− 1
26

)− exp
(− 9

26

)
+ exp

(− 49
26

)− exp
(− 121

26

))

− 1
8Φ( 1√

13
)− 3

8 + 3
8Φ(− 3√

13
) + 7

8 − 7
8Φ(− 7√

13
)− 11

8 + 11
8 Φ(− 11√

13
) + 1

= −
√

13
8
√

π

(
exp

(− 1
26

)− exp
(− 9

26

)
+ exp

(− 49
26

)− exp
(− 121

26

))

− 1
8

(
Φ( 1√

13
)− 3Φ( 3√

13
)− 11Φ( 11√

13
)− 1

)
.

4 Mean Chance Distributions for Normal Fuzzy Random Variables

Theorem 4.1 Suppose that ξ is a continuous normal fuzzy random variable such that for each ω, ξ(ω) is a
normal fuzzy variable with the following possibility distribution function

µξ(ω)(x) = exp
(
− (x−X(ω))2

2b2

)
,

where b > 0, and X is a random variable.
(1) If X ∼ N (µ, σ2) with probability distribution Φ, then we have

Ch{ξ ≥ r} = 1− Φ( r−µ
σ ) + b

2
√

b2+σ2 exp
(
− (µ−r)2

2(b2+σ2)

)(
2Φ

(
r
√

b2+σ2

bσ − rσ2+µb2

bσ
√

b2+σ2

)
− 1

)
.
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(2) If X ∼ EXP(λ), λ > 0, then we have

Ch{ξ ≥ r} =




− exp(−λr)−

√
2π
2 bλ exp(− 2rλ−λ2b2

2 )(1− Φ(λb)), if r ≤ 0

− exp(−λr) +
√

2π
2 bλ exp(− 2rλ−λ2b2

2 )(2Φ(λb)− Φ( b2λ−r
b )− 1), if r > 0.

(3) If X ∼ U(l1, l2), l1 < l2, then we have

Ch{ξ ≥ r} =





1− b
√

2π
l2−l1

(Φ( l2−r
b )− Φ( l1−r

b )), if r ≤ l1

l2+l1−2r
l2−l1

− b
√

2π
l2−l1

(Φ( l2−r
b )− Φ( l1−r

b )), if l1 < r ≤ l2

1− b
√

2π
l2−l1

(Φ( l2−r
b )− Φ( l1−r

b )), if r > l2.

Proof: According to the credibility measure of fuzzy event, for each ω, we have

Cr{ξ(ω) ≥ r} =





1− 1
2 exp

(
− (r−X(ω))2

2b2

)
, if X(ω) ≥ r

1
2 exp

(
− (r−X(ω))2

2b2

)
, if X(ω) < r.

(1) If X(ω) ≥ r, then

M1 =
∫ +∞

r

(
1− 1

2 exp(− (r−x)2

2b2 )
)

1√
2πσ

exp
(
− (x−µ)2

2σ2

)
dx

=
∫ +∞

r
1√
2πσ

exp
(
− (x−µ)2

2σ2

)
dx− ∫ +∞

r
1

2
√

2πσ
exp

(
− (x−µ)2

2σ2 − (r−x)2

2b2

)
dx

= 1− Φ( r−µ
σ )− 1

2σ exp
(
− (µ−r)2

2(b2+σ2)

) ∫ +∞
r

1√
2π

exp


− 1

2

(√
b2+σ2(x− rσ2+b2µ

b2+2σ2 )

σb

)2

 dx

= 1− Φ( r−µ
σ )− b

2
√

b2+σ2 exp
(
− (µ−r)2

2(b2+σ2)

)(
1− Φ

(
r
√

b2+σ2

bσ − rσ2+µb2

bσ
√

b2+σ2

))
.

If X(ω) < r, then

M2 =
∫ r

−∞
1
2 exp(− (r−x)2

2b2 ) 1√
2πσ

exp
(
− (x−µ)2

2σ2

)
dx

=
∫ r

−∞
1

2
√

2πσ
exp

(
− (x−µ)2

2σ2 − (r−x)2

b2

)
dx

= 1
2σ exp

(
− (µ−r)2

2(b2+σ2)

) ∫ r

−∞
1√
2π

exp


− 1

2

(√
b2+σ2(x− rσ2+b2µ

b2+σ2 )

σb

)2

 dx

= b
2
√

b2+σ2 exp
(
− (µ−r)2

2(b2+σ2)

)
Φ

(
r
√

b2+σ2

bσ − rσ2+µb2

bσ
√

b2+σ2

)
.

Combining the above, we have

Ch{ξ ≥ r} = M1 + M2

= 1− Φ( r−µ
σ ) + b

2
√

b2+σ2 exp
(
− (µ−r)2

2(b2+σ2)

)(
2Φ

(
r
√

b2+σ2

bσ − rσ2+µb2

bσ
√

b2+σ2

)
− 1

)
.

(2) Case 1: r ≤ 0
If X(ω) ≥ r, then

M1 =
∫ +∞

r

(
1− 1

2 exp(− (r−x)2

2b2 )
)

λ exp(−λx)dx

=
∫ +∞

r
λ exp(−λx)dx− ∫ +∞

r
1
2λ exp(− (r−x)2

2b2 − λx)dx

= − exp(−λx)|+∞r − ∫ +∞
r

1
2λ exp(− 2rλ−λ2b2

2 ) exp(− (x−r+b2λ)2

2b2 )dx

= − exp(−λr)−
√

2π
2 bλ exp(− 2rλ−λ2b2

2 )(1− Φ(λb)).

Thus
Ch{ξ ≥ r} = M1 = − exp(−λr)−

√
2π
2 bλ exp(− 2rλ−λ2b2

2 )(1− Φ(λb)).
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Case 2: r > 0.
If X(ω) ≥ r, then

M1 =
∫ +∞

r

(
1− 1

2 exp(− (r−x)2

2b2 )
)

λ exp(−λx)dx

=
∫ +∞

r
λ exp(−λx)dx− ∫ +∞

r
1
2λ exp(− (r−x)2

2b2 − λx)dx

= − exp(−λx)|+∞r − ∫ +∞
r

1
2λ exp(− 2rλ−λ2b2

2 ) exp(− (x−r+b2λ)2

2b2 )dx

= − exp(−λr)−
√

2π
2 bλ exp(− 2rλ−λ2b2

2 )(1− Φ(λb)).

If X(ω) < r, then
M2 =

∫ r

0
1
2 exp(− (r−x)2

2b2 )λ exp(−λx)dx

=
√

2π
2 λb exp(− 2rλ−λ2b2

2 )(Φ(λb)− Φ( b2λ−r
b )).

Combining the above, we have

Ch{ξ ≥ r} = M1 + M2

= − exp(−λr) +
√

2π
2 bλ exp(− 2rλ−λ2b2

2 )(2Φ(λb)− Φ( b2λ−r
b )− 1).

(3) Case 1: r ≤ l1
If X(ω) ≥ r, then

M1 =
∫ l2

l1
1

l2−l1
(1− exp(− (r−x)2

2b2 ))dx

= 1− b
√

2π
l2−l1

(Φ( l2−r
b )− Φ( l1−r

b )).

Therefore, we have
Ch{ξ ≥ r} = M1 = 1− b

√
2π

l2−l1
(Φ( l2−r

b )− Φ( l1−r
b )).

Case 2: l1 < r ≤ l2
If X(ω) ≥ r, then

M1 =
∫ l2

r
1

l2−l1
(1− exp(− (r−x)2

2b2 ))dx

= l2−r
l2−l1

− b
√

2π
l2−l1

(Φ( l2−r
b )− 1

2 ).

If X(ω) < r, then
M2 =

∫ r

l1
1

l2−l1
exp(− (r−x)2

2b2 )dx

= l1−r
l2−l1

− b
√

2π
l2−l1

( 1
2 − Φ( l1−r

b )).

Therefore, we have
Ch{ξ ≥ r} = M1 + M2

= l2+l1−2r
l2−l1

− b
√

2π
l2−l1

(Φ( l2−r
b )− Φ( l1−r

b )).

Case 3: r > l2
If X(ω) < r, then

M2 =
∫ l2

l1
1

l2−l1
exp(− (r−x)2

2b2 )dx

= 1− b
√

2π
l2−l1

(Φ( l2−r
b )− Φ( l1−r

b )).

Therefore, we have
Ch{ξ ≥ r} = M2 = 1− b

√
2π

l2−l1
(Φ( l2−r

b )− Φ( l1−r
b )).

The proof of the theorem is complete.

Theorem 4.2 Let ξ1, · · · , ξn be fuzzy random variables. For each ω, the possibility distribution function of
ξi(ω) is

µξi(ω)(x) = exp
(
− (x−Xi(ω))2

2b2
i

)
,

and ξi(ω) i = 1, · · · , n, are mutually independent fuzzy variables. If Xi ∼ N (µi, σ
2
i ) with probability distribu-

tion Φ, bi is a positive number, i = 1, · · · , n. Then we have

Ch{∑n
i=1 xiξi ≥ r} = 1− Φ

(
r−Pn

i=1 xiµi√Pn
i=1 x2

i σ2
i

)
+

√Pn
i=1 x2

i b2i

2
√Pn

i=1(x
2
i b2i +x2

i σ2
i )

exp
(
− (

Pn
i=1 xiµi−r)2Pn

i=1(x
2
i b2i +x2

i σ2
i )

)
(

2Φ
(

r
√Pn

i=1(x
2
i b2i +x2

i σ2
i )√Pn

i=1 x2
i b2
Pn

i=1 x2
i σ2

−
Pn

i=1 x2
i b2i
Pn

i=1 xiµi+r
Pn

i=1 x2
i σ2

i

bσ
√Pn

i=1(x
2
i b2i +x2

i σ2
i )

)
+ 1

)
.
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Proof: Let ξ =
∑n

i=1 xiξi, Z =
∑n

i=1 xiXi. Then for each ω, we have

µξ(ω)(x) = exp
(
− (x− Z(ω))2

2
∑n

i=1 x2
i b

2
i

)
,

where

Z ∼ N
(

n∑

i=1

xiµi,
n∑

i=1

x2
i σ

2
i

)
.

It follows from Theorem 4.1 that the theorem holds true. The proof is complete.

Example 4.1 Let ξ be a normal fuzzy random variable such that for each ω, µξ(ω)(x) = exp
(
− (x−X(ω))2

4

)
.

(1) If X ∼ N (1, 1) with probability distribution Φ, then according to the first part of Theorem 4.1, it is easy
to derive that

Ch{ξ ≥ 2} = 1− Φ(1) +
1√
5

exp
(
− 1

10

) (
2Φ

(
2
√

5
2

− 6
2
√

5

)
− 1

)
.

(2) If X ∼ EXP(2), then according to the second part of Theorem 4.1, it is easy to derive that

Ch{ξ ≥ 2} = − exp(−4) + 2
√

2π exp(4) (2Φ(4)− Φ(3)) .

(3) If X ∼ U(1, 4), then according to the third part of Theorem 4.1, it is easy to derive that

Ch{ξ ≥ 2} =
1
3
− 2

√
2π

3

(
Φ(1) + Φ

(
1
2

)
− 1

)
.

Example 4.2 Let ξ1, ξ2 be two independent normal fuzzy random variables such that for each ω, µξ1(ω)(x) =

exp
(
− (x−X(ω))2

4

)
, and µξ2(ω)(x) = exp

(
− (x−Y (ω))2

9

)
, where X ∼ N (2, 1), Y ∼ N (1, 2) with probability

distribution Φ. Then according to Theorem 4.2, it is easy to derive that

Ch{2ξ1 + ξ2 ≥ 0} = 1 + Φ
(

5
2
√

2

)
− 5√

41
exp

(
−25

41

)
Φ

(
25

2
√

82

)
.

5 Conclusions

In fuzzy random optimization problems, the uncertain parameters are usually represented by fuzzy random
variables, and the constraints are always containing mean chance functions. It is difficult to compute mean
chance of a fuzzy event due to the two fold uncertainty of the event. In this paper, we deduced some formulas
for computing the mean chance distribution of fuzzy random variables in some special cases, in which the mean
chance distribution can be turned into their equivalent forms. In our future work, we will apply the formulas
to fuzzy random optimization to discuss the computation of the mean chance of fuzzy random constraints.
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