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Abstract

Fuzzy variables are functions from credibility spaces to the set of real numbers. Based on
the expected value of a fuzzy variable, the expected value of function of a simple fuzzy variable
is studied. In order further to discuss the mathematical properties of fuzzy variables, some
inequalities for fuzzy variables are derived based on the concepts of credibility measures and
expected value operators. (©) 2007 World Academic Press, UK. All rights reserved.
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1 Introduction

The fuzzy set theory was initiated by Zadeh [13] via membership function in 1965, and was well
developed and applied in a wide variety of areas, such as control theory, optimizations, intelligent
systems, information sciences, and so on. In order to measure the fuzzy event, Zadeh [15] in 1978
proposed the possibility theory which was developed by many other researchers such as Dubois and
Prade [1]. Unfortunately, possibility measure is not self-dual. However, a self-dual measure is crucial
in both theory and practice. Liu and Liu [4] gave the concept of credibility measure that satisfies
the self-dual property in 2002. Li and Liu [2] gave a sufficient and necessary condition for credibility
measure in 2006. Liu [6] presented an axiomatic foundation of credibility theory dealing with fuzzy
events based on credibility measure in 2004, and refined credibility theory in 2007 [8] as a branch
of mathematics for studying the behavior of fuzzy phenomena. Some aspects of study on credibility
theory may also be found in [7] and [9].

Fuzzy variables may be defined as functions from credibility spaces to the set of real numbers.
The expected value of a fuzzy variable is a very important concept not only in credibility theory
but also in fuzzy programming. While expected value of a fuzzy variable can be formularized as a
Lebesgue-Stieltjes integral with its credibility distribution, it will be more convenient to compute
expected value of fuzzy variable. But generally speaking, expected value of function f(&) of fuzzy
variable £ can’t be expressed as a Lebesgue-Stieltjes integral with the credibility distribution of &.
Zhu and Ji [17] gave a formula to compute the expected value of function f(§) of continuous fuzzy
variable €. In this paper, we also give a formula to compute expected value of function f(§) of a simple
fuzzy variable £. In addition, the set of moments of fuzzy variables that uniquely characterizes the
distribution under the reasonable conditions is useful in making comparison of two fuzzy variables.
Liu [5] presented some inequalities for the moments of fuzzy variables, and Zhu and Liu [16] showed
some inequalities for the moments of random fuzzy variables. Based on the mathematical elementary
inequalities and the expected value of function of a fuzzy variable, we develop some estimations of
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moments of fuzzy variables when the fuzzy variable is simple or continuous and its support takes
values on a finite interval.

The outline of this paper is as follows. In Section 2, we recall some definitions of fuzzy variable,
expected value operator, credibility distribution, and so on. In Section 3, some lemmas are expressed.
In Section 4, we give a formula to compute expected value of function f(€) of a simple fuzzy variable
&. In Section 5, we demonstrate some inequalities on moments of fuzzy variables.

2 Some Concepts

In convenience, we recall some useful concepts at first. Let ©® be a nonempty set, and P the power
set of O (i.e., all subsets of ©). The triplet (0, P, Cr) is said to be a credibility space if Cr, called
credibility measure [4], is a nonnegative set function defined on P satisfying

(1) Cr{O®} =1,

(2) Cr{A} < Cr{B} whenever A C B,

(3) Cr is self-dual, i.e., Cr{A} +Cr{A°} =1 for any A € P,

(4) Cr{lJ, A} = sup; Cr{4;} for any A; € P with sup; Cr{4;} < 0.5.

Definition 2.1 (Liu [3] [8]) A fuzzy variable is defined as a function from a credibility space (O, P,
Cr) to the set of real numbers.

Definition 2.2 (Liu [3] [8]) Let £ be a fuzzy variable defined on the credibility space (©,P, Cr).
Then its membership function is derived from the credibility measure by

w(x)=2Cr{{=x})Al, zeR

Remark 2.1 If the membership function of variable £ is u, then for any set B C R,

1
Cr{¢ € B} = 5 <sgg,u(x) +1-— seugc u(x))

Definition 2.3 (Liu [6]) Let & be a fuzzy variable defined on the credibility space (©,P, Cr). Then
the set
{€(0)l0 € ©,Cr{0} > 0} = {¢(0)|0 € ©7}

is called the support of £, where ©F is the kernel of the credibility space (©,%, Cr).

Definition 2.4 (Liu [6]) A fuzzy variable € is said to be

(a) nonnegative if Cr{{ < 0} = 0;

(b) positive if Cr{§ < 0} = 0;

(¢) continuous if Cr{€ = x} is a continuous function of x;

(d) simple if there exists a finite sequence x1,xa,- - , &, such that

Cr{ #x1,{ # w2, ,{F# T} =0.

Definition 2.5 (Liu and Liu [4]) Let  be a fuzzy variable. Then the expected value of § is

+o00 0
E[¢] = /0 Cr{¢ > r}dr — /_ Cr{¢ < r}dr.
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Remark 2.2 (Liu [3]) Let £ be a simple fuzzy variable whose membership function is given by

wi, ifz=ux
M2, lfl‘:xQ

p(x) =
U, if = x,.

Then the expected value of £ is
El¢] = Zwifl?i
i=1

where the weights w;,i = 1,2--- ,n are given by

1
wi =g (fgggﬂ(uk | ok < i) — max (u | 2 < i) o)

> ;) — .
+ max (i | @, 2 @) — max (g | @ > ;m)

for i =1,2---n. It is easy to verify that all w; > 0 and the sum of all weights is just 1.

Definition 2.6 (Liu [3]) For any positive integer k, the expected value E[¢¥] is called the kth moment
of the fuzzy variable &.
Definition 2.7 (Liu [3]) The credibility distribution ® : R — [0,1] of a fuzzy variable & is defined

by
®(x) = Cr{d € ©[£(0) < z}.

3 Lemmas

In this section, we present some results, including a formula to compute expected value of function
f(&) of continuous variable &, and some elementary inequalities.

Lemma 3.1 (Zhu and Ji [17]) Let & be a fuzzy variable and its credibility distribution function ®(z).
Suppose that f : R — R is a strictly monotone and continuous function. If

lim @®(z) =0, lim ®(z)=1 (3.1)

and the Lebesgue-Stieltjes integral [ f(x)d®(x) is finite, then we have

E[f(€)] = / " f()dd (o). (3.2)

Remark 3.1 If the support of the fuzzy variable ¢ takes values in the finite interval [a,b], then
®(x) =0 or 1 according as x < a or z > b. That is ®(x) satisfies (3.1).

Remark 3.2 Let £ be a fuzzy variable whose support takes the values of nonnegative numbers. If
the credibility distribution function ®(x) satisfies (3.1) and (3.2), and the Lebesgue-Stieltjes integral

/ " R do(s) (3.3)

— 0o
is finite, then we have

E[¢M] = / h 2 dd(z) (3.4)

0
by Lemma 3.1.
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Lemma 3.2 (R.Sharama et al. [11]) If r is a positive real number and s is any nonzero real number
with v > s, then for a < x <b, with a > 0, we have

(0" —a")z® + a"b® — a’b"

"< 3.5
= b% — a® (3:5)

and for x lying outside (a,b) we have
l‘TZ(b —a")x —i—ab—ab' (3.6)

bs_as

If r is a negative real number with r > s, then inequality(3.5) holds for x lying outside (a,b) and
inequality (3.6)holds for a <z <b.

Lemma 3.3 (R.Sharama et al. [11]) For a <z <b with a > 0, we have

(b" —a")logx 4+ a" logh — b" log a

'S < .
v= logb — loga (3.7)
and for x lying outside (a,b), we have
> (b" —a")logx 4+ a" logh — b" loga (3.8)

logb — loga

where r 1s a real number.

4 Expected value of function of a simple fuzzy variable

In this section, we give a formula to compute the expected value of function f(£) of simple variable
£, and then define the power mean of the nonnegative fuzzy variable.

Theorem 4.1 Let £ be a simple fuzzy variable whose membership function is given by

M1, @fx =1
M2, fo = X2
p(w) = :
Py if T = Tp.

Suppose that f: R — R is a monotone function, then we have
n
E[f(©)] = wif(x:) (4.1)
i=1
where the weights wi,t = 1,2--- . n are given by

1
“ <121’?<Xn(ﬂklmk < i) 1?12{n(#k|xk <)

> ) — .
+ gggn(uklxk > x;) gggn(uklxk > xz)>

fori=1,2---n.
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Proof. Without loss of generality, we suppose that x1,--- , x, are distinct with 1 < x9 < -+ <
Zn, and f is an increasing function. Hence f(z1) < f(x2) < -+ < f(xy).
Suppose that there exist some positive integers po, p1, 02, -+ ,Pm With 1 =pg < p; <ps <--- <

Pm = n, such that

f(z1) = f(z2) = f($p1)
< f($p1+1) = f(xpl—i-?) == f(xpz)
<< flmp, 1) = (xpm—1+2) == f(@p,) = f(2n).

Then the membership function of fuzzy variable n = f(§) is

M1 max{f1, -, fp, } if z = f(z1) = flz2) == flzp,)
,LL((L‘) . MQ - max{:up1+17 t 7,Up2}> if x = f(xp1+1) = f(l’lerz) == f(xpz)
/’L’lm = maX{:qu—lJrlv T a/"n}a ifz = f(l‘pm—l‘i’l) = f(xpm—1+2) == f(l’n)
Thus
m
= szf(xpz)7
i=1
where 2, = &, and the weights w;(i = 1,2--- ,m) are given by
/ 1 / / /
= g (e — s )
For any ¢ = 1,2,--- ,m, we have

1
Wp,_ 141 T Wp, 42+t wp, == max M — mnax U+ max U — max Uk
Pzt i1 P 2 \k<pi—1+1 k<pi—1+1 k>p;—1+1 k>pi—1+1

5 (o g = s+ s, = s, )
J’_ o o

1
“ (%’: i g~

max fip + max pp + max /iy — Max [
k<pi—1+1 kE>pi_14+1 k<p; k>p;

<maxuk rnaxuk—krilax,uk 1}333;;1%)

Therefore
m n
= wif () =) wif ().
i=1 i=1

The theorem is proved.
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Example 4.1 Generally speaking, if the function f(z) is not monotone, Theorem 4.1 may not hold.
We consider a simple fuzzy variable ¢ whose membership function is given by

0.6, ifx=—3
0.8, ifx=—2
ME) =9 04 ifw—1
1, ifz=4

and f(z) = 2. Tt is clear that f(z) = 22 is not a monotone function on R, and the membership
function of f(&) is given by

0.6, ifx=9
0.8, ifz=4
M) =9 04 ifz=1
1, ifx=16.

However

+oo
E[f(¢)] = /O Cr{f(€) = r}dr = 106,

4
D wif(@i) =03 x9+0.1x4+0x1+16x 0.6 =12.7 # E[f(£)].
=1

Remark 4.1 If the support of a simple fuzzy variable ¢ takes values in interval [a,b], and the
function f(z) is monotone just in [a, b], then the conclusion in theorem 4.1 is still true.

Theorem 4.2 Let £ be a positive fuzzy variable. For any real number k,
My, = (E[¢")
is an increasing function of k on (—00,0), and (0,400), respectively.
Proof. It follows from (Liu [6]) that, for any convex function, if E[¢] and f(E[£]) is finite, then

f(E[E]) < E[f(&)].

p2
Now we consider po > p; > 0. Let f(z) = |x|P1. It is easy to see that f(x) is a convex function.
Thus

F(BIE™]) < Elf(€™)),
(BE))# < B[(eM)n],
(Elgm)) < (Elgm]).,

1
Therefore (E[¢*])* is an increasing function for k > 0.
Ifk<0. If £ =0, then
1
(E[g)x
So for k < 0 the My, is also increasing. The theorem is proved.

(E[e™H)=F =

Definition 4.1 Let £ be a positive fuzzy variable. Then power mean of order k for £ is defined as

Aﬂ;z(EEﬂ)i, k #0. (4.2)
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It follows from Theorem 4.2 that the limitations

M =lm(BE)E, My = lim(B[EN)E (4.3)

1
exist. If M=M; , then denote My = %ir% (E[EF])x.

Example 4.2 If £ is a positive simple fuzzy variable defined as Remark 2.2, then

1
n k
M, = ok
k — WiZ; )
i=1

and

n
n % In )" wa}

. . =1
My = lim g w;zk = limexp | —/———
k-0 \ &= ko P k
=

n

> wixf In z;
. =1
=exp | lim

k—0 L
> wiwy
i=1

where the weights w; (i = 1,2,--- ,n) are given by (2.1).

5 Inequalities between moments of fuzzy variables

In this section, we prove some inequalities between moments of fuzzy variable by using Lemma 3.1,
3.2, and Theorem 4.1, 4.2.

Theoreom 5.1 (i) Let € be a simple fuzzy variable whose support takes values z;i(i = 1,--- ,n) in
the interval [a,b] with a > 0. Suppose that r is a positive real number and s is any nonzero real
number with r > s. Then we have

(b’f‘ _ aT)E[gs] + arbS _ aSbT‘

B < T a— (5.1)
and
BT > (xf — 2% _ ) E[E°] + o) _ya5 — o] 4] (5.2)
= x8 — w3 '
where j = 2,3---n. Furthermore, if E[£°] coincides with one of xi_y or xj, we get
E[¢"] > E[¢°)+. (5.3)

(i) If & is a continuous fuzzy variable whose support takes values in the interval [a,b] with a > 0,
then the upper bound for E[£"] is given by the inequality (5.1).
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n
Proof. (i) From the Theorem 4.1, we know that E[{"] = > w;z]. It is seen that E[¢"] can be
i=1

expressed in terms of E[¢*] in the following form :

xh —xl il — 28’ zhat — xf x” xh —
ﬁ B a” B B a”p B o
Zwlm + — 3, E[gs] - 15 — xS 5 — S B 15 — 8 [58]]
B a B o B a (5 4)
zh — " zial — xf 2 n xh — " zhxs — x’ s '
- === E[SSH—ﬁ e S
ry — T}, Ty — T}, po Ty — T, Ty — T,
where the weights w;,i = 1,2,--- ,n are given by (2.1), and z, and xg are in [a,b] and distinct.

Without loss of generality we can arrange values of the variable such that a < 1 < 29 < -+ -2, <=b.
If we take 2, = a and z3 = b, then by using the inequality (3.5), we know that the last term in
equation (5.4) is negative,

n

" —a b"a® — a"b®
Zwi[x'g—bs_asxf_‘_ bs — g :|§0
i=1

So the inequality(5.1) holds. If we take z, = z;—; and 23 = z;, j = 2,3,---n, then each z; lies
outside (xj_1,x;) and it follows from (3.6) that the last term in equation (5.4) is positive,

‘s T S S

xh — xhx — " s
J ]13 Jvg—1 J—1%j

§ wi [x pra— r; + oS > 0.

i=1 J Jj—1 7 L1

Therefore inequality (5.2) holds. It is also clear that quality in the inequalities (5.1) and (5.2) take
equal mark if and only if n = 2.

If the value of E[¢°] coincides with one of 25 _; or 25, e.g. E[¢°] =
(5.2), we have

x3_y, then from inequality

G L2l S R s et R
Bl > . =25y = (550)

r r
s s

= E[¢°]-.

(5.5)

(ii) Let & be a continuous fuzzy variable whose support takes values in the interval [a,b] with
a > 0, then the credibility distribution function ®(z) of £ satisfies (3.1). It follows from the inequality
(3.5) that
(0" —a")z® + a"b® — a’b"
bS _ aS
Taking Lebesgue-Stieltjes over the credibility distribution function ®(x) in the integral both sides
of above inequality and using the properties of integrals, we get

b b — " b 4P hS — aSh"
/ x’"d@)(x)g( a)faa:bs_(a;l+a a )

" <

According to Remark 3.1 and 3.2, we have

(br o ar)E[gs] +a"b’ — adb"
bs — gs :

E[¢] <
Therefore the theorem is proved.

Remark 5.1 Let r and s be negative real numbers with 7 > s. Then ”"<” in (5.1) and ”>" in (5.2)
are replaced by ”>” and ”<” respectively.
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Theoreom 5.2 For a simple fuzzy variable & whose support takes values x;(i = 1,---,n) in the
interval [a,b] with a > 0, we have

(b" —a")log Mo+ a"logb — b" loga

Eif" < 5.6
€= logb — loga (56)
and (xf —a”_{)log My + 2", logx; — 2z’ logx,;_1
B¢ > L= L (5.7)
logx; —logx;_1
where j = 2,3,---n, r is a real number and
My = o zy? - aim. (5.8)
Furthermore, if My coincides with one of xj_1 or xj, we get
E[E"] > M. (5.9)
Proof. Following the Example 4.2, we know
1 n 5
. k1) . k "
1=
It is seen that E[¢"] can be expressed in terms of E[£°] in the following form :
xh —al xl logxg — x7; logx
BleT) = —2 "0 jog My 4 —o o0~ To 98
logzg —logx, logxg —logx,
n xly — xl xhlogxy — xl logx
—i—Zwi x?—#loga:i—i— g 08T~ Ta BT (5.10)
: logxzg —logx, logzg —logx,

where z,, and xg are in [a,b] and distinct. Without loss of generality we can arrange values of the
variable such that a < 1 < 22 < ---z, < b. If we take z, = a and xg = b, then by using the
inequality (3.7), we know that the last term in equation (5.10) is negative,

" xh — al, xhlogxy — 2l logx
S PR B BRI LR )
P logzg —logx, logxzg —logx,
n
b —a” b" 1 —a"logh
= i{xf—alogxi—k os—d o8 ]go.
P logb — loga logb — loga

So the inequality (5.6) holds. If we take x4 = xj_1 and 23 = zj, j = 2,3,---n, then each x; lies
outside (xj_1,2;),j = 1,2,---n, and it follows from inequality (3.8) that the last term in equation
(5.10) is positive,

n zh — al, zhlogzy — 2% logx
Swifal - 2 Joga; + Lt &
logzg — log x4

n T T T T

"t -zt zhlogxi_1 —x%_logx;
:Zwi[:rf—l J g1 log z; + —Z % i-1 g”}zo.
, ogz; —logwj_1 logz; —logx;_1

Therefore (5.7) holds. If the value of My coincides with one of x;_1 or z;, e.g. My = zj_1, then
from inequality (5.7) we have

E[g’r] > (xﬂjn B x;“fl) log My + 1'7]“',1 log Tj— .T; log Tj-1

= M,. 5.11
logxz; —logw;_1 0 ( )

The theorem is proved.
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Theoreom 5.3 For a continuous fuzzy variable & whose support takes values in the interval |a, b
with a > 0, we have
(0" —a")log My + a"logb — b" loga

E[¢"] <
€] = logb — loga

(5.12)

Proof. We consider

3=

r—0

log(Mo) = log | lim < / ’ :c’"d<1>(a:)> (5.13)

According to Lebesgue Dominated Convergence Theorem, we know that

b

" og xdd b

log My — lim 2 S @) _ / log 2d® (z).
r=0 [V ard®(z) a

Taking Lebesgue-Stieltjes integral over credibility distribution function ®(z) in the both sides of
inequality (3.7) and using the properties of integrals, we get

(b" —a") f; log xd®(z) + a" logb — b" log a
logb —loga

b
B¢ = / dd(z) <

(0" —a")log My + a" logb — b" log a
logh — loga ’

The theorem is proved.

By using Theorem 4.1, we can get the following results of fuzzy variables while their proofs are
similar to that of the corresponding results for random variables in [12], and hence we omit them
here.

Theoreom 5.4 For a simple fuzzy variable & whose support takes values in the interval [a,b] with
a >0, if f(x) is a monotone and convex function, then

fla+b—E[g]) < fa) + £(b) — E[f()]- (5.14)

Especially, if a <x1 < --- <z, <b, then
f(xr 4 xn — E[E]) < fa1) + f(2n) — E[f(E)]- (5.15)

Theoreom 5.5 For a simple fuzzy variable & whose support takes values z;(i = 1,---,n) in the
1

interval [a,b] with a > 0, suppose that Q(a,b,&) = (a”" +b" — M)+, where M, is the power mean
of order r for £&. Then Qo(a,b,&) = lir%(ar +b — M;f)% = 1\%7 and for r.
r—s
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6

Conclusion

In this paper, we first studied the expected value of function of a simple fuzzy variable and gave
a formula to compute it. Then, based on introducing the definition of power mean, we developed
some estimations of moments of nonnegative fuzzy variable. We obtained some upper bounds and
below bounds for the moments of nonnegative fuzzy variable.
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