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Abstract. Reconstructing low-dose computed tomography (CT) images is an unstable inverse problem, due
to the presence of noise. To address this problem, we propose a new regularized reconstruction method that
combines features from the Filtered Back-Projection (FBP) algorithm and regularization theory. The filtering
part of FBP comprises Fourier-domain inversion followed by noise suppression based on thresholding
procedure in complex wavelet domain. The proposed method exploits the properties of dual tree complex
wavelet transform (DT-CWT) to remove blurring and noise without the need for assuming a specific noise
model. Furthermore, it uses an adaptive shrinkage function based on median, mean and standard deviation of
wavelet coefficients to suppress noise while preserving the sharpness of the reconstructed image. The
efficacy of the proposed method was assessed with projections simulated from Shepp-Logan Phantom.
Simulation results confirm that the proposed method produces consistently good reconstruction in terms of
suppressing noise and preserving resolution in the reconstructed images.

Keywords: tomography reconstruction, FBP, regularized inverse filter, dual tree complex wavelet, wavelet
denoising.

1. Introduction

Low-dose CT imaging is clinically desired and has been under investigation in the last decade [1].
Reconstructing the low-dose (either low mA or shorter acquisition period) CT images in the presence of
additive noise is an ill-posed inverse problem. This requires a regularization of the reconstructed noise
component, to achieve images with high spatial resolution and acceptable signal-to-noise ratio (SNR).
Standard regularization methods include FBP with non-linear filtering corrections, expectation-maximization
(EM) and maximum a posteriori (MAP) estimators [2-4]. Most of these existing techniques uses a priori
information of random image field (RIF) and operates on the entire sinogram, rather than on projections
individually. To address these limitations in terms of poor performance, instability and computational
complexity, recent work has focused on a new family of regularizing methods based on wavelet analysis
[5-7]. The main drawback with these existing wavelet based regularized methods is that the frequency
resolution is constrained to octave bandwidth for sufficient implementation [8]. We propose here a
reconstruction method which is particularly well adapted to this situation. It takes the advantage of
Fourier-domain regularization bespoke to the convolution system to control the noise but uses it sparingly to
keep the accompanying smearing distortions to the minimum required. The bulk of the noise removal and
signal estimation is achieved using complex wavelet shrinkage. The present work also exploits the properties
of DT-CWT viz. excellent directionality and explicit phase information to remove blur and noise without the
need for assuming a specific noise model. By means of projections corrupted with different noise levels, the
proposed method was assessed for simulated Shepp-Logan phantom reconstruction. The results demonstrate
that even under high noisy condition, the present method resulted in an image with suppressed noise, as well
with compromised spatial resolution.
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2. A New Reconstruction Methodology
2.1. Theory of FBP

Radon transform is often used to model tomographic projection process for deterministic reconstruction of
medical images [9]. The Radon transform of a two-dimensional function f (X, y) is given by the collection
of its projections, each ray is indexed by its distance to the origin and its angle [10], defined as

p(&.0) = [ F(x,y)5((xcos g+ ysin p) — &)dxdly ®

where ¢ is the Dirac delta function. An attractive feature of this transform is that it has an exact inversion
formula. The digital implementation of (1) leads to the standard filtered back-projection (FBP) algorithm
[11], which is carried out in two-steps. The first step, filtering part, multiplies the projections with filter
kernel in frequency domain given by

P(,9) = FT[FT[p(, )] * H ()] (2)

where H (&) denotes the filter function. The second step, the back projection part, propagates the measured
sinogram back into the image space along the projection paths given by

Feap (X, ) = [ P(xcos g +sin g, p)d g ®)

The basic blur function required for deconvolution results from the backprojection step. The
backprojection blur function for large number of projections is approximately ror the inverse of the spatial
polar co-ordinate radius. Consequently, back-projecting in the presence of additive noise is an ill-posed
inverse problem, which means that regularization has to be incorporated in the reconstruction procedure.

2.2. Regularization in FBP using Complex Wavelets

Wavelets have been previously introduced in tomography by a large number of researchers. The most
widespread application of wavelets in tomography is local reconstruction [12, 13]. The standard
implementation of FBP using wavelet transform was proposed in [14]. Few other authors have used wavelet
methods to implement a post-filtering of a reconstructed image after it was reconstructed by a standard
algorithm. Recently, the wavelet-vaguelette decomposition (WVD) [15] was applied to regularize FBP
[16-18]. The main drawback with WVD method is that the noise variance becomes large when the system
function contains zeros; making the method ill-posed. These problems are solved effectively in the present
work by applying complex wavelet transform (CWT). In CWT, filters have complex coefficients as well
generates complex output samples. However, a further problem arises in achieving perfect reconstruction for
complex wavelet decomposition beyond level 1. To overcome this, Kingsbury [19] have recently developed
the DT-CWT, which allows perfect reconstruction while still provides the other advantages of complex
wavelets. Hence, the present work applies DT-CWT to regularize the filtering part of FBP and is
summarized below:

1. Regularization by complex wavelet denoising: The actual denoising is achieved by thresholding
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the coefficients with thresholds that are scale-wise adaptive, depending on standard deviation (o),
absolute mean (u) and absolute median (M) of wavelet coefficients of the scale. To compute a
complex threshold, the method has been extended to both real and imaginary domain, as in [20].
The value of threshold for real part is calculated as

Treal = 1 e M
2 1

real (4)

real

The threshold value for imaginary part is calculated as

T — 1 Jimag
imag
2 :uimag

M imag (5)

2. Wauvelet Filtering: After computing the complex threshold values, the wavelet coefficients are
filtered in wavelet domain to give real and imaginary part of wavelet coefficients for deblurred
image as follows

T2
W ZW real (6)
d_real o_real 2 2
Treal + O-n
T2
Wd imay =W, g =7 ()
_Imag 0_limag -2 2
Timag + O-n

3. Results and Discussion

We carried out tests with the Shepp-Logan phantom consisting of 10 superimposed ellipses [21]; a model
used in tomography for evaluating properties of reconstruction algorithms. The phantom was discretized into
a 128x128 image. Projection data were simulated by applying radon transform to the phantom, using 60
angles and 185 radial samples of projections. To evaluate the performance of the proposed approach under
noisy condition, the simulated projection data were contaminated by multiplicative noise with different SNR.

The applicability of the proposed algorithm for tomographic reconstruction as well the metrical
performance in terms of signal-to-noise ratio is exhibited in Fig.1. To obtain comparably best possible PSNR,
the filter for FBP reconstruction and thresholding strategy for WVD reconstruction are optimized. Despite
that the PSNRs of the FBP-reconstructed image and the WVD-reconstructed image are respectively 32.1 dB
and 31.4 dB, the PSNR of the proposed algorithm is 35.6 dB. With visual inspection of Fig.1, we can
observe that the FBP-reconstructed image is corrupted by a significant amount of noise which cannot be
reduced unless the reconstructed image becomes extremely smoothed. As well, the WVD-reconstructed
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images are corrupted by artifacts and their smaller structures are more difficult to detect than in image
reconstructed by proposed algorithm.

Fig.1: Reconstruction from noisy projections of Shepp-Logan phantom. The original phantom image (A) resembling the
human brain features along with its cranial contour (B) is shown in row 1. The head phantom images reconstructed
using standard FBP (C), WVD (D) and proposed algorithm (E) in row 2.

From the results depicted in Fig.1, we can infer that the standard FBP responds to noise and shows
degradation in reconstruction quality under noisy condition. This may pose problems if the spin probe
localizes selectively in a particular organ while whole-body imaging is performed. On other hand, WVD
outperforms FBP in suppressing the noise but produces strip artifacts all over the ROI in the images
reconstructed. However, the reconstruction with proposed algorithm offered better image quality in terms of
SNR.

4. Conclusions

We have presented a new regularization method for tomography which combines features from the FBP
algorithm and regularization theory. The filtering part of FBP performs Fourier-domain inversion followed
by noise suppression in complex wavelet domain to provide a good estimate of the original image even with
ill-conditioned systems. The preliminary results shown in this paper are extremely encouraging, and seem to
indicate that a substantial improvement of the stability of the reconstruction and of quality of the image can
be expected, especially under low dose imaging.
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