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Abstract. In this paper, we consider the nonlinear equations such as the generalized Kawahara equation
and Modified Kawahara equation. By applied the modified extended direct algebraic (MEDA) method, the
traveling wave solutions for these equations are presented. New exact traveling solutions are explicitly ob-
tained with the help of symbolic computation, provides a very effective and powerful (mathematical tools) for
discrete nonlinear evolution equations in mathematical physics. The obtained solutions include compactons,
solutions, solitary patterns and periodic solutions.
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1 Introduction

In recent years, nonlinear evolution equations!!! in mathematical phisics play a major role in various
fileds of sciences, especially in fluid mechanics, solid state physics, plasma physics, plasma wave and chem-
ical physics. Nonlinear wave phenomena of dispersion, dissipation, diffusion, reaction and convection are
very important in nonlinear wave equations. Concepts like solutions, compactions, breathers, cusps, kinks
and peakons have now been thoroughly investigated in the scientific literature [18-20]. Several direct meth-
ods for obtaining nonlinear evolution equations have been recently proposed, such as the homogeneous bal-
ance method!®), the modified tanh-function method!®, the sine-cosine method?3!, the extendnd tanh-function
method!®!, the Jacobi elliptic function expansion method!!?!, the tanh-function method!'#! and the auxiliary
equation method!'* ' and so on. have been proposed for obtaining exact and approximate analytic solutions.
By using the solutions of an auxilary ordinary differential equation, a direct algebraic method is described
to construct the exact traveling wave solutions for nonlinear evolution equations. By this method the Kawa-
hara and modified Kawahara equations are investigated!'#!. Some doubly periodic (Jacobi elliptic function)
solutions of the modified Kawahara equations are presented in closed form [26]. Existence and uniqueness
of solutions to nonlinear Kawahara equations are obtained in [13]. The Kawahara equation (KE) and the
modified Kawahara equation (mKE) have been the subject of extensive research work in recent decades in
[2,4,7,9, 11, 14, 21, 24, 25, 29]. Recently, the direct algebraic method has been suggested to obtain the
exact complex solutions of nonlinear partial differential equations™ 27>281. The aim of this paper is to extend
the modified extended direct algebraic method to solve two different types of nonlinear differential equations
such as the generalized Kawahara equation (gKE) and modified Kawahara equation (mKE), which is been
presented first in this paper.
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2 Analysis of the MEDA

We now describe the MEDA method for given partial differential equations. The motivation of the alge-
braic method will be described starting from the description of the tanh method!!?!. We first consider a general
form of PDE

F(uvumautauxma”') :07 (1)

Let us consider its complex solutions u(z, t) = U(z), z = i(x — ct) or z = i(x + ct),i = /—1, then Eq.
(1) becomes an ordinary differential equation

N(u, i, —icu’, —u',--+) =0, 2)

In order to seek the solutions of Eq. (1) under the above transformation, we assume that the solution of Eq.
(2) is of the following form

M
—ag + Z (a;®7 4 b; &), 3)
=1
P(z)=b+ @(2)2 @)
where b;,a;(j = 1,2,---,M),b and ag are a parameter to be determined later, ® = &(2), ¢(z) = %-

The parameter M can be found by balancing the highest - order derivative term with the nonlinear terms.
Substituting (3) into (2) with (4) will yield a system of algebraic equations with respect to a;, b;, b and ¢ (where
j=1,2,---, M) because all the coefficients of ¢/ have to vanish. we can then determine aq, aj,bj,band c.
Eq. (4) has the general solutions: (I) If b < 0 then ® = — \/—btanh(+/—bz),or & = — /—bcoth( /—bz),
it depends on initial conditions. (IT) If b > 0 then ¢ = \/Btanh( Vbz ),or d = N coth( Vbz bz), it depends on
initial conditions. (III) If b = O then

b= _— )
z

solving the algebraic equations and substituting the results into Eq. (3), then we obtain the exact traveling
wave solutions of Eq. (1).

3 Exact traveling wave solutions for nonlinear Kawahara equation

In this section, we present new exact solutions for the generalized Kawahara and modified Kawahara
nonlinear equations by using the modified extended direct algebraic method.

3.1 Examplel!]
Let us consider the generalized Kawahara equation which has the form [3]:
up + ouug + PlUzgr + QUgzzze = 0 (6)

where «, p and ¢ are some arbitrary constants and n > 0, we use the wave transformation u(z,t) = U(z)
with wave complex variable z = i(z — ct), Eq. (1) takes the form of an ordinary differential equation as

—ciU — ipU® — iqu® =0 (7

Integrating Eq. (7) once with respect to z and setting the constant of integration to be zero, we obtain

—eil + o Ut —ipu® —qu® =0 (8)
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Balancing the order of U™, with the order of U*) in Eq. (8), we find M = %. To get a closed form

analytic solution, the parameter M should be an integer. A transformation formula U = v should be used to
obtain this analytic solution!!”!. So Eq. (8) takes the form

— cintot + a _Zi_ 1n4v5 —ip ((n? = n?) v (v)? + n*v*") +ig { (11n® — 6n° — 6n + 1) (v)*

+2(3 = 3n)(—2n + 1)nv (v — (3n + 3) n?v? (v”))2 + (—4n3 + 4n2) v + n3v3v(4)} =0 9

Balancing the order of v® with the order of v3o® in Eq. (9), gives M = 4. So the solution takes the form

v(2) = ag + a19(2) + as®(2)? + a3P(2)> + a4€15(z)4 + 01 P(2) " 4 bo®(2) 2+ b3B(2) 3 + b4¢(z)74
(10)

Inserting Eq. (10) into Eq. (9) and making use Eq. (4), using the Maple Package, we get a system of
algebraic equations, for ag, ai, as,as, aq, b1, b2, b3, bg,b and q. We solve the obtained system of algebraic
equations give the following three cases:

Case 1.

a1:ag:a3:a4:0,a0=ao,p=p,b=b,b1:bl,bQ:b2,63:b3,64:b4,q=q,czc (11)

Substituting Eq. (11) in Eq. (9), we obtain

b Ib b Ib
v(z) =ag — IV=by | 5 — ——— + o (12)
biE(<byag3 DT (—b)2ap

So, the travelling wave solution is given by

1
b Ib b Ib "
Uz, t) = ap — IV=bn | —5 — bt . (13)
b (—pyzs B (—p)2

where n = tan( v/ —b(x + ct)).
Case 2.

b Ib b- Ib
L2 B b =bybi=big=0,c=c (14)
i (g O by

v(z):ao—IJjbn[

Substituting Eq. (14) in Eq. (9), we obtain

— +

2Ip(na+n+ 24 2a) vV —bn Iby Iby
=ag—IV—-bn|— 5 15
v ! [ nta (=0)2 58 (=b)3 P "

So, the travelling wave solution is given by

21 2+20)v=b To 10
Uz, t) = {ao —IvV=by [_ P(na+n;a+ a)v=bn (b)§n3 + (b)gnf’] } (16)

3=

where 7 = tan( v/ —b(z + ct)).
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Case 3.

2p(na +n+ 2+ 2a)
ar =az =az=a4=q=0,a0 = ap,a2 = 7o P =D,

6agn?a — 8pbno — 16pba — 16pb — 8pbn

b=0b,by =by=0,by =by,c= 17
Substituting Eq. (17) in Eq. (9), we obtain
Ib Ib
v(z) =ag— IV=by |———— + ——= (18)
(=b)z2n®  (=b)2n°
So, the travelling wave solution is given by
1
Ib Ib "
Uz, t) = § ag — IV =by | ————+ —— (19)
(=b)2n*  (=0)2n
where 1 = tan(v/—b(z + Gaonza_ig?zgliﬁf)ﬁ;i?pb_égpbn t)).
3.2 Examplel?]
Let us consider the following modified Kawahara equation®:
ug + QUQUQ: + PUgzr + QUzgzar =0 (20)

where o, p and ¢ are some arbitrary constants. Eq. (20) was proposed first by Kawahara!®! as an important
dispersive equation. This equation is also called singularly perturbed KdV equation. The Eq. (20) is a model
equation for shallow water waves. Note that the exact solution of Eq. (20) when o = lis given by homotopy
perturbation method as form!!#!

3 27p°kt
u(z,t) = \/%OqsechQ [kx] — ﬁseehﬁkx} tanh[kz]
24p? k>t
- \/]iT)qSCChQ [kx] tanh[kz](2 — 3 tanh?[kx])
pgk’t 2 4 2
- T sech”[kz| tanh[kz](—2160 tanh® [kz] + 2880 tanh®[kz]| — 816) (21)
—1Uq

making the transformation u(z,t) = U(z), z = i(z — ct), Eq. (20) takes the form of an ordinary differential
equation as

—ciU — ipU® + iqu® =0 (22)

and integrating once with respect to z, Eq. (22) becomes
: LUB i@ 4 g =
—alU + agU —ipUY 4+ 1qU" =0 (23)

balancing the highest order derivative term U@ with the highest power nonlinear term U3, yields M = 2.
Therefore, can write the solution of Eq. (22) in the form

U(z) = ag + a19(2) + as®(2)? + b1 B(2) 7L 4 boB(2) 72 (24)

Inserting Eq. (24) into Eq. (23) and making use Eq. (4), we have a system of algebraic equations, for
ag, a1, a9,b; and bo. Solving the obtain system with the Maple Package, we have the follwing three cases
of solutions.
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Case 4.
2
2 —1 —92 Oéao
U(z) =ap+ a1P(2) + aa®@(2)* + 01P(2) " + b2@(2) 55b=b,p=p,q=q,c= e (25)
Substituting Eq. (25) in Eq. (24), the traveling wave solution is given by
1 2
U(zx,t) = ap + btan (\/ —b <CL‘ + 3aa(2)t)> as (26)
Case 5.
18p + 2aab aa?
=b=by=0,a0= ——2b=b L= ——2. a5 = as,
ai 1 2 ap 30y P=D0,94 360 az = az
135pazb®a? + 11a3a§b® + 14580p> + 4860p>aa3b o
C =
135[cva3(9p + ca3b)]
Substituting Eq. (27) in Eq. (24), the traveling wave solution is given by
1

2

U(x,t):{ao—f\/jbn[—21p(na+n+2+2a)\/jbn— Ibs N Iby ]} (28)

n’a (<3P (~b)F P
Case 6.
ai 1 , a9 asz, ap = 3@@2 ) 20((1% , D D, 02 4042(13 »q 360 505@2 ( )

Substituting Eq. (29) in Eq. (24), the traveling wave solution is given by

9 3 3 288 3 3 288p?
Uz, t) = a—i — fIntan <277 (a: + 5045 t>> {—2[77(12 tan (277 <:c + 5a52 t)>
2 2

12
_ _ 6lp (30)

3
2.3(__ 2p 288p
acay ( a%) tan ( (az + t))

where n = | /—2-L,.
2

ol

4 Numerical results for the modified Kawahara equation

In this section, we consider the modified Kawahara equation for numerical comparisons. Based on the
modified extended direct algebraic method, we construct the solution U(z,t) as Eq. (26) and Eq. (28) with
b= —0.0001,a = 1,p = 0.001 and ¢ = —1. Comparison results are obtained by modified extended direct
algebraic method and the exact solution of the Eq. (20) show the difference between the exact solutions Eq.
(26) and the exact solution Eq. (21).

From these two numerical examples, we can conclude from the numerical results that the method provide
high accuracy for the modified kawahara equation. There for, both methods can be seen as efficient methods
for solving the modified kawahara equation.

5 Conclusions

We have proposed an approach for finding exact travelling wave solutions for nonlinear evolution equa-
tions by using the modified extended direct algebraic method. In this work, by this method and computerized
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Table 1. The result for the exact solutions Eq. (26) obtained by modified extended direct algebraic method in comparison
with the exact solutions Eq. (21)

x t MEDM Exact solution ~ |[MEDM-Exact solution|
0.02 1.99999 x 10~* 9.47498 x 10~ % 7475 x 1077
0.04 1.99999 x 10~* 9.47498 x 10—+ 7.475 x 1074
—5.0 | 0.06 1.99999 x 10~* 9.47498 x 10~* 7.475 x 10~4
0.08 1.99999 x 10~% 9.47498 x 10~* 7.475 x 10~*
0.1 1.99999 x 10~* 9.47498 x 10~ 7.475 x 10~*
0.02 2x 1071 9.48387 x 10~ % 7.48387 x 10~ %
0.04 2x 1074 9.48387 x 10~* 7.48387 x 10~*
—2.5 | 0.06 2x 1074 9.48387 x 10~ 7.48387 x 1074
0.08 2 x 10~ 9.48387 x 10~* 7.48387 x 10~*
0.1 2x 1074 0.48387 x 10~ 7.48387 x 1074
0.02 2x 1071 9.48683 x 107 7.48683 x 10~ %
0.04 2x1074 9.48683 x 10~* 7.48683 x 104
0.0 | 0.06 2 x 1074 9.48683 x 10~* 7.48683 x 104
0.08 2 x 1074 9.48683 x 10~* 7.48683 x 10~*
0.1 2x 1074 9.48683 x 10~* 7.48683 x 104
0.02 2x 1074 0.48387 x 10742 7.48387 x 1074
0.04 2x 1074 9.48387 x 10~* 7.48387 x 104
2.5 | 0.06 2x 1074 9.48387 x 10~ 7.48387 x 10~*
0.08 2 x 1074 9.48387 x 10~* 7.48387 x 10~%
0.1 2 x 10~ 0.48387 x 10~* 7.48387 x 10~*
0.02 1.99999 x 10-% 9.47498 x 10~ 7 7475 x 107
0.04 1.99999 x 10~* 9.47498 x 10~* 7.475 x 10~*
5.0 | 0.06 1.99999 x 10~* 9.47498 x 10~* 7.475 x 10~*
0.08 1.99999 x 10~% 9.47498 x 10~* 7475 x 1074
0.1 1.99999 x 10~* 9.47498 x 104 7.475 x 10~*
0.02 1.99997 x 10-*  9.4602 x 10~ * 7.46023 x 102
0.04 1.99997 x 10~*  9.4602 x 10~* 7.46023 x 10~*
7.5 1 0.06 1.99997 x 10~*  9.4602 x 10~* 7.46023 x 10~4
0.08 1.99997 x 10~*  9.4602 x 10~* 7.46023 x 10~
0.1 1.99997 x 10~*  9.4602 x 104 7.46023 x 1074

symbolic computation, we have found some new types of exact travelling wave solutions for the generalized
Kawahara and modified Kawahara equations. This solutions may be important of significance for the expla-
nation of some practical physical problems. More importantly, our method is actually applicable to fined new
solutions to various kinds of nonlinear evolution equations. The results show that the modified extended direct
algebraic method is a powerful mathematical tool and has been successfully applied to solve the general-
ized Kawahara and modified Kawahara equations. That we could obtain more kinds of exact traveling wave
solutions, if we choose various auxiliary ordinary differential equations in our method.
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