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Abstract: In this paper, the control of energy resource chaotic system is investigated by time-
delayed feedback control (TDFC) method. The controllability and the stability of the equi-
libriums of the system are verified. Several stabile periodic orbits are got in the numerical
simulations, which shows the effectively of TDFC method.
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1 Introduction

Chaos is sometimes undesirable,because a nonlinear system in the chaotic state is very sensitive to its
initial condition and chaos causes often irregular behaviors in practical systems. Thus one may wish to
avoid and eliminate such behaviors. Chaos control has attracted a great deal of attention from various fields
since Huber published the first paper on chaos control in 1989 [1]. Over the last decades, many methods
and techniques have been developed, such as OGY method [2], active control [3], observer-based control
[4], feedback and nonfeedback control [5-8], inverse optimal control [9], adaptive control [10-11], etc.

Recently, time-delayed feedback control (TDFC) has provoked a renewal of interest within the context
of chaotic dynamical systems [12]-[15].

We found an energy resource chaotic attractor which is a third order autonomous system; it displays
very complex dynamical behaviors. We achieved chaotic synchronization for the energy resource system
by applied the modified adaptive synchronization. Chaos in energy resource chaotic system is controlled to
equilibrium points or periodic orbits by using feedback control and adaptive control [16-19].

This paper attempts to continue the study of chaos control problems of the energy resource chaotic
system, by a time-delay feedback control technique. This paper is organized as follows. Section 2 briefly in-
troduced the energy resource chaotic system. Time-delayed feedback control of the energy resource chaotic
system is investigated in Section 3. Numerical simulation is presented in Section 4. The brief conclusions
are finally given in Section 5.

2 Energy resource chaotic system

Energy resource chaotic system [16] is described by the following system of differential equations:

B —az(l—3) —aly+2)
W = —byy — boz + bsz [N — (z — 2)] M
dz

% = a1z (car — ¢3)
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where x (t) is the energy resource shortage in A region, y (¢) is the energy resource supply increment in B
region, z (t) is the energy resource import in A region; a;, b;, ¢;, M, N are positive real constants. This
system has three equilibria:

0(0,0,0),81 = (z1,91,21) , 52 = (22, Y2, 22) ,

where
CLngMN — alblM a163 (M — N) (agbgMN - alblM)
T = Y1 = 3 21 =05
agbgM — a161 (agb3M — albl)
e [% (1 —%2) (bswg — bg) — bawy + b3N} T2 “;—;’1@ (1—%2) — b3Naxo + by}
x2_62,y2— by + b3wy — bo 2= by + b3xa — bo '

From [16], this system has a chaotic attractor when a; = 0.09, a2 = 0.15,b7 = 0.06, b2 = 0.082,b3 =
0.07,¢; = 0.2,c9 = 0.5,¢3 = 0.4, M = 1.8, N = 1 and initial condition [0.82,0.29, 0.48]. The value of
Lyapunov exponents of this system is obtained as (0.068,0.016, —0.016). We obtain the equilibrium points
0(0,0,0), 51(0.68,0.2539,0), S2(0.8,0.1255,0.1412), which are unstable.

3 Time-delayed feedback control of the energy resource chaotic system
We consider a general continuous-time nonlinear dynamical system
i‘:f(df,t),x(to):onRn (2)

Suppose that this system has an (unstable) periodic solution Z () and x (¢) is currently in a chaotic state.
The task is to find a TDFC (with a proper delay-time 7 > 0)

u(t) =K (z(t) -z (t-71)) 3)
to be added to f (z,t) so that the controlled system orbit can track the target:

lim [l (1) ~ 7 (1)) = 0 @

where ||y (t)] = [y (t)y (t)] /2 5 the Euclidean norm, which is a function of time. The design problem is
then to determine the control gain matrix K to achieve the goal (4).
Since the controlled system is

t=f(z,t) + K(x(t)—x(t—1)) %)
and the periodic orbit is a solution of the original system, namely,
x = f(z,1) (©)
subtracting (5) from (6) yields the error dynamical system
é=F(e,t)+ K(z(t)—z(t—1)) (7)

where e = — T and F (e, t) = f (x,t) — f (z,t) = f(e+ Z,t) — f (Z,1).

Proposition ['°: Suppose that the given system (2) is autonomous. Let J (z) = f (z) = %&x) be the
system Jacobian and assume that J (z) is uniformly bounded by a constant matrix Jy, namely, J () < Jy
forall x (t) and all ¢ : o < t < oo. Then there is always a constant control gain matrix K such that the
controlled orbit of system (5) is driven to approach a limit set in the phase space.

Proof: According to the fundamental theory of differential equations, the solution of the linearized

system of (5) is

t
2 (1) = et @+K] / cE=I@HEN K (3 () — @ (5 — 7)) ds

to

which satisfies
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t
/ U= @HEI (3 (5) — 2 (s — 7)) ds

to

& (O] < @D g 1 \

where both z (t) and x (t — 7) are chaotic, hence, are uniformly bounded in the phase space so that the
above integral term converges. So is bounded. Since the real parts of all eigenvalues of [Jy + K| can be
made negative by a suitable K, the first term on the right hand side of the above inequality tends to zero as
t — oo. This implies that the controlled orbit is always bounded and is always pointing inward in the phase
space. It then follows the extended Poincare-Bendixson Theorem [20] that the controlled orbit approaches
a limit set in the phase space.

Let system (1) be controlled by a time-delayed feedback control of the form:

L —mar(1-45) —ax(y+2) —kalx(t) —z(t—7)]
Y = —bry — byz + bgz [N — (z — 2)] )
% =1z (cor — ¢3)

(1) The Jacobian matrix of the system (8) at the point O (0, 0,0) is

a1 — kg, —as —as
Jo+ K, = | b3 —b1  —bo
0 0 —c1c3

It has the characteristic equation

F ) = (A+cies) (A + (ka + b1 — a1) A+ aghs + bika — aiby) =0 )
—k, 0 0

According to Proposition, it is sufficient to determine a control gain matrix K, = | 0 0 0],so
0 0 0

that the matrix Jy + K has all eigenvalues with negative real parts. When a; = 0.09, as = 0.15, b; = 0.06,
ba = 0.082, bs = 0.07, ¢y = 0.2, co = 0.5, c3 = 0.4, M = 1.8, N = 1, by calculations, we can obtain
ke > 0.03, which satisfies the required condition in Proposition. Therefore, it achieves the intended chaos
control to O (0, 0, 0) or a periodic orbit.

(ii) The Jacobian matrix of the system (8) at the point S7 = (x1,y1, 21) is

a1 (1-32%) —k, —ax —ap
J1+ K, = b3 (N — 233) —b;  —by + b3x
0 0 c1 (cox — c3)

When we fix parameters as above, we obtain the equilibrium point .S; (0.68, 0.2539, 0). By calculations,
we can obtain the characteristic equation of the Jacobian matrix of the system (8) at .Sy

(A +0.012) (A% + (kg + 0.038) A + 0.06k, — 0.0051) = 0.

According to Proposition and Routh-Hurwitz criteria, the equilibrium point S is asymptotically stable
if the following conditions are satisfied:

ke, +0.038 >0
0.06k, — 0.0051 > 0

We can obtain k, > 0.085, which satisfies the required condition in Proposition. Therefore, it achieves
the intended chaos control to S7 or a periodic orbit.
(iii) The Jacobian matrix of the system (8) at the point So (2, y2, 2z2)is

aq (1 — QMI) — ]{Ia —a2 —ag
Jo+ K,= 1| b3 (N —2x + Z) —by  —by + b3z
c1C22 0 0
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When we fix parameters as above, we obtain the equilibrium point S3(0.8, 0.1255, 0.1412). By calcula-
tions, we can obtain the characteristic equation of the Jacobian matrix of the system (8) at Sy

A3+ (kg + 0.05) A2 + (0.06k, — 0.0033) X + 0.000072 = 0.

According to Proposition and Routh-Hurwitz criteria, the equilibrium point Sy is asymptotically stable
if the following conditions are satisfied:

kg +0.05 > 0
0.06k, — 0.0033 > 0
(kq + 0.05) (0.06k, — 0.0033) > 0.000072

We can obtain k, > 0.0654, which satisfies the required condition in Proposition. Therefore, it achieves
the intended chaos control to .So or a periodic orbit. Completely similarly, let system (1) be controlled by a
time-delayed feedback control of the form:

‘fi—f:alx(l—%)—@(y—i—z)
= by bz boa [N = (0= 2)] = ko [y ()~ (¢ = 7) (10)

% = a1z (cor — c3)

(iv) The Jacobian matrix of the system (10) at the point O (0, 0, 0) is

a; —a —as
Jo+Ky=| b3 —by—Fk, —bo
0 O —cic3

It has the characteristic equation

f ()\) = ()\ + 6103) (/\2 + (bl — al + kb) )\ + a2b3 — a161 — a1kb) = 0

When we fix parameters as above, we can obtain the characteristic equation of the Jacobian matrix of
the system (10) at O (0, 0,0)

(A+0.08) (A% + (kp — 0.03) A + 0.0051 — 0.09k,) = 0

By calculations, we can obtaink, € (0.03,0.0567), satisfies the required condition in Proposition.
Therefore, it achieves the intended chaos control to O (0, 0, 0)or a periodic orbit.
(v) The Jacobian matrix of the system (10) at the point S1 = (21, y1, 21) i8

w(-%) e o
J1+ Ky = b3 (N — 2.%') —by — kp —bo+ bsx
0 0 c1 (coz — ¢3)

When we fix parameters as above, we obtain the equilibrium pointS;(0.68, 0.2539, 0). By calculations,
we can obtain the characteristic equation of the Jacobian matrix of the system (10) at Sy

(A +0.012) (A2 + (kp + 0.038) A — (0.022k;, + 0.0051)) = 0.
According to Proposition and Routh-Hurwitz criteria, the equilibrium point .S is asymptotically stable
if the following conditions are satisfied:
ky +0.038 > 0
—0.022k, — 0.0051 > 0

Therefore, for any k; and 7, the system (10) is impossible to be controlled to .S;.
(vi) The Jacobian matrix of the system (10) at the point Sy (z2, y2, 22)is

w(i-F¥) e o
Jy+ Ky =| bsg (N —2x+ Z) —b1 —ky —by+ b3z
c1022 0 0
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When we fix parameters as above, we obtain the equilibrium point S3(0.8, 0.1255, 0.1412). By calcula-
tions, we can obtain the characteristic equation of the Jacobian matrix of the system (10) at So (x2, y2, 22)

A3 4 (0.05 + kp) A2 — (0.0032994 + 0.01k) A + 0.000072 + 0.002118%k;, = 0.

According to Proposition and Routh-Hurwitz criteria, the equilibrium pointSsis asymptotically stable if
the following conditions are satisfied:

ky +0.05 > 0

— (0.0032994 4 0.01k,) > 0

0.000072 + 0.002118k, > 0

— (ko + 0.05) (0.0032994 + 0.01k;) > 0.000072 + 0.002118k;,

Therefore, for any k; and 7, the system (10) is impossible to be controlled to .S5.

4 Numerical simulations

Numerical experiments are carried out to integrate the controlled system by the MATLAB. The para-
meters are chosen as a; = 0.09, ao = 0.15, by = 0.06, b = 0.082, bg = 0.07, cg = 0.2, co = 0.5,
c3 = 0.4, M = 1.8, N = 1 to ensure the existence of chaos in the absence of control. Let initial states
x = 0.6,y = 0.16,z = 0.07, when k, = 0.04, 7 = 30 achieves the intended chaos control to O (0,0, 0)as
shown in Fig.1; when k, = 0.04, 7 = 39.8, chaos of the controlled system (8) is suppressed to a limit cycle
as shown in Fig.2; when k;, = 0.05,7 = 4.8, chaos of the controlled system (10) is suppressed to a limit
cycle as shown in Fig.3.

Figure 1:
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Figure 2: The limit cycles of the controlled Figure 3: The limit cycles of the controlled
system (8) for k, = 0.04, 7 = 39.8. system (10) for &k, = 0.05, 7 = 4.8.
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5 Conclusions

The control problem of energy resource chaotic system is investigated. We construct the time-delayed
feedback controller which can render the energy resource chaotic system asymptotically stable. The several
stabile periodic orbits are obtained in the numerical simulations. The results showed the validity of the pro-
posed controllers.
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