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Abstract. Numerous scholars investigate the supply chain coordination, but most of them assume the agents
are risk-neutral. We apply utility function to character risk-averse agents, give a definition of coordination,
then show an approximate condition of coordination with this definition. After that, we apply the approximate
condition in three special utility functions to show an easy way to get the coordination solution. We also design
a contract under the coordination condition; show two classes of utility functions that suit for our contract.
In addition, we analyze the properties of parameters in the model, which provides a better understand of
coordination condition and contracts.
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1 Introduction

In the last two decades, academicians have shown much interest on supply chain management. Numerous
areas are studied, such as pricing policy, inventory strategy, coordination contracts, bullwhip effect, et al. In
this paper, we focus on the coordination contracts. Although a completely integrated solution may result in
optimal system performance, it is not always in the best interest of every individual member. Usually, the indi-
vidual member is much keen in optimizing their individual objectives. In this way, double marginalization!'*!
takes place and affects the performance of supply chain system. In order to minimize the double marginal-
ization, the agents usually recur to coordination contracts. These contracts align the objectives of individual
supply chain members and inspire them to improve the efficiency of supply chain.

Many supply chain coordination contracts have been developed in the literature. Such as buyback
contract!'?!, quantity discounts contract!!’!, quantity flexibility contract!”), revenue sharing contract!?!, sales
rebate contract!!3). All of these contracts can align the objectives of individual parties with that of supply chain
system. In particular, they shift the risk and the revenue between the members. These contracts and other pos-
sible contracts usually use in supply chain system with risk-neutral agents. But in the real business world, the
active agents usually show conservative character when they face risk. So it may be more reasonable if the
agents are considered as risk-averse. Fortunately, quite a few scholars consider this situation, and our paper
also try to investigate it.

In economics and finance, the individual party is usually considered as risk-averse. Literature about these
two areas proposes some useful methods to reflect the risk-averse character. These methods include: mean-
variance, utility function, value at risk, condition value at risk, downside risk constraint et al. Among them,
the mean-variance and utility function are two important and popular approaches to deal with risk concerns.
In recent years, these two approaches have been applied in supply chain model. Such as Lau and Laul'!l,
Gan, Sethi and Yan!8!, Choi ez all®’Choi, Li, Yan!*!. Because the mean-variance penalizes both the upside and
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downside deviations from the mean and only works best when the agents’ profit are normally distributed. So
in this paper, we apply utility function approach to construct supply chain model and propose an approximate
condition to make the supply chain coordination.

In the reminder of this paper, we first give a literature review about newsvendor and supply chain with
risk-averse agents. Then we show the approximate condition and prove it. After that, we apply the approximate
condition in three commonly used utility functions. Next, we design a contract with the approximate condition,
investigate the supply chain model under this contract. Finally, we summarize the conclusion and have a
discussion for the future research.

2 Literature review

In this section, we first give a brief review about newsvendor modelthen focus on supply chain manage-
ment, both of them with the risk-averse individual parties.

Although newsvendor problem has existed for several tens of years, scholars consider the individual
party’s risk-averse character till the eighties of 19 century. Laul'®! uses two new objectives instead of the
maximizing the expected profit. One objective is maximizing expected utility; the other objective is maxi-
mizing the probability of achieving a budgeted profit. Then compare the optimal order quantity with the one
in the original newsvendor model. Eeckhoudt e all® assume that the risk-averse newsvendor has a second
order chance if the demand exceeds his first order. After analysis, they show that the optimal order quantity
is less than the optimal risk-neutral order quantity and it is a decrease function of the risk aversion. Chen
and Federgruen!®! revisit several basic inventory models and show that a mean-variance tradeoff analysis can
be carried out efficientlythey also compare their model with the standard treatment of inventory problem and
show the difference. Agrawal and Seshadril!! investigate a newsvendor model with the assumption that the de-
mand function depends on selling price. They consider the expected utility maximization instead of expected
profit and show the impact of uncertainty and risk aversion on price and order quantity in newsboy problem.

Comparing with newsvendor problem, supply chain system includes two individual parties at least, and
they usually have their own objectives, these make supply chain problem always more difficult than newsven-
dor problem. Next, we have a review about the supply chain management with risk-averse agents. Lau and
Laul'!l model the problem with mean-variance function, then use numerical examples to analysis the pricing
strategy and return policy. They show that the return-credits can benefit the manufacture better than the retailer
without special condition. Tsay!!! analyzes the impact of risk on manufacturer and retailer under various sce-
narios of strategic power. He shows that the penalty for ignoring risk sensitivity can be substantial. Gan et al
[8] apply group decision theory to definite the coordination of supply chain with risk-neutral or risk-averse
agents. They develop coordinating contracts in three special cases, give the method to find the pareto-optimal
solutions. Gan et all®! analyze the supply chain formed by a risk-neutral supplier and a risk-averse retailer.
After demonstrating three common contracts (wholesale, buyback and revenue sharing) could not coordinate
supply chain channel, they design a risk-sharing contract to coordinate the channel. The effect of this contract
is offering the downside protection to the retailer. Shi and Chen!!3! analyze a decentralized supply chain model,
both the supplier’s and the retailer’s objectives are to maximize the probability of achieving a predetermined
target profit. They investigate the model with linear tariff contracts and buyback contracts, show that only the
wholesale contracts can coordinate the supply chain channel. Choi, ef al®! propose the mean-variance to cap-
ture the risk preference of each individual agent in supply chain. After investigating the wholesale policy, they
show that a lightly risk-averse supply chain coordinator can coordinate with a slightly risk-prone retailer but
not a very risk-averse retailer. Choi, Li, Yan!*) carry out a mean-variance analysis of supply chain, illustrate
how a return policy affects the channel coordination and risk control in both the centralized and decentralized
supply chain.

3 An approximate condition

All of us know that in a decentralized supply chain system, individual agents maximize their own objec-
tives. Double marginalization takes place, decreasing the supply chain’s efficiency. To improve supply chain’s
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performance, the agents usually recur to coordination contracts. But just as Gan et al'®! said that we could not
always get the explicit coordination solutions of supply chain with risk-averse agents in general situation. So
in this section, we will show an approximate condition to coordinate the supply chain with risk-averse agents.

We consider a decentralized supply chain system consisting of one supplier and one retailer. Their utility
functions are Us(z) and U,.(x) respectively, both of them are increasing and concave functions. In our model,
market demand is the only random variable. So we can describe the profit of supplier and retailer as a fixed-
profit and a risk-profit. The fixed-profit isn’t affected by the market demand; the risk-profit is the function of
market demand. We set 73 = mgs + vs, T = m, + v, (the letters m, m and v denote total profit, fixed-profit
and risk-profit respectively, the subscripts s and  denote supplier and retailer respectively). In this paper, we
only consider the situation that m, is a linear function of my. This is reasonable while the market demand is
the only random variance.

There is a participation constraint of each agent, a contract is feasible only when all the agents’ partic-
ipation constraints are satisfied, which means the payoffs of each agent with this contract is larger than the
reservation level. For simplicity, the reservation level is set at zero. So in the remainder of this paper, we ig-
nore the participation constraint. We know that in a decentralized supply chain system, individual parties have
their own objectives. It makes the double marginalization take place, and the double marginalization is the
key drawback affecting the channel coordination. So if we can align the individual parties’ objectives, we can
coordinate the channel. Before investigating how to coordinate the supply chain, we give the follow definition.

Definition 1. Supply chain coordination. A contract is said to coordinate the supply chain if all the agents’
optimal actions under this contract satisfy the follow condition:

1. All the agents’ participation constraints are satisfied.

2. The optimal actions of each agent will align their objectives with the supply chain system’s objective.

By comparing with the definition of Gan et al [8], we find that theirs recurs to group decision theory, gives
a precise mathematics description, Ours describes the coordination in the sense of operation management.
Using our definition, we will get an approximate coordination condition of supply chain with risk-averse
agents.

Proposition 1. In a decentralized supply chain system, if an action pair of the supplier and the retailer leads
to their profits satisfy:

U/l Ul/
@ Ru(mo, = Rolong)or, (Rle) = =50 R = =50 ) m
(b) m = ct, (ct is a constant) 2)

Then this action pair coordinates the supply chain.

Proof. While

vs X Ry(my) # 0, WesetZ—:: m — (5 >0). 3)
Then we can get
BU(ms)U; (my) = Uy (my) Uy (ms) “)
Rewrite equation (2), we get that
Ul(m,) = ct x Ul(my) 5)
Integrating both sides with respect to mg, get
Ul (m,) = ct x ZZ: Us(ms) + cto (6)
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where ct is a constant.
Taking derivative both sides of equation (2) with respect to mg, we get

dm,
dmsg

Combining with equation (4), we get 3 — dm’ =0, s0m, = Ofms — T (T is a constant). We denote F(x) as
the expectation of x and perform a Taylor—serles expansion of the supplier’s and the retailer’s expected utility
functions around mg and m,. respectively.

EUy(ms 4 vs) = Ug(ms) + BUL(mg)vs + EUY (ms)v? /2 + EUY (mgs)v2 /6 4 - -- (8)
EU.(m, 4+ v.) = Up(m,) + EUL(m,)v, + BEU! (m,)v2 /2 + EU" (m,)v3 /6 4 - -- )

Ug(ms)Uy (m,) = Up(my)Ug (ms) = 0 (7

It is common practice to truncate this function to make estimation tractable. Restricting the utility function
to depend on only the first and second order terms, we can write an approximation for the expected utility
function as follows:

EUg(ms + vs) = Us(ms) + EUL(ms)vs + EUY (ms)v2 /2 (10)
EU,(m, +v,) = U.(m,) + EU.(m,)v, + EU" (m,)v? /2 (11)
Substituting equations (3) ~ (6) into the expectation utility function of supplier, we get

EUg(ms +vs) ~ Us(mg) + EUL(mg)vs + EUY (mg)v?2/2
U.(my) —cto = Ul(m,)Ev,  U!(m,)Ev?

= = 12
0 % ct + 0 % ct + B X ct (12)
_ EU.(m; + ;) _cbo
G X ct G x ct
So the total utility of the supply chain system is
AsEUg(mg) + M EUR(m1,) =~ AsEUg(ms) + A3 X et X EUg(ms) + A X clo (13)

= (As+ A0 x ct)EUs(ms) + A\ X ctp
where A\; + A\, =1, As > 0, A, > 0 According to our definition, the supply chain is coordination.

From proposition 1, we get the equation Rs(ms)vs = R, (m,)v, that shows the relation between the absolute
risk-averse measure and the risk-profit: The higher of the agent’s absolute risk-averse measure, the lower of
risk-profit he gets. For describing this relation clearly, we consider two extreme situations with only one risk-
averse agent. While the retailer is risk-averse: from equality Rs(ms)vs = R-(m,)v,, we know that v, = 0,
this means that the risk-neutral supplier bears all the risk caused by the demand uncertain. The retailer gets
fixed-profit without risk. While the supplier is risk-averse: v; = 0, the risk-neutral retailer faces all the risk,
the supplier gets fixed-profit.

If we investigate the equation Rs(ms)vs = R,(m;)v, again, rewrite it as 7= = gsgms = (3, we will find
that: while the supplier and the retailer are Constant Absolute Risk Averse(CARA) the ratio of the supplier’s
risk-profit to the retailer’s risk-profit is constant, it is independent on the fixed-profit m,., ms. The value of 3
is affected by the absolute risk measure of supplier and retailer.

Because in the proof of proposition 1, we only use the first and second order terms of Taylor-series
expansion, ignore the higher order terms. In this case, the error usually takes place. That is why we call our
coordination condition an approximate condition. However, the error will disappear while the agents have
special shapes of utility function. In next section we will show three kinds of utility functions without error.

4 Special shapes of utility function

Best to our knowledge, there is not literature that shows a contract to coordinate the supply chain with
risk-averse agents adopting general utility functions. In last section, we give an approximate condition that co-
ordinates the supply chain. In this section, we will investigate three commonly used utility functions, demon-
strate the method to solve the coordinate problem with the help of approximate condition.
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4.1 Quadratic function

Because we truncate terms of degree higher than 2 while we use Taylor-series expansion to prove the
proposition 1. We can easy find that a quadratic utility function will satisfy the proof without error. Now,
we will show this situation and give the optimal solution. We assume that the supplier’s and the retailer’s
utility function are Ug(x) = asx? + x and U,(x) = a,2? + x respectively. Because both the supplier and
the retailer are risk-averse, so as < 0,a, < 0. Using the condition of the proposition 1, we can get that:
T =1/(2a,) — B/(2as)m, = Bms — Tv, = [vs. Then we substitute them into the total utility of the supply
chain system.

max [A\s EUs(ms) + A\ EU (7,)] (14)

St s+ =T

We know that the problem of maximizing the expected quadratic utility can be reduced to one of maximizing
a mean-variance model, so we assume A\ = \,. This assumption makes it easily to compare with the mean-
variance case of Gan et al'®!. Simplifying expression (14), we find that the optimal value of satisfies

a B 2 Qr

TENOERNENoE (1)

[* = arg max

Then, we can get

8" =as/ar. T =1/(2a,) — 3(2a5) = 0.

So

ay Qg
Tg = T, Tp = .
ag + a, ag + a,

Comparing with the mean-variance case of Gan et al [8], we find that the difference is the side payment, in
the quadratic utility case, side payment is zero. This difference is caused by the reason: in the quadratic utility
case, we assume the agents’ reservation payoffs are zero; in mean-variance case, the side payment exists to
make the agents’ payoffs satisfy the reservation level.

4.2 Exponential function

In this subsection, we consider the situation that the supplier’s and the retailer’s utility functions are
exponential functions. Set Ug(x) = 1 — e 7%, U,(x) = 1 — e~ %, so the absolute risk-averse measures of
the supplier and the retailer are pg and p, respectively. Set 7, + w5 = 7. By using the proposition 1, we can
get:

B = ps/pr,
ct = Uj(my)/Uy(ms) = exp(p,T)/ 5,
cty = Ur(mr) - exp(prT)Us(ms) =1- exp(prT).

Then we solve the optimal objective functions:

max EU,(m,) = max |1 — exp ff[; Eexp 716%” (16)
max EUg(ms) = max |1 — exp fi:g Eexp _ffgr

Set

T s1
Y(T) = Arexp <1p+ﬂ> + As €xXp (1,0+B> ,
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the optimal solution of min Y (7) is

T*: 1+/8 ln)\sps.
pstpr Arpr

Combining with the equality 7, = S — T, we get the supplier’s and the retailer’s profit:

. Pr 1 AsPs _ Ps 1 AsPs
= T+ In , Tp = T — In
Pr+ Ps pr+ps  Arpr Pr+ Ps pr+ps  Arpr

s
This solution is consistent with the theorem 5.1 of Gan et al/(2004).

4.3 Power function

Now, we consider the third kind of utility function-power function, assume that the supplier and the
retailer have the same utility function: U,.(z) = Ug(x) = £, where 0 < g < 1. Using the condition of
proposition 1, we get that T' = 0, so m, = (7. The objectives of the individual agent in the decentralized
supply chain are given by

max EUs(ms) = max E %g = max MEW‘] a
max EU,(m,) = max E %f( = max %Eﬂg
Set
A Ar 39
v(g) = o AP
g1 +p3)9 g1+ p)
: : . EL) LE) . s As 9
we solve the objective function "max Y'(3)”, get the optimal solution 3* = (5= ) .

In this section, we consider three different kinds of utility functions, show how to apply the proposition 1
to solve the coordination problem. Although with the approximate condition of proposition 1, we can not get
the precise solution always, it does show an easy understanding and calculation method to get an approximate
solution. What worth mentioning is the error disappears sometimes. At the background that we can not get
a precise coordination solution in supply chain with risk-averse agents while the agents have general utility
functions, proposition 1 shows an easy way to coordinate the supply chain.

5 Design a contract

In this section we design a coordination contract under the condition of proposition 1. We consider a
two echelon supply chain system consisting of one supplier and one retailer, both of them are risk-averse.
We assume the supplier’s manufacture cost is ¢, sell it to the retailer at a wholesale price w. The retailer has
only one chance to order, his order quantity is ¢. Then he sales the product to the market at a fixed price p,
the product remains at the end of selling season can return to the supplier at a price b. The marker demand is
uncertain, f(z) is the density function of demand. F'(z) is the cumulative distribution function of demand. In
this contract, we set

w=wy+kt/q(wg=k(p—c)+c, 0<k<1,t>0), b=kp.

So the profit of supplier and retailer are given by:

T = (w—c)g—blg—D)"
= k(p—c)q+kt—kp(q— D)* (18)
= Mg+ Vs
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m = (p—w)g—(p—-b)(¢—D)"
= (1—k)(p—c)g—kt—(1—k)p(g—D)*

= my+ v (19)
1=k, 1k
-k Ko
= [ms+ Bvs —t
Where 3 = 2%, mg = k(p—c)q+kt,vs = —kp(q—D)*,m, = (1—k)(p—c)q—kt,v, = —(1—k)p(q—D)™.

While ¢t = 0, thls contract degenerates as a buyback contract which induces the similar result with revenue
sharing contract. To get more details, you can refer to Cachon and Lariviere!?. The expected utility functions
of the supplier and the retailer are given by, respectively.

EUs = /q Uslk(p — ¢)q + kt — kq(q — x)] f(z)dz + /00 Uslk(p — ¢)q + kt] f(x)dx (20)
0 q

EU, = /Oq Urlk(p — ¢)qg + kt — kq(q — z)| f(z)dz + /OO U.[k(p — c¢)qg + kt] f(x)dx (21)

To simplify the equations, we set

Te- = k(p —c)g + kt — kp(q — z),
e+ = k(p — ¢)q + kt,
m— = (1= k)[(p— c)g — plg — x)] — kt,
T+ = ( k)(p )q — kt.
The first order derivative of EU, with respect to g is given by
OEU, a_, <,
9q ~ [(I=Bp-q-(-kp) ; Upn(mp) f(@)de + (1 =k)(p—c) [ Up(m+)f(z)de
q
q 00
— (=09 |00 [ Uin i@t [T U )] @)
0 q
Where £ = —=. After simply calculation, we can easy know that expected utility function of retailer is a

concave functlon with respect to his order quantity. So we can use the first order condition to get the optimal
order quantity. The optimal order quantity g will satisfy

§:1+/ dx// U (x,- ) f () de;

T

if the retailer is risk-neutral, the optimal order quantity ¢ satisfies £ = 1 + %(q)") Because the utility

function of risk-averse agent satisfies U}/ (x) < 0, we can get £ < 1 + L F(q(*) n) g0 g, > q;. This is a general

result when we deal with inventory model with risk-averse agent.

Proposition 2. With this contract we design above, while k and t are given. ¢} (t) arg max EU,(m,) is the
coordination solution when the supplier’s and the retailer’s utility function satisfy the condition:

Uy (Bz —1t)

U7 = ct; (cty is a constant) (23)

Proof. Because ¢ (t) arg max EU,(7,), so it satisfies the first order condition of retailer’s expected utility
function:

(1-¢) [ Vi) @yde + [ " Ulmo fa)da =0,

r
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The derivative of the supplier’s expected utility with respect to is given by

B = o=kl [T Ul e k) [ Ul e
= ko) [(1 -9 [ Ui+ [ Ué(?fs+)f(x)d$] 24
— k(p— o) xeh x [(1 -9 [ Ui+ [ U;mnf(w)dx]
) '
9?EU,

Because ) < 0, this means that the expected utility function of supplier is a concave function with respect
to retailer’s order quantity. From the equation (24), we know ¢ (t) arg max EU,(7s). So we can get the result
that the supply chain channel’s objective A\, EU, (7,) + AsEUs(7s) is a concave function with respect to
retailer’s order quantity. That means ¢ (¢) arg max[\, EU, (7)) + AsEUs(7s)], so ¢(t) is the coordination
solution of supply chain.

/ — . . . . ..
In this proposition, we assume the condition U’“L(,,B (9; j = cty is satisfied. Comparing with the condition of

proposition 1, this condition is more rigorous, but we can find that two classes of utility functions will satisfy
the rigorous condition besides they satisfy the condition of proposition 1. The first class of utility function
is the exponential function; the second class is that the utility functions of retailer and supplier have a linear
relation. This means that our contract can coordinate supply chain with these two classes of utility functions
without error.

If the condition of proposition 2 is satisfied, we can easily get the optimal value of ¢ that maximizes the
supply chain’s expected utility.

Proposition 3. The supply chain’s expected utility function is a concave function with respect to t, and the
optimal value of t satisfies

ONEU (7,) + A\ EU (7))

ot =0

Proof. The proof is easy and omitted.

Proposition 4. If ¢ (t) arg max EU,(m, ), we can get the relation of ¢ (t) and t as follows:

(1)if R.(z) =0, then aqét(t) =0;(2)if R.(z) > 0, then 8(]550 > 0;(3)if R.(x) <0, then aqét(t) <0
Proof. Set
qr 00
o)== [ Ulm)f@da+ [ Ulmy)f(a)da. 25)
0 q5
Applying the implicit function theorem, we can get
dg;(t) _ Oplgrt) /9¢(q;,t)
= — 2
ot ot oq; (26)
Because EU,(m,) is a concave function with respect to ¢, so %Z’f’t) <0
* 4 qy 00
o [(1 —o) [Tt s@is+ [0 s @7
0 qr

*
qr o0

= k [(1 - 6) RT(WT*)U;(WT*)f(CC)d‘T + /* RT(FT+)U7/‘(7TT+)f(x)dx]

0 qr
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We know m,—- < 7.+, while R.(z) = 0, R,(m,—) = R,(m,+) apply the integral median theorem, we get

Gelart) — 0, 50 %M — 0 if R/ (z) > 0, then Ry(m,-) < Ry(m), so 224l ~ ¢ 20 g jf

R (xz) <0, then R,(m,-) > R,(m+), s0 aw(aqf’t) <0, 8q:;ft(t) < 0.

From proposition 4, we know that when the utility function of retailer is CARA, the retailer’s optimal
order quantity is independent of ¢. If the utility function is Increasing Absolute Risk Aversion (IARA), the
retailer’s optimal order quantity increases as ¢ increases. If the utility function is Decreasing Absolute Risk
Aversion (DARA), the retailer’s optimal order quantity decreases as ¢ increases. Usually, we consider that the
optimal order quantity decreases as t increases, because a lower ¢t makes a lower wholesale price, a lower
wholesale price will inspire the retailer to order more. But the real relation between them is more complex.
The proposition 4 help us better understand the effects of absolute risk averse measure on the parameters of
the supply chain model.

In proposition 2, we set that k and ¢ are fixed. After that we investigate the effects of ¢ on the supply
chain’s expected utility and optimal order quantity. Now, we will analyze the effects of k on retailer’s expected
utility.

The derivative of the retailer’s expected utility by k is given as:

o0

OEU(k,a7)  _ _{(pg+t—cq:) /OqT Uy (m,-) f(@)de + [(p — )g; +1] / Ul(ﬂr+>f<x>dﬂf}

ok

*
r

[e.9]

< —q [—c /0 " Ulr, ) @+ (p— o /

*
r

Ui(wr+)f(:c>dw] (28)
= 0

where ¢ > ¢ > 0.

The retailer’s expected utility decreases as k increases. This confirms the conclusion that: there is no
such thing as something for nothing. When the retailer’s expected utility is high, the value of £ is small. From
8= %, we know the value of (3 is high. So the retailer’s risk-profit is high, that means the retailer bears a
large share of risk.

6 Conclusion

In this paper we give a definition of supply chain coordination, and then show an approximate condition
that could coordinate the supply chain under the frame of our definition. After that we apply the approximate
condition in three commonly used utility functions. We found that the proposition 1 performs perfectly in
these three cases. It shows an easy way to get the coordination solution of supply chain. Subsequently, we
design a contract satisfying the condition of proposition 1. With this contract, we investigate the relation
among the coordination solution, the parameters value and the expected utility. We find that: it is able to get
the coordination solution when the agents’ utility functions are exponential function or there is a linear relation
between them; the relation between the parameter and the retailer’s optimal order quantity ¢ is affected by
the character of retailer’s absolute risk averse measure; the retailer’s expected utility is an increase function
of 3. Although our coordinate condition is not perfect all the time, it does show the intrinsic relation of the
action policies. Through splitting the profit into a fixed-profit and a risk-profit, we can explain more clearly
how the risk-averse agents make decisions, and how their decisions affect the profit split.

The supply chain coordination with risk-averse agents is more complex than the risk-neutral problem.
Although we give an approximate condition, there are many places to be expanded. First, we can analyze a
supply chain model with multi-agent, it is more close to the business world. Second, we can investigate the
approximate condition in other shapes of utility function besides the three kinds we analysis in this paper.
Third, we can compare our results with the ones gotten from supply chain model using other methods to
character the risk-averse agents.
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