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Abstract: Linear system with M-matrices often appear in a wide variety of areas. In this
work, we propose a new preconditioner for solving the system with nonsingular M -matrix. We
show that our preconditioner increases the convergence rate of basic iterative methods. We also
give a comparison between preconditioners with different parameters. Numerical results are
also given.
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1. Introduction

Consider the linear system
Ar=b, A= (aij) S Ran’ beR" (1.1)

where A is a nonsingular matrix.

This system can arise from many practical problems, when we discrete corresponding differential equations[1,
2,11, 13, 3].

For simplicity, in the following discussion, we assume that A has unit diagonal entries and consider
usual splitting

A=I1-L-T,

where —L and —U are strictly lower and strictly upper triangular parts of A, respectively.
The standard AOR(accelerated overrelaxation ) iterative methods [6] is defined as

e = £ 2@ (I —yL)wb, i=0,1,2, - (1.2)
with iteration matrix
Lyw=T=~L) (1 =)+ (w—7)L+wU], (1.3)

where w and +y are real parameters with w # 0.

It is well known that for certain values of the parameters w and 7y, we can obtain successive overrelax-
ation (SOR), Gauss-Seidel, JOR and Jacobi methods. To improve the convergence rate of the basic iterative
method , several preconditioned iterative methods have been proposed [4, 5, 7, 8, 9, 10, 14, 15]. The main
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L. Wang: Comparison Results for AOR Iterative Method with a New Preconditioner 17

idea of these preconditioned iterative methods is to transform the original system into the preconditioned
form

PAz = Pb, (1.4)

where P € R™ ™ is nonsingular. We call the basic iterative methods corresponding to the preconditioned
system the preconditioned iterative methods, such as the preconditioned Jacobi method, the preconditioned
Gauss-Seidel method, etc.

In this paper, we introduce the preconditioner as follows

1 —aipa12 -+ —01n-1010-1 —Q1p01n

0 1 .- 0 0
Pla)=I1+S(a)=] : : : : :

0 0 -1 0

0 —Qn2an2 " —0pn-1Ann—1 1

and consider the convergence of preconditioned AOR iterative method. Here, we denote
2n—3
a = [06172,“’ y X, On 2, - aan,n—l} eER )

where a; j = 0ifa;; =0,i=1,n,j =2,--- ,n—1.

For convenience, some notations, definitions and some results that will be used in the following parts are
given below. A matrix A is called nonnegative, semi-positive and positive if each entry of A is nonnegative,
nonnegative but at least a positive entry and positive, respectively. We denote them by A > 0, A > 0 and
A > 0. Similarly, for n-dimensional vectors z, by identifying them with n x 1 matrices, we can also define
x > 0,2 > 0and z > 0. Additionally, we denote the spectral radius of A by p(A).

Definition 1.1 A matrix A = (a;;) is called a Z-matrix if for any i # j, a;; < 0; a nonsingular M-matrix
ifA=sI—B,B>0ands > p(B).

Definition 1.2 Let A be a real matrix. The splitting A = M — N is called
(a) nonnegative if M—'N > 0.
(b) weak regular if]W_1 >0and M—1N > 0.
(c) regularif M—' > 0and N > 0.
(d) M-splitting if M is a nonsingular M-matrix and N > 0.
Theorem 1.3 [5] Let A be a nonnegative matrix.
(a) If ax < Ax for some nonnegative vector x,x # 0, then a < p(A).
(b) If Ax < [ for some positive vector x, then p(A) < (. Moreover, if A is irreducible and if
0+# axr < Ax < Bz
for some nonnegative vector x,then o < p(A) < [3, and x is a positive vector.

Lemma 1.4 [10] Let A = M — N be an M-splitting of A. Then p(M~'N) < 1 if and only if A is a
nonsingular M-matrix.

Theorem 1.5 [12] Let A be a nonnegative n X n matrix,then
(1) A has a nonnegative real eigenvalue equal to its spectral radius p(A).

(2) To p(A), there corresponds a nonzero eigenvector x > 0;
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(3) p(A) does not decrease when any entry of A is increased.

Theorem 1.6 [12]If A > 0is an n X n matrix, then the following are equivalent:
(1) a> p(A)
(2) ol — Ais nonsingular, and (oI — A)~! > 0.

Theorem 1.7 [1] Let A be a Z-matrix. Then the following statements are equivalent:
(1) A is a nonsingular M-matrix;
(2) There is a positive vector x such that Az > 0 ;

(3) There exists an inverse -positive matrix B and a nonsingular M-matrix C such that A = BC.

Lemma 1.8 [7] Let A1, Ay € R™™, and that A; = M; — N;,i = 1,2, are nonnegative splitting, that
is T, = M;7'N; > 0,5 = 1,2. If the Perron eigenvector zo(> 0) of Ty satisfies T1zy < Thzo then
p(T1) < p(T3).

This paper is organized as follows. In Section 2 we will discuss the convergence and monotone of the
preconditioned AOR iterative methods. Numerical results are then presented in Section 3.

2. Convergence and monotone of AOR iterative methods with the preconditioner (I + S(«))
Applying P(«) on (1.1) we obtain the equivalent linear system
A(a)z = b(a) 2.1)
with A(a) = (I + S(a))A and b(a) = (I + S(a))b, where, if needed, we will write

A(e) = D(a) — L(e) — U(), (2.2)

with D() is diagonal and L(c) and U () strictly lower and strictly upper matrices.
The elements a;;(c) of A(c) are given by the expressions:

Qg5 2 < ) S n — 1,
n
~ aij— Y, 0 a1 kaE; =1,
aij(@) = =2 (2.3)
n—1
Ap,j — Oy kOp Ak j 1= N.
k=2

In the following discussion, A is a Z-matrix. To preserve the nonpositivity of all the off-diagonal
elements and the Z-matrix character of A(«), we assume that [0,--- ,0] < o < [1,---,1].
Then, if we define

n n—1
D, = diag( ) a1,01k0k1,0, 0, D okl kkn),
k=2 k=2

S(a) = Sl(a) + SQ(Q),
2.4)
S1()U = Ei(a)+ Fi(a)+ Gi(a),

Sa(a)L = Es(a)+ Fa(a) + Ga(w),
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where E(«) and Es(«) are diagonal matrices, Fi(«), Fo(«) and S () are strictly lower triangular, while
Gi(a) , Go(«) and Sa(«v) are strictly upper triangular. the three matrices on the right hand side of (2.2) are
given by

D(a)=1— Dy =1I—Ei(a)— Exya),

L(a) =L — Si(a) + Si(a)L + Fi(a) + Fa(a), (2.5)

U(a) = U — Sy(a) + Sa(a)U + G1(a) + Ga(a).

The elements of L () and U(c) are non-negative.

In this section, we will show that AOR type iterative method for preconditioned linear system (2.1) is
asymptotically faster than that for the original system (1.1).

The AOR method of (2.1) is defined as

m(i—i—l) _ ﬁV

w(@)z® + (D(a) = vL(e)) 'wb, i=0,1,2,- (2.6)

)

where

Lyw(@) = (D(a) = yL(a) H[(1 — w)D(@) + (v — y)L(a) + wU(a)]. 2.7
We first give a Lemma which is needed in the sequel.

Lemma 2.1 Let A = (a;;) € R"*" be a nonsingular M-matrix and 0 < v < w < 1, w # 0. Then, for
0<a;; <1, (I+S())A s also a nonsingular M-matrix.

Proof. Since A = (a; ;) € R™*" is a nonsingular M -matrix, by Lemma 1.7, there exists 2 > 0 such that
Az > 0. Then (I + S(«))Ax > 0. From (2.3), it is easy to see that (I + S(«))A is a Z-matrix. The result
is directly obtained from Theorem 1.7. g

Our main result in this section is as follows.

Theorem 2.2 Let A = (a;;) € R™™" be a nonsingular Z-matrix and 0 <y <w < 1, w # 0.

(a) If p(Ly ) < 1, then forany [0,--- ,0] < a < [1,---,1] € R*"73, we have

p(Lyw) < p(Lyw) < 1.

n n—1
(b) If p(Lyw) > 1, Y- arpapy < land ) appag, <1, then forany [0,--- ,0] <a <[1,---,1] €
k=2 k=2
R27=3 e have

P(Lyw) = p(Lyw) > 1.

Proof. For the needs of one of our main statements, we consider splittings:

A:M—N:%(I—fyL)—%[(1—w)l+(w—7)L+wU], (2.8)
and
A(a) = B(a) - F(a) = ~[D(a) ~ yE(a)] = —[(1 ~w)D(a) + (@~ 1) E(a) +wT(a). 29

Since A is a nonsingular Z-matrix, 0 < v < w < 1land w # 0, then L, U and N are nonnegative matrices.
Thus the splitting (2.8) is an M-splitting.

For (a), if p(£,,,) < 1. By Lemma 1.4, A is a nonsingular M-matrix. By Lemma 2.1, A(«) is also a
nonsingular M-matrix. So D(a) > 0, L() > 0 and U(a) > 0.
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~ n n—1
By virtue of (2.3), we know that D(«) = diag(l — > o paigagi,1, -, 1,1 = > okl Gk p).
k=2 k=2
n—1
Thus, 1 — Z aj gaigagy > 0and 1 — Y ap gan kak, > 0hold for any [0,---,0] < o < [1,---,1].
k=2 k=2

This implies that D(«) is an invertible positive matrix. On the other hand, since v > 0 and L(c) is
nonnegative, it is obvious that the diagonal elements of F(«) are positive and the off-diagonal elements of
E () are non-positive, i.e., F(«a) is an L-matrix. Since yD~!(a)L(«) is a strictly lower triangular matrix,
p(yD71(a)L(a)) = 0 < 1and yD~(a)L(a) > 0. By Theorem 1.6, we have (I —yD~!(a)L())™t > 0.
Then

E-(a) = (I - yD~'(a)L(a)) D" (a) 2 0,
which means F/(«) is an nonsingular M-matrix.
From (2.3), it is easy to see U(a) > 0for [0,---,0] < a <[1,---,1] and therefore F'(c) > 0. This
implies A(a) = E(«a) — F(«) is also an M-splitting.
n—1
For (b), since [0,--- ,0] < a < [1,---,1], Z aj pak1 < land ) appag, < 1, from above analysis,

k= k=2
we can conclude that A(a) = E(a) — F(«) is an M splitting.

Now, according to Theorem 1.5, there exists a Perron vector x > 0 such that
Lo = plL)a,
where we denote p(L .,) by A. From the expression of £ ,,, we obtain the following equality
[(1 =) + (w—7)L +wU)z = A1 — 7L)z,
which is equivalent to
(1-w—=XNI+(w—vy+ X)L +wUlx=0. (2.10)
Premultiplying (2.10) with S(«) and S2 (), we obtain
(1 -—w—=N)S(a) + (w—v4+M)S(a)L+wS(a)U]z =0 (2.11)
and
[(1—w—A)Sa(a) + (w—7v+ A\y)Sa(a)L + wSa(a)U]z = 0. (2.12)
From (2.11) and (2.12), we can obtain
wl=S(a) + S(a)L + S(a)U)z = [(A = 1)S(a) + (1 — N)S(a) L]z (2.13)

and

(=14 w4+ N)Sz(a) — ng(oz)U]x'

So(a) Lz =
2(c)La w—"7v+ Ay

(2.14)
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Then, we have

Lot — A&
= (D(a) = yL(e)) 7M1 —w)D(@) + (w — ) L(a) + wU(a) = A(D(a) —vL(a))]x
= (D(a) =7L(a))'[(1 =w = M) D(a) + (w = v + M) L(a) + wl (a)]z
= (D(e) =7L(@))'[(1 = w = NI = Ei(a) = Ea()) + (w — 7+ M)(L = Si(a) + Si(a)L
FFL(a) + Fy(a) + (U — Sa(a) + Sa(@)U + G1(a) + Ga(a))]e
= (D(e) =vL(@)) (1 =w = NI+ (w =7y + ML+ wU] +
[—(1 —w =) (Ei(e) + Ez(a)) + (w — 7+ M) (=S1(a) + Si(a) L
+Fi () + Fa(@)) + w(=52(a) + S2()U + Gi(e) + Ga(a))] o
= (D(@) =7L(@)) ' =(1 =w = N (Bi(@) + Ea(a)) + (w — 7 + A7) (=Si(a) + Si(a) L +
Fi(a) + Fa(@)) + w(—=S2(a) + S2(a)U + Gi () + Ga())] }z
= (D(a) = yL(@)) 7' [(A = D(Bi(@) + Ea(a)) + (A = 1)(=S1(a) + Si() L + Fi(a) + Fy(a))
+w(S(a)L + S(a)U — S(a))]x
= (D(a) = yL(@))7'[(A = D(Bi(@) + Ea(a)) +v(A = 1)(=S1(a) + Si(@) L + Fi(a) + Fy(a))
+(A—=1)S(a) +~v(1 = A\)S(a) L]z
= (D(e) = 7L(@)) (A = )(E1(@) + Ea()) + (A = 1)(Fi(a) + Fa(a))
+(1 =)A= 1)S1() + (A = 1)Sa(a) + v(1 — N\)Sa(a) L]
= (D(e) = vL(@)) " (A = )(E1 (@) + Ea() + (A = 1)(Fi(a) + Fa(a))

(=14 w+ A)Sa(a) — wSa(a)U]

HI =)= 1DS1(0) + (= DSa(a) +7(1 - ) oM

|z

= (D(a) = 7L(e) (A = 1)(E1(a) + Ez(a)) + (A = 1)(Fi(a) + Fy(a))

wA = D1 = 7)Sa(e) + 752(04)(]]]3:

H1=9)(A = DSi(a) + e

If A < 1, then Z%wx — A <0,i.e., [',%ww < \z. By Lemma 1.8, we have

p(Lyw) < p(Lyw) < 1.

Similarly, if A > 1, then

Lyor—Ax >0,

ie., Ly ,x > Ax. By Theorem 1.3, we have

p(Lris) 2 (L) > 1.

The proof is completed. [
If we choose v, j = 0,7 = 2,--- ,n—1ora;; =0,j =2,--- ,n, we obtain preconditioner I + S ()

or I + Sa(«), where S1(«) and Sa(«v) are strict lower triangular part and strict upper triangular part of S(«),
respectively.

IJNS homepage:http://www.nonlinearscience.org.uk/



22 International Journal of Nonlinear Science, Vol.2(2006), No.l1, pp.16-28

Corollary 2.3 Let A = (ai;) € R™" be a nonsingular Z-matrix and 0 < v < w < 1, w # 0. If
p(Lyw) < L. then for either preconditioner I + Sy (c) or preconditioner I 4 Sa(cx), we have

P(Lr) < (L) < 1.

Remark 2.4 By choose special parameters, similar results about SOR, JOR, Gauss-Seidel and Jacobi
method can be copied words by words from above Theorem. For simplicity, we omit them here.

We can prove that the spectral radii of the £, ,,(cv) are nonincreasing function of «; ; € [0, 1]. First, we
give our results for preconditioner I + S7(«) and I + Sa(a).

Theorem 2.5 Under the assumptions that A is a nonsingular M -matrix, 0 < v < w < land w # 0, let

/ /

n—1 = ! n—1
a=log, 013, a1, ER and & = [a172’a1,37 . 7041,n] e R .

where both o j and 0/1,]' are zerosifayj =0and [0,--- ,0] < a<a <[l,---,1].
Then, for preconditioner I 4+ S («), we have

P(Lr (@) < (L (@) < p(Ly) < 1. 2.15)

Proof. Note that the AOR iteration matrices associated with any A = D — L — U (D invertible diagonal,
L and U strictly lower and upper triangular), are the same with those associated with D~*A = I — D71 —
D~'U. Next, by virtue of Theorem 2.2 and Corollary 2.3, we know that p(L- ., (@)) < p(£,) < 1, which
implies the AOR iterative method associated a preconditioned A is no worse than the corresponding one of
the unpreconditioned matrix A. Since D! A has the same iteration matrices with A, its elements, denoted
by the same symbols as those of A, are

ai,’i:]w Z:]-a”'7n7 Qi3 = Q4 4, 1#17 3#27
P

- al’jikﬂal‘kal’kak’j . (2.16)
al,j: P ’ ]:27"'7n'
1- o1 ka1,kak1
k=2

Consider the vector 3 € R™~! whose components are defined by

n

B1,; =0, if > ajpaipar;—a1; =0, j=2,---,n
k=2
) " (2.17)
(o1,j—0ay ;)ay; . .
ﬂl,j =P . if Z ()zl,kal’kaw — CLL]' 75 O, ] = 2, e, N
a1 k0] KAk, 5 —0a1,5 k=2
k=2

Apply D~'A the preconditioner I + S7(3), The AOR iterative methods associated with the new precon-
ditioned matrix A(3) = (I 4+ S1(8))D~'A will be no worse than the ones corresponding to D~ A. The

- z—1=
elements a; j of the matrix D A(f3) will be given by the same expression as those in (2.16) where the a; ;’s
will be replaced by a; ;s and the o ;’s by 3; ;°s. The a;,;’s are given by

ai,i:17 ’L.:lv"'?nv di,j:&i,j7 17&17 j%%
P
aij—  P1,kG1kak,;
e L (2.18)
aij = P L y ) =4 y 1.
1= B1,kd1,k0k,1
=2

Substituting in (2.18) the a; ;’s and the 3; ;’s, after some algebra, we end up with:
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&i,’i:L izlv"',”a ai,j:ai,j7 Z#lv ]7527
P
- alj— Q1 P1,kAk,j
al,j: ﬁ_l ) j:27"'7n‘
1— Q; a1,kAk,1
k=2
In fact, (2.17) is equivalent to
n
I
(a1 + Brj — ayj)ar; = B § a1 kA1 KAk G, J =2, ,n,
k=2
which can be written as
((a12+ Big)are, -+, (can+Bin)arn )
a22 a2 az
2 "\ [ a0
az2 as3 as.n
—( «1.20G1,2, cy O1nQln )
0 ﬁl n
an2 0Gn3 an.n '
!
ag e 0
= ( ai 2, cy, Qln ) :
!
0 cay,
Note that
ay;
P
ai,j— a1 ka1 KAk, j
_ k=2
= P
1- Q1,501,k0k,1
k=2 (@] 1
a27]
arj— 12012, ', Q1pdln g §
= o Tmiy
az1
- a1pa12, -+, Q1p0ln 5 §
an,1
and
ai;
a1,5—  B1,k01,k0%,;
_ k=2
= - —
1= B1,kG1,k0k,1
=2 o 1
B1,2a2
a1;— G12, ', Q1n g §
— o ﬂl,n n,J 4
B1,2a2,1
1— a1,27 cee dl,n g §
a
ﬁl,n n,1 o 1
az,j
arj—  (oag+ Pri2)are, -, (ain+Bin)ar, -T (% §
= Bnjy
az,1

1—

o
(ar2+ Bi2)are, -+, (ain+Pin)ar, T %
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where
a2 423 -+ A2n B1o
T - asz2 asz3 - a3n '
= (041,2a1,2, T Oél,nal,n)
0
Gn,2 0Gn3 - Qnn
So, to realize the equalities
ax;
P
a1j= @ p01,k0k,j
_ k=2
= B
1— oy pa1kak
k=2 (0] 1
az,j
li I
arj— Q19012, ', & p01n g §
_ o mh
az,1
! !
1— a1’2a172 a17na1,n 8 §
Qan,1

we only need (2.20). The proof is completed.

ﬂl,n

Theorem 2.6 Under the assumptions that A is a nonsingular M-matrix, 0 < v < w < land w # 0, let

’ ’

n—2 ~
o = [an,27 an,37 o 7an,n—1] S R ) and & = [an72)an737 e,

/

’

where both o, j and «,, ; are zeros if a, j = 0and [0,--- 0] < a<a <[1,---,1].

n7]
Then, for preconditioner I + Sa(«), we have

p(Lrw(@)) < p(Lyw(@)) < p(Lyw) < 1.

n,nfl]

—2
e R4,

(2.21)

Proof. Similar to the Proof of Theorem 2.5 and according to Theorem 2.2 and Corollary 2.3, we know that
p(Lyw(@)) < p(Lyw) < 1, which implies the AOR iterative method associated a preconditioned A(a) is
no worse than the corresponding one of the unpreconditioned matrix A. Since D! A has the same iteration

matrices with A, its elements, denoted by the same symbols as those of A, are

ai,i:]-a Z:L"'anv Q.5 = Q4 5, Z#TL, J#Za
=
Qn,j— A kOn, kAL, j
~ _ k=2 .
an,j— L=l ) j—l,"‘,?’L—l.
1- QAp kOn LAk n
k=2

Consider the vector 3 € R"~2 whose components are defined by

n—1

Bn,j =0, if Y oppanrar; —an; =0, j=2,---

k=2

n—1

!
(an,j—a, ;)an,; . .
Br.i = o1 = if > ank@nkar; —an; #0, =2,

Qn kOn kAk,j —0n,j k=2
k=2

(2.22)

(2.23)

Apply DA the preconditioner [ + Sa(3), the AOR iterative methods associated with the new precon-
ditioned matrix A(B) = (I + Sy(8))D~'A will be no worse than the ones corresponding to D~ A. The
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~ -1z
elements a; j of the matrix D A(/3) will be given by t~he same expression as those in (2.22) where the a; ;’s
will be replaced by a; ;’s and the «; ;’s by 3; ;’s. The a; ;’s are given by

ai,izla izla"'ana ai,j:&i,ja Z#TL, J#Za
=31
Gn,j—  Bnkln k0k,
a o n,J k:2n n J _1 _1 (224)
n,j — E=)1 , J =4 y .
1- ﬁn,kdn,kak,n

Substituting in (2.24) the a; ;’s and the 3; ;’s, after some algebra, we end up with:

Qg = 1, =1, y Ny, Q4 Qi 5, 1 7é n, J 7é 2,
L S
An,j— « Qn, LAk, 5
i ) (2.25)
Q5 Pl y J =41 y 1 —
1- kOn,kCk,n
k=2

In fact, (2.23) is equivalent to

/ .
(an,j + /Bn,j — Q, )an,] /Bn,] Z On kOn kAL, ] = 2, ,n—1,

k=2
which can be written as
( (an,Q + /Bn,2)an,27 T (an,n—l + ﬁn,n—l)an,n—l )
az2 as 3 St A2p-1 By o0 0
n
as2 as3 S A3p-1
_( On20n2, -, Opn-10nn—1 )
0 e ﬁn,nfl
Gp—-12 A4n—-13 - Qapn—-1n-1
!
oy o 0
:(anz, e an,n—l) . (2.26)
/
0 o Apn—1
Note that
an,;j
’rPl
An,j— Qo kOn, kO, j
_ k=
- nl;l
1- QAp kOn KAk n
k=2 (e} 1
a2,J
n,j— Qn20n32, "', Opnp-10Gnn-1 g §
- o In=liy ,
az.n
I- ap2an2, ", Opn-10nn—1 g §
Gn—1,n
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and
Qn, j
- i L.
An,j— ﬂn,kan,kak,j
_ k=
- Iz =71 5 B
1- ﬁn,kan,kak,n
k=2 (o) 1
Bn,202,;
ln,j— C~ln,27 Ty an,nfl g §
_ o 5nn 10n— 1,91
Bn,202,n
= Qp2, "', Gnn-1 8 §
/Bn,n—lan—l,n o 1
a2,j
Qn,j— (an,Q +ﬁn,2)an,27 Tty (ann 1 +Bnn l)ann 1 —T g §
_ o An— Ljg
azn
1- (an,2 +ﬁn,2)an,27 ey, (ann 1 +/8nn l)ann 1 —T g §
An—1n
where
a2 (2,3 T a2n-1 Bpa -+ 0
n
T o_ as,2 as,3 Cee a3n-1
= ( Qn20p2, *°°, Opn-10nn-1 )
0 T ﬁn,nfl
Gp—-12 0An—-13 - Apn—-1n-—1
So, to realize the equalities
an,
L,
An,5— an7kan,kak,j
_ k=
- Pl
1- kOn,kCk,n
k=2 (o) 1
a27J
/ /
An,j— anyzan,% T Oénn 10n,n—1 g §
= o In-lis
a2 n
/ !
= ay0an2, -+, Qpgp 10nn-1 g §
Gn—1,n
we only need (??). The proof is completed. (|

Now, the following result can be derived directly.

Theorem 2.7 Under the assumptions that A is a nonsingular M-matrix, 0 < v < w < land w # 0, let

2n—3
o = [041,27 01,010, 0n2,Qn 3, " aan,n—l} eER )
- / / / / ! 2n—3
Q=019 50 1, Qs Cpoy Ay 3yt 5y ] ER )
where for i = 1,n, both o ; andoz” are zeros if a; j = 0and [0,--- ,0] <a<a<[1,---,1].
Then, forprecondttloner I+ S(a), ifa1, = 0or o, = 0 we have

P(Lyw(@) < p(Lyw(@) < p(Lyw) < 1. 2.27)
Proof. The key observation is that

(I +5(a))
= (I +S2(an))(I + Si(en))
= (I +5i(an)( + Sa(an))
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where
n—1 n—2
ap =[a12,  ,010-1,0] ER", ap = [ap2, -,y p—1] € R

According to Theorem 2.5 and 2.6, for

! i

- o !/ ! n_l ~ o n_2
al_[a1,27"' 7a1,n—1?0] €R ) Oén—[Oén’Q,"- y & €ER ’

n,n—l]
we have that the AOR iterative methods for preconditioner (I + S1(&1))(I + Sa2(s,)) is no worse than
the ones for preconditioner (I + S1(a1))( + S2(cw,)), and the ones associated with preconditioner (I +
Sa(én))(I 4+ S1(aq)) is no worse than ones associated with preconditioner (I + S, (av,))(I + S1(aq)). In
summery, it holds that

p(Lyw(@)) < p(Lyw(a)) < p(Lyw) < 1.

O
3. Numerical example
Consider n x n coefficient matrix
1 g r s ¢
S qQ T q
A= "5 F 3.1)
g - -1 g r
S r s 1 q
s r s 1
where ¢ = —%, r= —n%rl, s = —n%rg. Obviously, A is a M -matrix.
In the experiment, the initial approximation of z(°) is taken as a zero vector, and the right hand side
vector is chosen so thate = [1,1,--- , 1)7 is the solution of the considered system. Here ||z(*) —¢]||, < 1076

is used as the stopping criterion.

In the following table, we report the spectral radius of the corresponding iteration matrix, the CPU time
for the iterative part and the number of iterations. We denote spectral radius by p, CPU time by CPU,
iterative number by IT, basic iterative AOR method by AOR, preconditioned AOR method proposed in
our paper by PAOR. For preconditioned AOR method we choose all the parameters as a constant 5 except
a1 n = 0.

From the table, we can see that the preconditioned AOR iterative methods are superior to the basic AOR
iterative methods. The table have also shown the preconditioned AOR iterative method associated with
G = 0.9 is better than the one associated with 3 = 0.8. So, all the numerical results have illustrated our
theoretical analysis.

Finally, natural problems are how to choose the optimal parameter «, and how to analyze the AOR
iterative method for w > 1 or v > 1. Further research is required.

Acknowledgement

Project is supported by the National Natural Science Foundation of China and the College Natural Science
Foundation of Jiangsu Province.

IJNS homepage:http://www.nonlinearscience.org.uk/



28 International Journal of Nonlinear Science, Vol.2(2006), No.l1, pp.16-28

Table 1: Numerical Results (n = 100)

w | ~ AOR PAOR (3 = 0.8 PAOR (3 = 0.9

IT | CPU 0 IT | CPU P, IT | CPU 0

0.6 | 0.6 | 952 | 1.609 | 0.983205 | 937 | 1.531 | 0.982939 | 920 | 1.5 | 0.98263
0.6 | 1 | 682 1.125 | 0.976626 | 672 | 1.109 | 0.976258 | 660 | 1.094 | 0.975831
0.8 [ 0.6 | 712 | 1.172 | 0.977606 | 701 | 1.14 | 0.977252 | 688 | 1.125 | 0.97684
0.8 [ 0.8 | 611 | 1.016 | 0.973952 | 602 | 0.985 | 0.973541 | 591 | 0.954 | 0.973064
1 | 0.6 ] 568 | 0.938 | 0.972008 | 559 | 0.906 | 0.971565 | 549 | 0.89 | 0.97105
1 | 0.8 488 0.828 | 0.96744 | 480 | 0.797 | 0.966927 | 471 | 0.781 | 0.966329
1 | 1 | 406 | 0.688 | 0.961043 | 400 | 0.672 | 0.96043 | 393 | 0.656 | 0.959718
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