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Abstract. This paper addresses the scheduling of robotic cells with two and three machines with fuzzy
methodology. Some of the scheduling problems of these categories are transferred into a solvable traveling
salesman problem that can be solved in a polynomial time. For generating the optimal part sequencing in the
cells, the Gilmore and Gomory algorithm is modified and instead, a fuzzy Gilmore and Gomory algorithm
is developed. Then, the proposed algorithm is tested and verified in a supplier company that produces part
for an automobile industry. In any case, we compare the results of the proposed fuzzy method with those of
crisp ones. The results show the superiority of the proposed algorithm in terms of flexibility, robustness, and
reduction of cycle times.

Keywords: fuzzy scheduling, fuzzy robotic cells, fuzzy cycle time, fuzzy numbers, fuzzy traveling salesman
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1 Introduction

Industrial robots play an important role in advanced manufacturing systems. The most typical anthropo-
morphic, or humanlike, characteristic of a robot is its arm. The arm, together with the robotics’ capacity to be
programmed, makes it ideally suited to a variety of production tasks, including machine loading, spot welding,
spray painting, and assembly. A robot can be programmed to perform a sequence of mechanical motions, and
can repeat that motion sequence over and over until reprogrammed to perform some other sequence[9].

The problem of deciding how to form parts and machines into manufacturing cells has been studied by
many authors, including McCauley[19], Burbidge[3], Rajagopalan and Batra[23], King and Spachis[14], Chan
and Milner[4], Seifoddini and Wolfe[24], Kusiak[17], and Askin and Chiu[1]. Hall et al.[10] suggest heuristic
procedures of a clustering type for forming the cells. The main focus, however, is on problems of scheduling
within cells rather than of cell formation. Although manufacturing cells can have human operators to perform
material handling, the full benefits to productivity form the use of cells are only realized by robot handling.
In such a case, the manufacturing cell is known as a robotic cell. Hartley[12] points out that a cell system
is ideally suited to robot handling, particularly where lot size are small. Kondoleon[16] studies various robot
assembly system configurations and their effect on output rate. Baumann et al.[2]study robot and machine
utilization in a robotic cell. Simulation studies of robotic cells are described by Claybourn and Hewitt[5], and
Noh and Herring[21]. Drezner and Nof[6] design heuristics for various operations in an assembly cell. Wilhelm
and Sarin[27] consider the parts scheduling problem in robotic cells with various configurations, including
parallel identical and no identical machines, and flow line manufacturing. They, however, did not present any
optimal scheduling policy for the cells. Nof and Drezner[20] discuss the assembly cell taking into account the
necessary operations and movements. A heuristic solution is proposed and tested in their work.

The computational complexity of several scheduling problem in assembly cells with one or two robots
is discussed by Wilhelm[26]. R. Obinowitz et al.[22] formulate a mixed integer model for a variety of objective
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Fig. 1. Robotic cell with three machines

function in a multi-robot machining and assembly cell. Unfortunately, the size of their formulation increases
very rapidly with the size of the cell. Longendran and Sriskandarajah[18] study three different robotic cell
layouts: the robot-centered, the mobile robot cell, and the in-line robot cell. For a given robot move sequence,
they identify part sequence for a minimal part set (MPS) that minimizes the cycle time, or equivalently maxi-
mizes the long run production rate. Kise et al.[15] study the makespan version of the part sequencing problem
under a specified move cycle, and present a polynomial time algorithm. Sethi et al. attempt to minimize the
cycle time of an MPS. They find the optimal sequence of moves for a two-machine robot centered cell pro-
ducing a single part type. For the three machine case they identify the six potentially optimal robot move
cycles that produce one unit and show, under specific assumptions about the data, that two are dominated by
the other four. They, then, provide sufficient conditions under which each of the four no dominated cycles is
optimal. Kamoun et al.[13] describe and test simple heuristic procedures for the part sequencing problem in
several cell configurations, where the problem is intractable. They also study how to design robotic cells for
efficient performance by grouping machines into cells, by identifying good part sequences, and by providing
appropriate size buffers between cells, in a larger manufacturing system.

Kamoun[13] study a robotic cell containing m machines for any constant m ≤ 2. The part sequencing
problems associated with a given robot move cycles for producing one unit are classified as follows:

(i). Sequence independent;
(ii). Formulated as a traveling salesman problem;
(iii). Unary NP-hard but not having TSP structure.
Some of the problems in case (ii) are special cases which can be solvable in polynomial times. In this

classification, they prove that the part sequencing problem associated with exactly 2m−2 of them! Potentially
optimal one-unit cycles are polynomial solvable, where m is the number of machines. The remaining cycles
have associated part-sequencing problems which are unary NP-hard.

Hall et al.[11] show with an example that the best one-unit cycle can be suboptimal in two machine cells
producing multiple part type, and provide an efficient algorithm (MINICYCLE) to find optimal robot move
cycle. They also show, through the solution of a mixed integer program, that a policy of repeating one-unit
cycle dominates much more complicated cycles producing two-units. In three machines, they study the ways
in which a robotic cell converges to the steady state. A steady state is a condition within a cell in which the
waiting time of the robot, for each part on each machine, is identical to its value in the previous Minimal
Part Set (MPS). Hall et al.[9] study the complexity and steady state analysis in scheduling robotic cell and
prove that in two out of six potentially optimal robot move cycle (S2, S6) producing one-unit, the recognition
version of the part sequencing problem are NP-Complete.

All of the above research assumes that the processing times of the parts on machines, the traveling times
of robot between machines and the cycle times of the different schedules to be deterministic. In real world
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problems, this assumption is not adequate. In this paper, we use fuzzy numbers to make the robotic scheduling
problems more realistic and robust.

The rest of the paper is organized as follows: Section 2 presents cyclic scheduling. Section 3 presents
the main objective of Gilmore and Gomory algorithm. In section 4, the fuzzy cycle times in robotic cells with
2 and 3 machines are described. Section 5 presents fuzzy arithmetic that is used to calculate the fuzzy cycle
time and method for de-fuzzifing it. In section 6, the steps of “Fuzzy Gilmore and Gomory algorithm” are
described. In section 7 numerical examples are generated and the results of fuzzy and crisp cycle times are
compared. Finally, in section 8, conclusions and future works are presented.

2 Cyclic scheduling

In general, scheduling problems can be classified as: flow shops, Job shops, and open shops. From them,
flow shops are the simplest problems. However, most of the flow shops scheduling problems are either NP-
Complete or NP-hard. Among different kinds of the flow shops, two of them are more prevalent in the real
world problems: No-Wait and Blocking. In No-Wait flow shops, a job is not allowed to remain on a machine
or between machines after finishing its process on that machine. So, after finishing the process of a job on
a machine, it should move to the next machine immediately. In blocking flow shops, the jobs are allowed to
remain on a machine after their process are finished on that machine, because there is not any buffer available
between machines. A special case of flow shops is cyclic one. In a cyclic flow shop, the scheduling is repeated
based on minimum part set (MPS). Fig. 2 and 3 show the No-Wait and Blocking cyclic scheduling with two
machines.

Fig. 2. A No-Wait cyclic flow shop

Fig. 3. A blocking cyclic flow shop

Hall et al.[9] show that in a two-machine cyclic scheduling a no-wait problem can be transferred into
blocking problem and vise versa.

3 Gilmore and Gomory algorithm

Gilmore and Gomory[7] consider the sequencing problem for N jobs on a machine having a state de-
scribed by a single real variable X . Jobs J1, J2 · · ·JN are to be processed on the machine in some order. Each

MSEM email for subscription: info@msem.org.uk



246 M. Hossein & M. Mehdi & M. Yousef & J. Masoumi: Scheduling of two and three machine robotic cells

job has two associated numbers Ai and Bi. To start the ith job, the machine must be in state Aj , i.e., X = Aj

and at the completion of the ith job the machine state is automatically Bi. If Jj is to follow Ji, the state of the
machine must be changed to Aj . The cost of this change, i.e., the cost of having job j follow job i is Cij . This
can be calculated as follows:

Cij =
∫ Aj

Bi
f(x)dx if Aj ≥ Bi

Cij =
∫ Aj

Bi
g(x)dx if Bi > Aj

(1)

where, f(x) and g(x) are any integrable functions satisfying f(x) + g(x) > 0. f(x) can be interpreted as the
cost density for increasing the state variable and g(x) the cost density for decreasing it.

This problem is of course closely connected to Traveling Salesman Problem (TSP). To see this, let Ji

plays the role of nodes or cities, and Cij be the cost of going from node (i) to node (j). We are looking for
the shortest path that passes once through each node. The traveling salesman looks for the shortest path that
passes once through each node and ends up at the starting point. It looks for the shortest tour.

The Gilmore and Gomory’s problem becomes the tour problem if the machine is assumed to be in a
state B0 at the start, before the jobs are run, and is required to be left in a state A0 at the end after all N
jobs are done. Specifically, if we add a new job J0, there is always one-to-one correspondence between the
tours J0Ji1Ji2 · · ·JiNJ0 of the enlarged problem and the sequence Ji1Ji2 · · ·JiN of the original problem, so
one can minimize over tours, and then, dropping J0, have the least sequence. By this algorithm they give a
solution requiring only O(N2) simple steps. This solution permits a characterization of those directed graphs
of a special class possess Hamiltonian circuits.

4 Fuzzy cycle time in robotic cells with 2 and 3 machine

Sethi et al.[25] discuss the cycle times in robotic cell with 2 and 3 machines. We generalize their model
into fuzzy cycle time robotic cell. Moreover, we also generalize their crisp notation into fuzzy ones as follows:
M : the number of machines in the cell (here 2 or 3).
P1, P2, · · · , PK : the part type to be produced.
r1, r2, · · · , rk: The minimal ratios of parts to be produced.
MPS: a minimal part set.
n = r1 + r2 + · · ·+ rk: the total number of part.
θ̃i, λ̃i, ϕ̃i: Fuzzy processing times of part i on machine M1,M2,M3 respectively.
δ̃0: Fuzzy time taken by additional linear robot movement when traveling between two consecutive machines
Mi and Mi+1 after rotational movement has been completed.
δ̃i: The fuzzy time taken by a rotational robot movement when traveling between two consecutive machine
Mi−1 and Mi, 1 < i < m+ 1.
ε̃1: The fuzzy time taken by the robot to pick up a part at i.
ε̃2i: The fuzzy time taken by the robot to load a part on to machine Mi.
ε̃2i+1: The fuzzy time taken by the robot to unload a part from machine Mi.
ε̃2m+1: The fuzzy time taken by the robot to drop a part at O.
γ̃: The fuzzy time saved by not stopping at an intermediate point during a robot movement between two
nonconsecutive machines.
W̃ i

j : The fuzzy waiting time of job i on machine j.
The standard classification scheme for scheduling problems can be denoted Ψ1|Ψ2|Ψ3, where Ψ1 indicates

the scheduling environment, Ψ2 describes the job characteristics or restrictive requirements and Ψ3 defines the
objective function to be minimized (Graham[8]).

For Ψ1

MRCm: a mobile -robot cell with m machine.
RCCm: a robot-centered cell with m machine.
IRCm: an in-line cell with m machine.

For Ψ2

K=the number of part0-types.
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R-unit=the problem is being solved over robot move cycle that produce r units.
Si=robot move cycle Si alone is used.
δi = δ=the travel time between any pair of consecutive machine is equal.
εi = ε: the load and unload times at all machine are equal.

For Ψ3

Ct=the average steady state cycle time for the repetitive manufacturing of an MPS.
Cmax=the make span for the manufacturing.

4.1 Fuzzy cycle times in two-machine-multiple-part type robotic cells

As shown in Fig. 4, there are two possible robot move cycles S1 and S2 for problem MRC2|k > 2|Ct

(Sethi et al.[25]). The fuzzy cycle time for robot move cycle S1 is:

T̃1(σ) = nρ̃+
n∑

i=1

(θ̃′i + λ̃′i) (2)

Where
θ̃′i = θ̃i + ε̃1 + ε̃2 + 2δ̃2 − γ̃ For i = 1, 2, · · · , n
λ̃′i = λ̃i + ε̃5 + ε̃6 + 2δ̃3 − γ̃ For i = 1, 2, · · · , n

µ̃ = 2
3∑

I=0

δ̃i + ε̃1 + ε̃2 + ε̃5 + ε̃6 − 2γ̃

ρ̃ = ε̃3 + ε̃4 + 2δ̃0 + 2δ̃2

The cycle time for robot move cycle S2 is:

T̃2(σ) = nρ̃+
n∑

i=1

MAX(µ̃, ˜θσ(i)
′
, ˜λσ(i+1)

′
) (3)

The part sequencing problem, under robot move cycle S2 can be transformed into the problem F2|no −
wait|C̃t, having the form: minimize (C +

∑
max(ẽσ(i+1), ˜fσ(i))), where C is a constant and ẽσ(i) = ã′σ(i)

and fσ̃(i) = max{µ, b̃′σ(i)} are the fuzzy processing times for part Pσ(i) on the first machine (M ′
1) and the

second machine (M ′
2), respectively. In this problem, the operations of any job are performed continuously

without waiting on or between machines. We recall that this form of problem can be solved by Gilmore and
Gomory algorithm. Of course, when all times are fuzzy we should fuzzify Gilmore and Gomory algorithm [7].

Fig. 4. Robot move cycles S1 and S2 in robotic cell with two machines
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4.2 Fuzzy cycle time in three-machine-multiple-part type robotic cells

Sethi et al.[25] prove that there is exactly m! Potentially schedules for one-part type cycles in an m ma-
chine cells. So, for a three machine robotic cell, there are six potentially schedules (S1, S2, S3, S4, S5, S6) for
MRC3|k = 1, 1 − unit|Ct, respectively .In this research, we use fuzzy numbers for calculating the related
cycle times. The fuzzy cycle times of different schedules are as follows:

For cycle S1:

T̃1(σ) = nα̃1 +
n∑

i=1
(θ̃i + λ̃i + ϕ̃i)

α̃1 = 4δ̃0 + 2
4∑

i=1
δ̃i +

8∑
i=1

ε̃i − 3γ̃

For cycle S2:

T̃2(σ) = nα̃2 +
n∑

i=1
Max{β̃2, α̃2σ(i+2), λ̃2σ(i+1) − W̃ 3

i }+
n∑

i=1
W̃ 3

i

β̃2 =
8∑

i=1
ε̃i + 4δ̃0 + 2(δ̃1 + δ̃2 + δ̃3 + δ̃4)− 3γ̃

α̃2 = 4δ̃0 + 2(δ̃2 + δ̃3)− γ̃
W̃ i

3 = Max{β̃2, θ̃2σ(i+1) −max{0̃, λ̃2σ(i) − β̃2 − W̃ i−1
3 }} i = 1, 2, · · · , n

λ̃2σ(i) = λ̃σ(i) +
6∑

i=3
ε̃i i = 1, 2, · · · , n

θ̃2σ(i) = θ̃σ(i) +
4∑

i=1
ε̃i + 2δ̃1 + 22δ̃4 + ε̃7 + ε̃8 − γ̃ i = 1, 2, · · · , n

ϕ̃2σ(i) = ϕ̃σ(i) +
8∑

i=5
ε̃i + 2δ̃1 + 22δ̃4 + ε̃1 + ε̃2 − 2γ̃ i = 1, 2, · · · , n

For cycle S3:

T̃3(σ) = nα̃3 +
n∑

i=1
Max{ẽ3σ(i+1), ϕ̃3σ(i)}

λ̃3σ(i) = λ̃σ(i) + 2(δ̃0 + δ̃1 + δ̃2) +
4∑

i=1
ε̃i − γ̃ i = 1, 2, · · · , n

ϕ̃3σ(i) = ϕ̃σ(i) + 2δ̃4 + ε̃7 + ε̃8 i = 1, 2, · · · , n
ẽ3σ(i) = Max{β̃3 + α̃σ(i), λ̃3σ(i) + ϕ̃σ(i)} α̃3 = 2δ̃0 + 2δ̃3 + ε̃5 + ε̃6 − γ̃

For cycle S4:

T̃4(σ) = nα̃4 +
n∑

i=1
λ̃σ(i) +

n∑
i=1

Max{β̃4, θ̃4σ(i+1), ϕ̃4σ(i)}

α̃4 = 4δ̃0 + 2(δ̃2 + δ̃3) +
6∑

i=3
ε̃i − 2γ̃

β̃4 =
2∑

i=1
ε̃i +

8∑
i=7

+4δ̃0 + 2(δ̃1 + δ̃2 + δ̃3 + δ̃4)− 3γ̃

ϕ̃4σ(i) = ϕ̃σ(i) + 2δ̃4 + ε̃7 + ε̃8 i = 1, 2, · · · , n
θ̃4σ(i) = θ̃σ(i) + 2δ̃1 + ε̃1 + ε̃2 i = 1, 2, · · · , n

For cycle S5:

T̃5(σ) = nα̃5 +
n∑

i=1
Max{θ̃5σ(i+1), f̃5σ(i)}

θ̃5σ(i) = θ̃σ(i) + 2δ̃1 + ε̃1 + ε̃2 i = 1, 2, · · · , n

λ̃5σ(i) = λ̃σ(i) +
8∑

i=5
+2δ̃0 + 2δ̃3 + 2δ̃4 + ε̃1 + ε̃2 − γ̃ i = 1, 2, · · · , n

β̃5 = 4δ̃0 + 2(δ̃1 + δ̃2 + δ̃3 + δ̃4)ε̃1 + ε̃2 +
8∑

i=5
ε̃i − 2γ̃

f̃5σ(i) = Max{β̃5 + θ̃σ(i), λ̃5σ(i) + ϕ̃σ(i)} α̃5 = 2δ̃0 + 2δ̃2 + ε̃3 + ε̃4 − γ̃

MSEM email for contribution: submit@msem.org.uk



International Journal of Management Science and Engineering Management, Vol. 2 (2007) No. 4, pp. 243-256 249

For cycle S6:

T̃6(σ) = nα̃6 +
n∑

i=1
Max{β̃6, θ̃6σ(i) − W̃ i+1

1 , λ̃6σ(i+1), θ̃6σ(i+2)}

W̃ i+1
1 = Max{0̃, θ̃6σ(i) −Max{β̃6, λ̃6σ(i), ϕ̃6σ(i−1) − W̃ i

1}} i = 1, 2, · · · , n

λ̃6σ(i) = λ̃σ(i) +
6∑

i=3
ε̃i + 2δ̃0 + 2δ̃2 + 2δ̃3 − γ̃ i = 1, 2, · · · , n

θ̃6σ(i) = θ̃σ(i) +
4∑

i=1
ε̃i + 2δ̃1 + 2δ̃2 − γ̃ i = 1, 2, · · · , n

ϕ̃6σ(i) = ϕ̃σ(i) +
5∑

i=8
ε̃i + 2δ̃3 + 2δ̃4 − γ̃ i = 1, 2, · · · , n

β̃6 =
8∑

i=1
ε̃i + 6δ̃0 + 2(δ̃1 + 2δ̃2 + 2δ̃3 + δ̃4)− 4γ̃

α̃6 = 2δ̃0
Hall et al.[9] show that the part sequencing problem under robot move cycles S3, S4, S5 can be reduced

to a problem of the form : minimize(C̃+
∑
max(ẽσ(i+I)), f̃σ(i)) for some constant C. Any such problem can

be solved optimally in O (nlog (n)) time by Gilmore and Gomory algorithm[7]. We recall that, since the above
times are fuzzy, we should use fuzzy Gilmore and Gomory algorithm.

Fig. 5. Cycle S1 for three-machine robotic cell Fig. 6. Cycle S2 for three-machine robotic cell

Fig. 7. Cycle S3 for three-machine robotic cell Fig. 8. Cycle S4 for three-machine robotic cell

5 Determination of fuzzy cycle times for s2 in two machine and s3, s4 and s5 in
three-machine robotic cells

In this paper, we deal with three robot move cycles (S3, S4, S5) in Mobile robotic cell with three machines
(MRC3), and S2 in Mobile robotic cell with two machines (MRC2) that produce multiple part type. All these
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Fig. 9. Cycle S5 for three-machine robotic cell Fig. 10. Cycle S6 for three-machine robotic cell

problems can be solved in polynomial time with Gilmore and Gomory algorithm[7]. First, we fuzzify the
problem of minimization of cycle time (Ct) in MRC2 and MRC3 and, then we expand the Gilmore and
Gomory algorithm to fuzzy Gilmore and Gomory algorithm. To fuzzify the robotic cell problems, as stated in
section 4, we suppose that the processing time of all jobs on machines, the robot travel times, and the times
of picking up, loading, unloading and dropping out of parts are all fuzzy numbers. It should be noted that in
two-machine robotic cells S1 is very easy and S2 can be solved by Gilmore and Gomory algorithm and in
three-machine robotic cells S1 is easy and S2 and S6 are NP-hard and S3, S4, S5 can be solved by Gilmore
and Gomory algorithm.

It should be noted that in this paper, for the aim of simplicity, the Triangular (T. F. N.) and the Trapezoidal
(Tr. F. N.) membership functions are used for fuzzy numbers (Fig. 11 and 12).

Fig. 11. Triangular fuzzy number Fig. 12. Trapozeidal fuzzy number

To calculate the fuzzy cycle times and fuzzy waiting times of robot on machines, we used α-cut of fuzzy
sets for maximization, minimization, addition and subtraction operations. Since α-cut operates on interval
values, we first convert the Triangular and Trapezoidal membership functions to α-cut intervals, α ∈ [0, 1],
and, then, we use the operators. Transformation of the ordinary fuzzy numbers into α-cut format for T. F. N
and Tr. F. N are shown in Fig. 13 and 14.

Fig. 13. Transformation of triangular membership function into α-cut
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Fig. 14. Transformation of trapezoidal membership function into α-cut

Using α-cut format, the main operators used in this paper are as follows:
a. Maximum operator:

Max([a1, b1], [a2, b2]) = [Max(a1, b1),Max(a2, b2)]

b. Minimum operator:

Min([a1, b1], [a2, b2]) = [Min(a1, b1),Min(a2, b2)]

c. Addition operator:

[a1, b1] + [a2, b2] = [a1 + a2, b1 + b2]

d. Subtraction:

[a1, b1]− [a2, b2] = [a1 − b2, b1 − a2]

e. Image:

−[a1, b1] = [−b1,−a1]

The defuzzification method used in this paper is “BADD” method proposed by Yager[28]. In this formulation,
“h” is the interval [0, 1] that is divided into n parts and “Ã” is the fuzzy number converted to α - cut number
with “h” and β is the defuzzification parameter.

h = [0,∆α, 2∆α, ·, 1]1×n; Ã =



lla0 b0
a1 b1
· ·
· ·
· ·
an bn


(n×2)

(4)

Defuzzify(Ã) =

n∑
i=1

(hi)β ·
˜

Ai1 +
n∑

i=1
(hi)β · Ãi2

2 ·
n∑

i=1
(hi)β

(5)

In (5), if β → 1 then equation (5) moves to Center of Area (COA):

H(Ã) =

n∑
i=1

h · Ã

2 ·
n∑

i=1
hi

(6)
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6 Fuzzy gilmore and gomory algorithm

As discussed in section 2, cycle time in the problems MRC2|k > 2, S2|Ct and MRC3|k >
2, S3, S4, S5|Ct can be written as C̃t = C+

∑
Max( ˜e(i+1), ˜f(i)) where, C is a constant and σ is the sequence

of parts. Any problem which seems to have such a form can be solved by Gilmore and Gomory algorithm. As
such, we fuzzify this algorithm to obtain optimal fuzzy cycle time for the above problems and the sequence of
parts which Leeds to it. For this purpose, we assume the followings:
- The ready time of all jobs is fuzzy zeros: 0̃
- The processing time of all jobs on each machine is fuzzy Triangular or Trapezoidal fuzzy Number.
- ẽi is fuzzy processing time of ith job on Machine 1.
- f̃i is fuzzy processing time of ith job on Machine 2.
- ˜Ci,i+1 is fuzzy cost function for connecting node i to node i+ 1.
- ψ is minimal tour that leads to optimal cycle time.

Here, for sorting the fuzzy number, the following strategies are adopted:
i. For Triangular Fuzzy Numbers, the mean method is used. Let A and B be two Triangular fuzzy num-

bers: A = (aA, bA, cA); B = (aB, bB, cB) and H be function as follows:

H(A) =
1
3
× (aA + bA + cA); H(B) =

1
3
× (aB + bB + cB)

Using this method, we say A > B if H(A) > H(B).
ii. For Trapezoidal Fuzzy Numbers, a ranking method obtained from center of area defuzzification

method is generated. Let A and B be two Trapezoidal fuzzy numbers : A = (aA, bA, cA, dA), B =
(aB, bB, cB, dB) and let “H” be:

H =
∫
xµ(x)d(x)∫
µ(x)d(x)

Then

H(A) =
1
3
× (aA + bA + cA + dA)− 1

3
×

(
cAdA − aAbA

dA − aA + cA − bA

)
And

H(B) =
1
3
× (aB + bB + cB + dB)− 1

3
×

(
cBdB − aBbB

dB − aB + cB − bB

)
Using this method, we say A > B if H(A) > H(B).

iii. For transforming fuzzy numbers to their related -cuts, we use the following formula:

h = [0,∆α, 2∆α, · · · , 1]1×n; Ã =



lla0 b0
a1 b1
· ·
· ·
· ·
an bn


(n×2)

; H(Ã) =

n∑
i=1

h · Ã

2 ·
n∑

i=1
hi

(7)

The steps of the proposed fuzzy Gilmore and Gomory algorithm are as follows:
Step 1. Read two series of fuzzy processing times:

ẽi: fuzzy process time on machine 1;
f̃i: fuzzy process time on machine 2; if the fuzzy process time is Triangular, for i = 1, 2, · · · , n, then

entered it as x̃i = (ai, bi, ci); if the fuzzy processing time is Trapezoidal, then entered it as x̃ = (ai, bi, ci, di).
Step 2. Rank the fuzzy numbers according to the kind of their membership function:

1) For triangular numbers H(x̃i) = 1
3(ai + bi + ci).

2) For trapezoidal Fuzzy numbers H(x̃i) = 1
3(ai + bi + ci + di)− 1

3( cidi−aibi
di−ai+ci−bi

).
Step 3. Arrange the numbersH(f̃i) and renumber the jobs so that write the new numberingH(f̃i) < H( ˜fi+1)
i = 1, 2, 3, · · · , n− 1.
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Step 4. Arrange the H(ẽi) in no decreasing order of its size and find the ϕ(p) for all p. The permutation ϕ is
defined by ϕ(p) = q, q being such that H(ei) is the p-th smallest of all H(ei)’s.
Step 5. Compute the fuzzy cost with fuzzy operations:

C̃i,j+1 = max{0̃, {min(f̃i+1, ẽφ(i+1))−max(f̃ , ẽφ(i))}}, for i = 1, 2, 3, · · · , n− 1

Step 6. Construct a fuzzy undirected graph with n nodes and undirected arcs (i, ϕ(i)); i = 1, 2, · · · , n.
Step 7. If the current fuzzy graph has only one component, go to Step 9; otherwise select the smallest value
H(C̃i,i+11) such that i is in one component and i+ 1 in another. In the case of tie for smallest, choose any.
Step 8. Adjoin the undirected arc (i, i+ 1) to the fuzzy graph using the i value selected in Step 7.
Step 9. Divide the arcs added in step 8 into two groups: i) arcs for which H(ẽφ(i)) ≥ H(f̃i) in group 1. ii)
acrs for which H(ẽφ(i)) ≥ H(f̃i) in group 2.
Step 10. Find the largest index i1 such that arc (i1, i1+1) is in group 1. Find the second largest i2, etc, up to
ir, assuming there are “r” elements in group 1.
Step 11. find the smallest index j1 such that arc (j1, j1+1) is in group 2. Find the second largest j2, etc. up to
jk, assuming there are “k” elements in group 2.
Step 12. the minimal cycle time is obtained by following the ith part by the part ψ(i), where

ψ(i) = ϕαi1,i1+1αi2,i2+1···αir,ir+1αj1,j1+1αj2,j2+1···αjk,jk+1 (i)

In the above the permutation αp,q is defined to be: αp,q(p) = q;αp,q(q) = p;αp,q(i) = i if i , p, q.
Step 13. Renumber the part as they are before Step 3.

7 Numerical examples

This section presents two numerical examples of MRC3|K ≥ 2, S4|Ct and MRC3|K ≥ 2, S3|Ct and
compares the result of their related crisp and fuzzy cycle times. In any case, each problem contains 10 jobs.

MRC3|K ≥ 2, S4|Ct

Crisp problem: Tab. 1 shows the processing times of 10 jobs (parts) in a robotic cell with three machines:

Table 1. The processing times of 10 jobs in a robotic cell with three machines

Job
1 2 3 4 5 6 7 8 9 10

Process Time
θi 19 10 9 22 26 14 20 26 12 15
λi 8 6 12 9 4 2 5 4.5 11 8
ϕi 27 29 51 65 11 25 49 37 19 9.5

Moreover, the pick up, dropping on and travel times of robot are demonstrated in Tab. 2:

Table 2. The processing times of 10 jobs in a robotic cell with three machines

ε1 = 0.5 ε2 = 0.6 ε3 = 1.5 ε4 = 2.2 ε5 = 0.8 ε6 = 1 ε7 = 1.6 ε8 = 0.4
δ0 = 1.5 δ1 = 3 δ2 = 2 δ3 = 1 δ4 = 1.4
γ = 0.5

Using Gilmore and Gomory algorithm that was encoded in MATLAB software, the optimal sequence of
jobs and its related cycle time are as follows:

Optimal Sequence Cycle time
Q∗=10,9,6,2,7,4,8,1,3,5 Ct=619.7

MSEM email for subscription: info@msem.org.uk



254 M. Hossein & M. Mehdi & M. Yousef & J. Masoumi: Scheduling of two and three machine robotic cells

Fuzzy problem:
Now, the above crisp problem is fuzzufied. In other words, the processing times of jobs on machines, pick

up, drop on and robot moves are trapezoidal fuzzy numbers with parameters [ai, bi, ci, di, ]. The processing
times of parts on M1,M2, and M3 are shown in Tab. 3, 4, and 5.

Table 3. Fuzzy processing times of jobs on machine 1.

Job
1 2 3 4 5 6 7 8 9 10

Parameter

ai 18 9.6 8 21 25 13.6 19.2 24.4 11 14
bi 18.8 9.8 8.8 21.8 25.8 13.8 19.8 25.8 11.8 14.8
ci 19.2 10.2 9.2 22.2 26.2 14.2 20.2 26.2 12.2 15.2
di 20 10.8 10 23 27 14.4 21 26.8 13.6 16.2

Table 4. Fuzzy processing times of jobs on machine 2.

Job
1 2 3 4 5 6 7 8 9 10

Parameter

ai 7.3 5.5 11.4 8 3.6 1.4 4.6 4 10.3 7.4
bi 7.8 5.8 11.8 8.8 3.8 1.8 4.8 4.3 10.8 7.8
ci 8.2 6.2 12.2 9.2 4.2 2.2 5.2 4.7 11.2 8.2
di 8.5 6.5 12.6 10 4.4 2.9 5.4 5 11.5 8.5

Table 5. Fuzzy processing times of jobs on machine 3.

Job
1 2 3 4 5 6 7 8 9 10

Parameter

ai 22.2 27.8 46.6 59 9 21.8 45 34.2 13.4 7.4
bi 26.8 28.8 50.8 64.8 10.8 24.8 48.8 36.8 16.8 9.3
ci 27.2 29.2 51.2 65.2 11.2 25.2 49.2 37.2 17.2 9.7
di 31 32.6 55.4 71 13 27.8 53 42.2 17.8 11.8

The Fuzzy pick up, drop on and robot move time are shown in Tab. 6 and 7.

Table 6. Fuzzy pick up, drop on times of robot.

Job
ε1 ε2 ε3 ε4 ε5 ε6 ε7 ε8

Parameter

ai 0.4 0.5 1 2.1 0.7 0.9 1.5 0.2
bi 0.45 0.55 1.45 2.15 0.75 0.95 1.55 0.35
ci 0.55 0.65 1.55 2.25 0.85 1.05 1.65 0.45
di 0.6 0.7 2 2.3 0.9 1.1 1.8 0.6

Using the developed fuzzy Gilmore and Gomory algorithm, the optimal schedule is: Q∗ = {10, 9, 3, 8
, 7, 4, 5, 2, 1, 6}

And its related trapezoidal cycle time is:
A B c d

ct 526.1 603.65 631.5 713.55
Fig. 15 demonstrates fuzzy cycle time of S4. Using BADD defuzzification method with β = 100, leads

to defuzzified cycle time DF (Ct) = 616.38, which is rather smaller than it’s related crisp cycle time.
B. MRC3|k ≥ 2, S3|Ct

Crisp problem:
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Table 7. Fuzzy travel times of robot.

Job
δ0 δ1 δ2 δ3 δ4 Γ Z(Fuzzy Zero)

Parameter

ai 1 2.5 1.8 0.8 1.1 0.45 -0.5
bi 1.45 2.95 1.95 0.95 1.35 0.5 -0.25
ci 1.55 3.05 2.05 1.05 1.45 0.55 0.25
di 2 3.5 2.2 1.2 1.7 0.6 0.5

Fig. 15. fuzzy cycle time for robot move schedule S4 Fig. 16. Fuzzy cycle time for robot move cycle S3

Using the same data of MRC3|k2, S4|Ct and Gilmore and Gomory algorithm that encoded in MATLAB
software, the optimal schedule and it’s related cycle time are shown as follows:

Optimal sequence Cycle time
Q∗={10,2,7,4,8,1,9,3,5,6} Ct∗ = 545.6

Fuzzy problem:
Again, using the same fuzzy data of MRC3|k ≥ 2, S4|Ct, the optimal schedule that was generated by

using fuzzy Gilmore and Gomory algorithm is: Q∗ = {10, 2, 7, 4, 5, 3, 8, 1, 9, 6}
The optimal fuzzy cycle is:

a B c d
ct 472.9 532.25 557 620.1

Fig. 16 demonstrates fuzzy cycle time of S4. Using BADD defuzzification method with β = 100, leads
to defuzzified cycle time DF (Ct) = 544.48 which is rather improved in comparison to the crisp results.

We also used the proposed algorithm for S4 and S5 and for both the fuzzy cycle times were rather
improved with comparison with the crisp results. Moreover, we implemented the proposed algorithm for 100
scheduling problems and for all of them the results were better than the crisp ones.

8 Conclusions

This paper has addressed the scheduling of 2 and 3 machines robotic cells with fuzzy methodology.
According to the Sethi et al.[25] in two-machine robotic cell there exist two schedules that one of them can
be solved easily and the second one is transferring to a solvable TSP. They state that three-machine robotic
cells, there exist six schedules that one of them is easy, two of them are NP-Hard and three of them can be
transferred into solvable TSP, using Gilmore and Gomory algorithm.

We generalized Gilmore and Gomory algorithm into Fuzzy Gilmore and Gomory one by using fuzzy
numbers. Then, we tested and verified the algorithms in scheduling of an auto port supplier. We have solved
100 scheduling of this company and for all of them the result of fuzzy approach was better than the crisp ones.

There are some potential new works for this research: First, in three machine robotic cells, two schedules
are NP-complete. Thus, we cannot use a contractive algorithm to solve these problems. In the next future, we
will present fuzzy genetic algorithm and fuzzy simulated annealing to solve these problems. Moreover, we
generated fuzzy numbers by using the knowledge of experts and tolerances of robot. A systematic algorithm
is needed for this purpose.
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