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Abstract. The paper deals with multiobjective nonlinear optimization problems with equality and inequality
con- straints. In a corresponding dialogue procedure the decision maker has to determine in each step the
aspira- tion and reservation level expressing his goals. This leads to a nonlinear optimization problem which
can be solved by using a combination of pathfollowing methods and feasible descent direction methods (so-
called jumps). The authors propose the application of a recently published pathfollowing method with jumps
to multiobjective optimization problems, discuss its topological properties and present several computational
results.
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1 Introduction

Let R be the n-dimensional space with the Euclidean norm || · || and Ck(Rn, R), k ≥ 1 the space of
k-times continuously differentiable functions. In this paper we consider the multiobjective nonlinear optimiza-
tion problem

(MOP) min{(f1(x), · · · , fl(x)|x ∈ M}

where the feasible set is defined by finitely many equality and inequality constraints as

M = {x ∈ Rn|hi(x) = 0, i ∈ I, gj(x) ≤ 0, j ∈ J}

with I = {1, · · · ,m},m < n, J = {1, · · · , s},K = {1, · · · , l} and fk, hi, gj ∈ C3(Rn,R), k ∈ K, i ∈
I, j ∈ J . For sake of simplicity we will assume throughout the paper that M , ∅ and that all appearing
functions are three times continuously differentiable although some of the results presented also hold for a
lower degree of differentiablity.

The starting point of this paper is a short description of a well-known dialogue procedure which deter-
mines in each step a corresponding parameter value µ1 ∈ Rl (for more details see e.g. [12, 14, 16]). Let ε > 0
and

fk ∈ [min
x∈M

fk(x), min
x∈M

fk(x) + ε]
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be a (known) sufficiently good approximation of the global minimum of fk subject to x ∈ M for each k ∈ K.
Furthermore, let x1 be the current iteration point. Then, the main information for the decision maker is the
deviation of the current values fk(x1) from the approximations f

k
, k ∈ K represented by

fk(x1)− fk

fk
, k ∈ K

(if necessary one has to assign appropriate quantities when fk = 0 or fk = −∞). Based on this information,
for the next iteration step the decision maker has to consider the following questions and to choose a value µ1

for the parameter µ ∈ Rl (the components µ1
k, k ∈ K of µ1 represent the “wishes” of the decision maker and

are called goals):
• For which k ∈ K the function values of fk should be improved in the next iteration step? Let K1 ⊂ K

be the corresponding index set.
•Which are appropriate goals µ1

k, k ∈ K1 (µ1
k, k ∈ K1 for the restrictions fk(x) ≤ µ1

k, k ∈ K1 (µ1
k, k ∈

K1 the so-called aspiration level)?
• Which upper bounds µ1

k, k ∈ K\K1 are accepted for the restrictions fk(x) ≤ µ1
k, k ∈ K\K1,

(µ1
k, k ∈ K\K1 represent the so-called reservation level)?

For µ ∈ Rl, we define a corresponding feasible set

M(µ) = {x ∈ M |fk(x) ≤ µk, k ∈ K}

and a point x ∈ M(µ) is called a goal realizer. If there exists a goal realizer, then µ is called a realistic goal
and one is interested in finding a corresponding efficient point or locally efficient point of (MOP) (an efficient
point is also called Pareto-optimal, admissible, non-dominated, etc., for definitions and more details we refer
e.g. to [5, 6, 9, 11, 15, 21, 22, 24, 28]). By Meff (Mloceff ) we denote the set of (locally) efficient points of
(MOP). Then, the decision maker has two objectives:

(O1) Decide whether or not M(µ1) , ∅ (i.e. whether or not µ1 is a realistic goal).
(O2) If µ1 is a realistic goal, then calculate a corresponding (locally) efficient point of (MOP).
In order to solve (O1) and (O2) we consider the following multiparametric nonlinear optimization prob-

lems (where µ ∈ Rl is the parameter):

(Pµ
1 ) min{‖x− x0‖2|x ∈ M(µ)}

with x0 ∈ Rn and

(Pµ
2 ) min{

∑
k∈K

λ0
kfk(x)|x ∈ M(µ)}

where λ0 > 0, k ∈ K are arbitrarily fixed. For a detailed study on non-linear parametric optimization prob-
lems we refer to [2]. Let Ψglob(µ) (Ψloc(µ)) denote the set of all global (local) minimizers of (Pµ

2 ). Then, we
have (cf. [28])

Meff =
⋃

µ∈Rl

Ψglob(µ), Mloceff =
⋃

µ∈Rl

Ψloc(µ)

and, hence, we can solve (O2) by calculating a global (local) minimizer of (Pµ
2 ) for a given µ.

The embedding approach is a well-known method for the solution of a nonlinear optimization problem
(P ) (here, (P ) = (Pµ

1 ) or (P ) = (Pµ
2 ) whose main idea is to construct an auxiliary one-parametric optimiza-

tion problem P (t)(t ∈ R is the parameter) such that
• a solution x̂ of P (0) is known,
• P (1) and the original problem (P ) are similar (or equivalent) and
• there exist solution paths containing (x̂,0) and (x∗, 1) (where x∗ is a solution of P (1) = (P )) which

can be described numerically by an appropriate pathfollowing (or homotopy or continuation) method (cf. e.g.
[1, 3, 4, 7, 10, 13, 14, 16, 25, 27]). The latter means that one has to find a discretization
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0 = t0 < t1 < · · · < ti < · · · < tN = 1

of the interval [0, 1] and corresponding solution points x(ti) of P (ti), i = 0, · · · , N .
Unfortunately, the existence of solution paths is not fulfilled in general. In [19], Jongen, Jonker and

Twilt pre- sented topological conditions for a generic subset F which imply an appropriate structure (union
of finitely many one-dimensional manifolds) of the solution set of P (t) for the use of pathfollowing methods.
We will recall these conditions in section 2.
Example 1. As an example in our context, we consider a starting parameter value µ0 with

fk(x0) ≤ µ0
k, k ∈ K

for some x0 ∈ M as well as the connecting line

{µ ∈ Rl|µ = µ0 + t(µ1 − µ0)|t ∈ [0, 1]}

and define a corresponding one-parametric problem

P (t) min{(1− t)‖x− x0‖2 + t
∑
k∈K

λ0
kfk(x)|x ∈ M(t)},

where

M(t) = {x ∈ M |fk(x) ≤ µ0
k + t(µ1 − µ0

k), k ∈ K}

Then, x0 is a minimizer of P (0) and the problems P (1) and ( Pµ1
2 ) are equivalent. However, it may happen

that M(t) = ∅ for some t ∈ (0, 1) (i.e. a homotopy method cannot achieve t = 1) although M(1) = M(µ1)
is nonempty and, therefore, a goal realizer exists (cf. e.g. [16], example 4.1).

In this paper we apply a recently described embedding, the so-called modified standard embedding (cf.
[13]) to the solution of (Pµ

i ), i = 1, 2. This embedding ensures that for all t ∈ [0, 1] the corresponding feasible
set is nonempty when M(µ1) , ∅ (i.e. when a goal realizer exists).

The goal of this paper is twofold. Firstly, we embed (Pµ
1 ) and (Pµ

2 ) by applying the already mentioned
modified standard embedding and obtain corresponding one-parameter problems P1(t) and P2(t). The mod-
ified standard embedding ensures that for all t ∈ [0, 1] the corresponding feasible sets are nonempty when
M(µ1) , ∅ (i.e. when a goal realizer exists). Furthermore, it only contains inequality constraints although
M(µ1) may also be de- scribed by equality constraints. This latter property is important for the use of feasible
descent direction methods. Secondly, for the numerical solution of P1(t) and P2(t) we apply the heuristic
method JUMP∗ (for more details we refer to [13, 14]) which combines standard pathfollowing methods with
feasible descent direction methods (or, more general, NLP-solvers) in order to describe numerically more than
one solution path of P1(t) or P2(t). The NLP-solvers used are called jumps because their objective is to cal-
culate a solution point which belongs to another solution path (“jump from one solution path to another one”).
Note that a standard pathfollowing method describes numerically in general only one solution path.

The paper is organized as follows. Section 2 contains basic results for a general one-parametric optimiza-
tion problem and a resum’e of the generic subset F introduced by Jongen, Jonker and Twilt[19]. In section 3
we discuss the modified standard embedding and present main ideas of the heuristic method JUMP∗ which
combines pathfollowing methods with jumps. Section 4 contains corresponding numerical results obtained by
using the program package PAFO[8].

2 Theoretical background and basic results

Throughout this section we consider the following general one-parametric optimization problem

P (t) min{f(x, t)|x ∈ M(t)},

where t ∈ R is the parameter,
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M(t) = {x ∈ Rn|ui(x, t) = 0, i ∈ I1, vj(x, t) ≤ 0, j ∈ J1},

I1 = {1, · · · ,m1},m1 < n, J1 = {1, · · · , s1} and f, ui, vj ∈ C3(Rn ×R,R), i ∈ I1, j ∈ J1. Furthermore,
let u(x, t) = (u1(x, t), · · · , um1(x, t)) and v(x, t) = (v1(x, t), · · · , vs1(x, t)). This section contains some
notations related to P (t) (e.g. constraint qualifications, generalized critical point), a short description of the
generic class F which was introduced by Jongen. Jonker and Twilt[19] as well as some basic theorems.
Constraint qualifications and critical point sets Define for x̄ ∈ M(t̄) the index set of active inequality
constraints as

J0(x̄, t̄) = {j ∈ J1|vj(x̄, t̄) = 0}.

The following constraint qualifications are well-known:
The Linear Independence constraint qualification (briefly, LICQ) is said to hold at x̄ ∈ M(t̄) if the

partial derivatives Dxui(x̄, t̄), i ∈ I1, Dxvj(x̄, t̄), j ∈ J0(x̄, t̄) are linearly independent.
The Mangasarian-Fromovitz constraint qualification (briefly, MFCQ) holds at x̄ ∈ M(t̄) if
(i) Dxui(x̄, t̄), i ∈ I1 are linearly independent and
(ii) there exists a vector ξ ∈ Rn such that

Dxui(x̄, t̄)ξ = 0, i ∈ I1; Dxvj(x̄, t̄)ξ < 0, j ∈ J0(x̄, t̄).

Following [14, 19], a point (x̄, t̄) is called a generalized critical (briefly, gc) point of P (t̄), if x̄ ∈ M(t̄)
and the partial derivatives Dxf(x̄, t̄), Dxui(x̄, t̄), Dxvj(x̄, t̄), i ∈ I1, j ∈ J0(x̄, t̄) are linearly dependent, i.e.
there exist multipliers η0, ηi, ρj , i ∈ I1, j ∈ J0(x̄, t̄)— not all of them vanishing—such that

η0Dxf(x̄, t̄) +
∑
i∈I1

ηiDxui(x̄, t̄) +
∑

j∈J0(x̄,t̄

ρjDxvj(x̄, t̄) = 0. (1)

Hence, if x̄ is a local minimizer or a stationary point of P (t̄) (i.e. η0 ≥ 0, ρj ≥ 0, j ∈ J0(x̄, t̄) in (1), then
(x̄, t̄) is also a generalized critical point of P (t̄). Define the following unfolded sets:∑

gc = {(x, t) ∈ Rn ×R|(x, t) is a gc point of P (t)};∑
stat = {(x, t) ∈ Rn ×R|x is a stationary point of P (t)};∑
loc = {(x, t) ∈ Rn ×R|x is a local minimizer of P (t)}.

The generic class F of Jongen, Jonker and Twilt
Jongen, Jonker and Twilt introduced in [19] an open and dense subset F of C3(Rn×R,R)1+m1+s1 with

respect to the strong (or Whitney-) C3-topology (cf. [18, 20]). This generic subset F can be described by the
topological properties of the corresponding set of gc points. It is important to our context that (f, u, v) ∈ F
implies that

∑
gc is locally the union of finitely many one-dimensional manifolds and, therefore,

∑
gc (with

its subsets
∑

loc and
∑

stat) has an appropriate structure for the application of pathfollowing methods. Now,
we will cite our short resum’e of the class F from [14], for more details we refer to [10, 19].

If (f, u, v) ∈ F , then
∑

gc can be divided into five types of gc points:
Type 1. A point z̄ = (x̄, t̄) ∈

∑
gc is of Type 1 (non-degenerate gc point) if the following conditions are

satisfied: There exist η̄i, ρ̄j ∈ R, i ∈ I1, j ∈ J0(z̄) with

(Dxf +
∑
i∈I1

η̄iDxui +
∑

j∈J0(z̄)

ρ̄jDxvj)|z=z̄ = 0, (2)

LICQ holds at x̄ ∈ M(t̄) (therefore η̄i, ρ̄j , i ∈ I1, j ∈ J0(z̄) are uniquely defined), (3)

ρ̄j , 0, j ∈ J0(z̄), (4)

D2
xL(z̄)|T (z̄) is nonsingular, (5)

where D2
xL is the Hessian of the Lagrangian

L(z) = f(z) +
∑
i∈I1

η̄iui(z) +
∑

j∈J0(z̄)

ρ̄jvj(z),
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and the uniquely determined numbers η̄i, ρ̄j are taken from (2). Furthermore,

T (z) = {ξ ∈ Rn|Dxui(z)ξ = 0, i ∈ I1, Dxvj(z)ξ = 0, j ∈ J0(z̄)}

is the tangent space at z. D2
xL(z̄)|T (z̄) represents W T D2

xLW , where W is a matrix whose columns form
a basis of T (z). The nondegeneracy of a point of Type 1 implies that the subset of

∑
gc which consists of

all points of Type 1 forms a one-dimensional manifold. The points of the Types 2-5 represent four basic
degeneracies (see [19] for more details):

Type 2. violation of (4);
Type 3. violation of (5);
Type 4. violation of (3) and |I1|+ |J0(z̄)| < n + 1;
Type 5. violation of (3) and |I1|+ |J0(z̄)| = n + 1.
We refer to Fig. 2.16 and 2.17 in [14] where for each of the five types the local structure of

∑
gc is

illustrated. The points of the Types 2-5 constitute a discrete subset of
∑

gc; in particular, the whole set
∑

gc is
the closure of the set of all points of Type 1. Therefore, (f, u, v) ∈ F implies an appropriate structure of

∑
gc

for the use of pathfollowing methods.
Let

∑ν
gc be that subset of

∑
gc which consists of all points of Type ν = 1, · · · , 5. Then, define the class

F as

F =

{
(f, u, v) ∈ C3(Rn ×R,R)1+m1+s1 |

∑
gc

=
5⋃

ν=1

ν∑
gc

}
.

The next theorem discusses the assumption that (f, u, v) ∈ F . Denote the space of symmetric n× n-matrices
by Rn(n+1)/2.

Theorem 1. (i) (Genericity theorem, cf. [19]). The class F is C3
s -open and dense in C3(Rn ×R,R)1+m1+s1

where C3
s denotes the strong (or Whitney-) topology.

(ii) (Perturbation theorem, cf. [26]). Let (f, u, v) ∈ C3(Rn × R,R)1+m1+s1 . Then, for almost all
(b, A, c,D, e, F ) ∈ Rn ×Rn(n+1)/2 ×Rm1 ×Rm1n ×Rs1 ×Rs1n, we have

f(x, t) + bT x + xT Ax, u(x, t) + c + Dx, v(x, t) + e + Fx ∈ F.

Here “almost all” means: each measurable subset of

{(b, A, c,D, e, F )|f(x, t) + bT x + xT Ax, u(x, t) + c + Dx, v(x, t) + e + Fx < F}

has the Lebesgue-measure zero.

The Theorem 1 (ii) presents a particular perturbation of (f, u, v) by using additional parameters which
can be chosen arbitrarily small such that the perturbed function vector belongs to F .

The following definition will be used later.

Definition 1. Let Q ⊂ R be an interval. The one-parametric problem P (t) is called regular in the sense of
Jongen, Jonker and Twilt (briefly, JJT-regular) with respect to Q if

(Rn ×Q)
⋂ ∑

gc

= (Rn ×Q)
⋂ 5⋃

ν=1

ν∑
gc

.

Returning to the embedding approach, the next theorem provides some conditions which imply the existence of
a curve in

∑
stat connecting (x0, 0) (x0 is a (known) stationary point of P (0)) with (x∗, 1) (x∗ is an (unknown)

stationary point of P (1)).

Theorem 2. (cf. [7]). Assume that
(C1) M(t) is non-empty and there exists a compact set containing M(t) for all t ∈ [0, 1].
(C2) P (t) is JJT-regular with respect to [0, 1].
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(C3) There exist a t1 > 0 and a continuous function x : [0, t1) → Rn such that x(t) is the unique
stationary point for P (t) for t ∈ [0, t1).

(C4) MFCQ holds at all x ∈ M(t) for all t ∈ [0, 1].
Then there exists a piecewise C3-path in

∑
stat that connects (x0, 0) (with x(0) = x0) with some point

(x∗,1).

The assumptions of the latter theorem are discussed in [7]. However, since (MFCQ) need not hold at a
gc point (x, t) ∈

∑4
gc (cf. [19]), the condition (C4) and, therefore, the existence of a curve in

∑
stat is not

fulfilled generically (i.e. it cannot be ensured by appropriate arbitrarily small C3
s -perturbations). We will come

back to this point later in subsection 3.2.

3 The modified standard embedding and the heuristic method JUMP∗

3.1 The modified standard embedding

In this subsection we recall the modified standard embedding which we will apply numerically to the
solution of the problems (Pµ

i ), i = 1, 2 and which was recently introduced in [13] (see also [23] for the
discussion of similar embeddings). Consider the following nonlinear problem (P ) (in our context we have
(P ) = (Pµ

1 or (P ) = (Pµ
2 ):

(P ) min{f(x)|x ∈ M∗},

where

M∗ = {x ∈ Rn|ui(x) = 0, i ∈ I1, vj(x) ≤ 0, j ∈ J1},

I1 and J1 are defined as in section 2, and f, ui, vj ∈ C3(Rn,R), i ∈ I1, j ∈ J1. Then, for x0 ∈ Rn and
q ∈ R, q > 0 we define the modified standard embedding Pm(t) for (P ) as the following one-parametric
optimization problem:

Pm(t) min{f(x, t)|x ∈ Mm(t)}, t ∈ R,

where

f(x, t) = tf(x) + (1− t)‖x− x0‖2,

Mm(t) = {x ∈ Rn|vj(x, t) ≤ 0, j = 1, · · · ,m1 + s1 + 2},
vi(x, t) = tui(x) + t− 1, i ∈ I1,

vm1 + j(x, t) = tvj(x) + t− 1, j ∈ J1,

vm1+s1+1(x, t) = ‖x‖2 − q,

vm1+s1+2(x, t) = −t
∑
i∈I1

ui(x) + t− 1.

The compactification constraint vm1+s1+1 implies that the feasible set Mm(t) is compact for all t ∈ [0, 1].
A consequence of the latter fact is that Pm(1) and (P ) cannot be equivalent if M∗ is a noncompact set;
however, the similarities of Pm(1) and (P ) are presented in the following list of properties.

Proposition 1. (cf. Propositions 3.1 and 3.2 in [13]). Let q > 0 in Pm(t) be chosen such that M∗ ∩ {x ∈
Rn|‖x‖2 ≤ q} , ∅ and ‖x0‖2 < q. Then, we have:

(a) Mm(t) is nonempty and compact for all t ∈ [0, 1]. In particular, Mm(1) = M∗ ∩ {x ∈ Rn|‖x‖2 ≤ q}.
(b) Mm(t2) ⊂ Mm(t1) for all t1 < t2, t1, t2 ∈ [0, 1].

(c) x0 is the only stationary point (and the only global minimizer) of Pm(0).
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(d) There exists a global minimizer for each Pm(t), t ∈ [0, 1].
(e) If I1 , ∅, then (MFCQ) does not hold at x ∈ Mm(1) for all x ∈ Mm(1).
(f) If I1 , ∅, then Mm(t) = ∅ for all t > 1.

(g) If x0 , 0, then each gc point of Pm(0) is of Type 1.

(h) If x̄ is a stationary point (resp. a local minimizer) of Pm(1) with ‖x̄‖2 < q, then x̄ is a stationary point

(resp. a local minimizer) of (P ).

(i) Mm(1) = M∗ ∩ {x ∈ Rn|‖x‖2 ≤ q} and (x, 1) is a gc point of Pm(1) for each x ∈ Mm(1).

(j) If x̄ is a local minimizer of (P ) and ‖x‖2 ≤ q, then x̄ is a local minimizer of Pm(1).

(k) If x̄ is a stationary point of (P ) and ‖x‖2 ≤ q, then(x̄, 1) is a gc point of Pm(1).

(l) If M∗ ⊆ {x ∈ Rn|‖x‖2 ≤ q}, then Pm(1) and (P ) are equivalent, i.e. f(x, 1) = f and Mm(1) = M∗.

Furthermore, the modified standard embedding has the following two important advantages:
• If Mm(1) , ∅, then Mm(t) , ∅ for all t ∈ [0, 1] under the assumptions of proposition 1. Obviously, the

latter property is a necessary condition for the existence of a curve in
∑

gc (or in
∑

stat or in
∑

loc) connecting
a gc point of Pm(0) with a gc point of Pm(1). As mentioned in example 1, this necessary condition is not
fulfilled in general for other embeddings.

• The modified standard embedding is described by inequality constraints only which allows the appli-
cation of descent methods for the realization of socalled jumps (cf. subsection 3.2).

Now, we discuss the assumption that Pm(t) is JJT-regular with respect to an appropriate interval. As
already mentioned in section 2, the JJT-regularity ensures an appropriate structure for the application of path-
following methods:

∑
gc (and, therefore,

∑
stat and

∑
loc as well) is locally the union of finitely many one-

dimensional manifolds. According to proposition 1 (c) and (g), x0 , 0 is a global minimizer of Pm(0) and
(x0, 0) is a gc point of Pm(0) of Type 1. At t = 1 we have a more disappointing situation: By proposition
3.1 (e), (MFCQ) does not hold at each x ∈ Mm(1): if Pm(t) would be JJT-regular with respect to [0, 1],
then (x, 1) would be a gc point of Type 4 or Type 5 (cf. section 2) for each x ∈ Mm(1) and, as a conse-
quence, Mm(1) would be a discrete set. Since, in general, Mm(1) and M∗ are not discrete sets we consider
in the following theorem the situation that Pm(t) is JJT-regular with respect to the right-open interval [0, 1).
This theorem is an application of theorem 1 (ii) and “almost all” is meant in an analogous way. We use
perturbations which are related to the functions f, ui, vj ∈ C3(Rn,R), i ∈ I1, j ∈ J1 describing problem
(P ) and consider the parameter vector (b, A, c,D) ∈ Rn × Rn(n+1)/2 × Rm1+s1+1 × R(m1+s1+1)n with
D = (d1, · · · , dm1+s1+1), di ∈ Rn, i = 1, · · · ,m1 + s1 + 1.

Theorem 3. (cf. Theorem 3.1 in [13]). For almost all (b, A, c,D) the modified standard embedding with the
perturbed function vector

tf(x) + (1− t)‖x− x0‖2 + (1− t)(bT x + xT Ax);

tui(x) + t− 1 + (1− t)(ci + (di)T x), i ∈ I1;

tvj(x) + t− 1 + (1− t)(cm1 + j + (dm1+j)T x), j ∈ J1;

‖x‖2 − q;

− t
P∑

i∈I1

ui(x) + t− 1 + (1− t)(cm1+s1+1 + (dm1+s1+1)T x)

is JJT-regular with respect to (−∞, 1).

3.2 The heuristic method JUMP∗

According to section 1, in this paper we embed problems (Pµ
i ), i = 1, 2 by applying the modified

standard embedding and solve numerically the corresponding one-parametric optimization problems which
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are assumed to be JJT-regular with respect to [0, 1). For the solution of a one-parametric problem Pm(t) we
use a numerical method which combines a pathfollowing method (called: PATH) and the use of a NLP solver
(called: JUMP) in order to calculate points from different connected components of

∑
gc (or

∑
stat or

∑
loc)

and, finally, to reach the parameter value t = 1. This numerical method is called JUMP and is described with
more details in [13]. In the following we present a short overview on PATH and JUMP and, then, section 4
contains computational results which we obtained by means of a corresponding program package[8].

Assume now that Pm(t) is JJT-regular with respect to [0, 1).
The pathfollowing method PATH

Starting with the gc point (x0, 0) (cf. proposition 1 (c)), PATH calculates for a given interval [ta, tb] ⊂ R,
0 ≤ ta < tb ≤ 1 a numerical description of a compact connected component of

∑
gc ∩(Rn × [ta, tb]); in

particular, it finds a discretization

ta = t0 < t1 < · · · < tn = tb

of [ta, tb] and corresponding gc points for each ti, i = 0, · · · , N . The method uses a predictor-corrector
scheme and a Newton-type corrector ensures superlinear convergence. Note that

∑
gc can also be pathfollowed

locally around turning points (i.e. gc points of Types 2, 3, 4 or 5).
The NLP-solver JUMP

The goal of the combination of PATH and JUMP is to find a numerical description of finitely many
connected components of

∑
gc ∩(Rn × [ta, tb]). The basic idea is the following: If at t = t̄ the point x̄ ∈

Mm(t̄) is not a local minimizer of Pm(t̄) and Mm(t̄) is not a singleton locally around x̄, then we can apply
any descent method (or more general, NLP solver) with the starting point x̄ in order to find another gc point
of Pm(t̄). By the JJT-regularity of Pm(t) with respect to [0, 1), corresponding descent directions can be
explicitely described for each of the five Types ν, ν = 1, · · · , 5 of gc points. Then, after describing numerically
a connected component of

∑
gc ∩(Rn× [ta, tb]) by the pathfollowing method PATH we can choose one of the

gc points of this component as a starting point for an NLP solver in order to obtain a gc point which, hopefully,
belongs to another connected component of

∑
gc ∩(Rn × [ta, tb]): “jump from one connected component to

another one”. Then, PATH is applied again in order to describe the new connected component numerically
(again, we refer to [13] for more details). It is important to note that JUMP∗ is a heuristic method: in case
that Mm(t) shrinks locally to a singleton at t = t̄ (and becomes locally empty for t > t̄) one cannot jump to
another connected component and one cannot continue with pathfollowing for t > t̄ (i.e. the parameter value
t = 1, perharps, cannot be reached). This latter situation may happen at points of Type 4 or Type 5 at which
(MFCQ) does not hold.

4 Computational results

This section contains three numerical examples illustrating the application of the modified standard em-
bedding and the described pathfollowing method with jumps to the solution of (Pµ

i ), i = 1, 2 in order to
realize the objectives (O1) and (O2). These computational tests have been executed by means of the program
package PAFO[8].
Example 2. We consider the following (MOP) which is defined by the objective functions

fi(x) = x2
i , i = 1, · · · , 5

and the constraints

h1(x) = 1−
5∑

i=1

cos(2πxi) = 0,

h2(x) = x3
1 + 2x4x5 + x2 − 23 = 0,

g1(x) = −x1x2 − x3x5 − x4 + 9 ≤ 0.
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We choose x0 = (1, 1, 1, 1, 1) and q = 400 for the modified standard embedding as well as µ =
(9, 11, 6, 4, 4) and λ0 = (1, 1, 1, 1, 1) for the problems (Pµ

i ), i = 1, 2. Then, we obtain
• for the solution of (Pµ

1 ) a path connecting (x0, 0) with the solution point (x∗, 1) (with x∗ =
(2.71156, 2.72236, 0.78439, 1.00500, 0.78173)) which contains seven singularities of Type 2 and one sin-
gularity of Type 3 (cf. Fig. 1 and Tab. 1) and

Fig. 1. Solution curve of the component x2 for (Pµ
1 )

Table 1. Singularities of the solution curve for (Pµ
1 )

t x1 x2 x3 x4 x5

0.00000 1.00000 1.00000 1.00000 1.00000 1.00000
TYPE 2 0.03846 0.96154 0.96514 0.96514 0.96514 0.96514
TYPE 2 0.15302 2.17631 0.62195 0.55513 1.35757 1.35757
TYPE 2 0.18317 2.28886 1.07369 0.54668 1.34670 1.34671
TYPE 3 0.05664 1.31089 1.10018 0.66968 1.23537 1.23537
TYPE 2 0.19833 2.25156 1.28361 0.54274 1.34016 1.34016
TYPE 2 0.21219 2.24067 1.38966 0.60302 1.36385 1.34251
TYPE 2 0.85993 2.69208 2.57243 0.85617 1.13775 0.90423
TYPE 2 0.96912 2.71504 2.68716 0.80387 1.02039 0.81106

1.00000 2.71156 2.72236 0.78439 1.00500 0.78173

• for the solution of (Pµ
2 ) a path connecting (x0, 0) with the solution point (x∗∗, 1) (with x∗∗ =

(2.76227, 2.34250, 1.22401, 1.11606, 1.15468)) which contains five singularities of Type 2 (cf. Fig. 2 and
Tab. 2).

In the following two examples we only consider the problem (Pµ
1 ).

Example 3. We consider the following MOP with the objectives

f1(x1, x2) = (x1 − x2)2, f2(x1, x2) = −(x1 + x2)2

and the constraints

g1(x1, x2) = −4x2
1 + 9x2

2 + 16x1 − 72x2 + 164 ≤ 0

g2(x1, x2) = (x1 − 1)2 + (x2 − 2)2 − 225 ≤ 0
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Fig. 2. Solution curve of the component x2 for (Pµ
2 )

Table 2. Singularities of the solution curve for (Pµ
2 )

t x1 x2 x3 x4 x5

0.00000 1.00000 1.00000 1.00000 1.00000 1.00000
TYPE 2 0.03846 0.96154 0.96514 0.96514 0.96514 0.96514
TYPE 2 0.21050 2.22600 1.35163 0.61507 1.39175 1.39175
TYPE 2 0.21078 2.22726 1.35042 0.61573 1.39110 1.39110
TYPE 2 0.77416 2.73603 2.17302 1.26271 1.16887 1.26250
TYPE 2 0.86375 2.77489 2.18992 1.26376 1.16839 1.26376

1.00000 2.76227 2.34250 1.22401 1.11606 1.15468

We choose x0 = (−9, 1), q = 1000 and µ = (10,−10). Then, after following a path we jump at t = 0.0911
and obtain finally the goal realizer x∗ = (6.58, 3.42) (cf. Fig. 3 and 4 as well as Tab. 3)

Table 3. Solution curve in example 3

t x1 x2

0.0000 -9.0000 1.0000
TYPE 2 0.0110 -9.0000 1.0000
TYPE 2 0.0608 -6.5227 -1.4772
TYPE 5 0.1200 -2.8980 1.2655
TYPE 4 0.0909 -1.9711 1.9703
TYPE 5 0.1303 -1.1297 2.9537
JUMP 0.0911 -1.8901 2.0419
JUMP 0.0911 7.2315 2.7685

1.0000 6.5800 3.4200

Example 4. We consider the following MOP with the objectives

f1(x1, x2) = x1, f2(x1, x2) = x2

and the constraints
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Fig. 3. Solution curve of the component x2 in example 3

Fig. 4. Solution curve of the component x1 in example 3

g1(x1, x2) = −16x2
1 + 4x2

2 + 64 ≤ 0

g2(x1, x2) = 4x2
1 − 16x2

2 + 64 ≤ 0

g3(x1, x2) = x2
1 + x2

2 − 100 ≤ 0

We choose x0 = (4, 2), q = 1000 and µ = (3,−5). Firstly, we followed only a path consisting of
stationary points. However, we did not reach t = 1 since the path terminated at a point of Type 5 where a
jump is not possible (cf. Fig. 5 and Tab. 4)
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Fig. 5. The curve of stationary points (component x1) in example 3

Table 4. The curve of stationary points in example 3

t x1 x2

0.0000 4.0000 2.0000
TYPE 2 0.0154 4.0000 2.0000
TYPE 2 0.1155 3.7667 2.6586
TYPE 5 0.1223 2.1761 2.1761

Then, secondly, we followed pathes of gc points but also in this case we did not reach t = 1 and, therefore,
we did not obtain a goal realizer (cf. Fig. 6 and 7 as well as Tab. 5).
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