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Abstract: In this paper, the existence of global conservative solutions of the Cauchy problem
for the generalized Dullin-Gottwald-Holm equation is studied. It is transformed into an ODE
system in a Banach space. By using a contraction map and some Soblev’s inequalities, the ex-
istence of the short -time solutions is obtained . Particularly the global conservative solutions
with respect to the initial date are obtained. The continuity of the solution semigroup is proved.
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1 Introduction

In [1], Camassa and Holm derived a new completely integrable dispersive wave equation for water waves
by Hamiltonian method, namely Camassa-Holm equation:

Ut + 20U — Ugzt + 3UUL = 2UzpUzy + Ulggy. (L.1)

As we know Eq. (1.1) is integrable for all w, and it has peakon solutions of the form ce*““'(c is the
speed). More and more researches have been carried on Camassa-Holm equation. Lixin Tian etc al [2,3]
discussed the traveling wave solutions and double solitary wave solutions, and introduced the definitions of
concave, convex peaked solitary solutions and smooth solitary solutions. Lixin Tian, Guilong Gui, Boling
Guo [4] studied the limit behavior of the solutions to a class of nonlinear dispersive wave equations.

Lixin Tian etc al [5] also considered generalized Camassa-Holm equation or the modified Camassa-
Holm equation

2
U + Ky — Uppr + QU UL = 2UpUpy + Ullpry

and derived some new exact peaked solitary wave solutions.
Dullin, Gottwald and Holm [6] derived an integrable shallow water equation that combines the linear
dispersion, namely DGH equation

Uy + 2wy — P Ugar 4+ Uy + YUggs = a2(2umum + Ulgyy)- (1.2)

Lixin Tian et al [7] discussed the well-possedness problem and the scattering problem for the DGH equation,
and also obtained peakon solutions of the form ce~#~¢!l. When a? — 0, it becomes the well-known KdV
equation

U + 2wy + 3uty + Yuger = 0. (1.3)

*Corresponding author.  E-mail address: wyx150593702@163.com

Copyright(©World Academic Press, World Academic Union
IJNS.2008.12.15/192



274 International Journal of Nonlinear Science,Vol.6(2008),No.3,pp. 273-280

The KdV equation is completely integral and its solitary waves are solitons (see [8,9]). The Cauchy problem
of Eq.(1.3) has been the subject of a number of studies, and a satisfactory local or global existence theory
is now in hand in [10]. Lixin Tian, Xiuming Li [10] discussed the modified Degasperis-Procesic(mDP)
equation. In [11-13] it is shown that it has the global existence of strong solutions and weak solutions, and
the precise blow-up scenario and a blow-up result. In [14] they proved the optimal control of the viscosity
Degasperis-Procesi equation in H2(R) ,Lixin Tian etc.[15] also discussed the initial value problem of DGH
equation as

{ Up + 2wy — a2uazwt + uuy + YUz = 052(2“%‘”:1::5 + uuac:ca:) (1.4)

U(O, ':U) = Uo(i’?)
They proved that Eq.(1.4) has a global solution and the solitary waves of Eq.(1.4) are stable. It is also shown
that the solutions of DGH equation convergence to the solution of corresponding KdV equation (as a? tends
to zero).
Jiuli Yin etc.[16] also discussed the simplified MDGH equation

U + 2wy — Uggt + au2ux + YUgpr = 2UgUzy + Ulgyy. (1.5

It is painleve integrable and also has some conservation laws. They used the truncated painleve expansion
to obtain an auto-Backlund transformation and smooth solitary wave solutions, particularly obtained the
double solitary wave solution with peakon and double singular solitary wave solution. And they also proved
that the smooth solitary waves to this rod equation are orbital stable.

For the nonlinear partial differential equation

up — Uggt + [(W)e — f(U)gaz + (g(u) + ;f”(u)(ux)2> =0,

when f(u) = %mﬂ, g(u) = ?’_Tyu{ we add a linear dispersive term —~vu,,, to the equation and get the

DGH equation
Ut — Uggt + SUUL — 7(2u:puwa§ + Ulggy + uxzz) =0.

Furthermore, for f(u) = %7u2, we find the generalized DGH wave equation

1
Ut — Uggt + ig(u)m - ’7(2umumz + UlUzzr + uxwr) =0. (16)

This is the equation which we will consider in this paper. In this paper, when g(u) = %uQ, Eq.(1.6)
becomes Eq.(1.4). When g(u) = %u?’, Eq.(1.6) becomes Eq.(1.5). Here we take a different approach, based
on recent techniques developed for Camassa-Holm equation, see [17-20]. From [21,22], Eq.(1.6) can be
rewritten as

ut + yuugy + P, =0, P — Py = %(g(u) — yu? + yuZ — 2y, (1.7)
It is advantageous to rewrite the equation as
ur + f(u)y + Pr =0, (1.8a)
P Pro = g(u) + 5 ()02~ 2u2) (1.8
where we assume
f € Wi (R), f"(u) # 0,u € R; g € W™ (R), g(0) # 0. (19)

2 Existence of solutions

2.1 Transport equation for the energy density and reformulation in terms of Lagrangian
variables

In (1.8 b), P can be written in explicit form:

P(t,z) = ;/Rek”zl <g ou+ %f" ou(u? — 2um)> (t,2)dz (2.1)
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After differentiating (1.8a) with respect to x and using (1.8b), that

Uzt + %f"(u)ug% + f1(Wuae + P — g(u) + f"(u)tze = 0. 22)

Multiply (1.8a) by u, (2.2) by u,, add the two to find the following equation

(u? +u2)e + (f'(u)(u? +u2))e = —2(Pu)e + (29(uw) + f"(w)u® — 2f" (u) gy )ty (2.3)
Define Y
G(v) = / (29(2) 4+ f"(2)2% = 2" (2) 2g )dz. 2.4)
0

Then (2.3) can be rewritten as

(u? +u?)e + (f'(u)(u® 4+ u2))e = (G(u) — 2Pu),, (2.5)

which is transport equation for the energy density u? + 2.
Let us introduce the characteristics y(t, £) defined as the solutions

ye(t,€) = f'(u(t, y(t,£))) (2.6)

with y(0, ) given. Equation (2.5) gives us information about the evolution of the amount of energy con-

tained between two characteristics. Indeed, given &1, &2 in R, let H(t) = fjét’g))

contained between the two characteristic curves y(t,£1), (¢, &2). Then, we have

(u? + u2)dz be the energy

dH

y(t7£2)
= [t O+ ud) oyt O + (u® + uj)ida. @7
dt 61 y(tvgl)
We use (2.5) and integrate by parts. The first term on the right-hand side of (2.7) was canceled by using
(2.6) and we get

dH

— = [(G(w) —2Pu) 0 yig . (2.8)
We now derive a system equivalent to (1.7). The calculations will be justified later. Let y still denote

the characteristics. We introduce two other variables, the Lagrangian velocity U and cumulative energy

distribution H defined by

U(tv 5) = u(ta y(t7 5))7 (2.9)
(t€)
H(t, &) = /y t (u? + u?)dz. (2.10)

From the definition of the characteristics, it follows from (1.8a) that

Ut(tvg) = Ut(t, y) + yt(ta S)uz(ta y) = (Ut + f,(u)u:r) © y(t7 g) = _Px o y(ta 5) (211)
After the change of variable z = y(t,n), and He = (u® + u2) o yy,
P:E © y(ta g) = _% fR sgn(y(f) - y(n))e—ly(ﬁ)—y(n)l (212)

x ((9(U) = 3" (U)U?) ye + 5.f"(U)(H, — 2Uge)) (n)dn.

If we take this for granted, then P, o y is equivalent to (), where

Q&) =—3 [y s9n(& —n) exp(—=sgn(§ —n)(y(€) — y(n))) (2.13)
x ((9(U) = 3./"(U)U?) ye + 5" (U)(H, — 2Uge)) (n)dn. '

Slightly abusing the notation, we write

P(t7 g) = % fR exp(—sgn(§ - 77)(19(5) - 9(77))) (2 14)
x ((9(U) = 3" (U)U?) ye + 3 f"(U)(H, — 2Uge)) (n)dn. '

P, oy and Poy can be replaced by equivalent expressions given by (2.13) and (??) which only depend on our
new variables U, H, and y.We introduce yet another variable ((t, £), simply defined as ((¢,&) = y(¢,£) —¢&.
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It will turn out that { € L°°(R). We have now derived a new system of equations, formally equivalent to
(1.7). Equations (2.6), (2.8) and (2.11) give us

Yt = f’(U)
Ui =-Q . (2.15)
H,=GU)-2PU

Detailed analysis will reveal that the system (2.15) of ordinary differential equations for ({, U, H): [0,T]—
E is well-posed, where E is a Banach space to be defined in the next section.We have

Q=3 O)He =20, (P 3£ O ~o(0) ) e

and
Pe = Qye.
Hence, differentiating (2.15) yields
Cet = J"(U)Ue, (ygr = ["(U)Ue)

Ust = 3./"(U)He — (P + 5 /" (U)U? = g(U)) ye — " (U)Uge : (2.16)
He = —2QUye + (29(U) + f"(U)U? = 2P) Ue — (2f"(U)Ug /ye) Uge

Because we add the term —~yu,,., the regularity of the solutions has increased .

2.2 Existence and uniqueness of solutions in Lagrangian variables

In this section, we focus our attention on the system of Eqs. (2.15) and prove, by a contraction argument,
that it admits a unique solution. Let V' be the Banach space defined by V = {f € C,(R)|fe € L*(R)},
where Cy(R) = C(R) N L>(R), and the norm of V" is given by || f[ly = ||| oo (r) + ||f5HL2(R). Of course

H'(R), H?(R) C V, but the converse is not true as V' contains functions that do not vanish at infinity. We
will employ the Banach space E which is defined by E = V x H?(R) x V to carry out the contraction
map argument. Forany X = (¢, U, H) € E, thenormon E'is given by || X[z = [IClly+ U g2 gy + [ H [l -

Lemma 2.1 Let Byy = {X € E||| X ||z < M} ,given X = ((,U, H) in E, there exists a time T depending
only on || X || such that the system (2.15) admits a unique solution in C%([0, T, E) with initial data X.

Lemma 2.2 (/23])ycH: = ygU 24U §2 almost everywhere.

If HQH + HU&H + ||He|| < oo, we can prove the the solution existes in [0, T for any time ¢ € [0, 7] (see
[20, Lemma 2.4]).
Definition 2.1 £ = (Y9 (@2 + @2)de + §(¢), U = oy H = [T (@2 +a2)de, y(€) = C(€) + &
2, 1,
= {19 (F.9) € Wi (®) x W (R) ).
It is easy to prove He > 0, H¢ is an increasing function with respect to §.We have ¢ hIin U(t,§) =0
— =00

and H(t,§) = H(0,€) + fg [G(U) —2PU|(t,€&)dr. Hence we can prove H(t,+o00) = H(0,+00), so

glirf H (t,§) exists and is independent of time. Let’s define sup |[H(t,")|| oo (r) = HFIHLOO(R) = h(see
—Too t€[0,T

[24]).
Lemma 2.3 (/23]) Given u € H?(R), the initial date (i, U, H) belongs to §).
Q= {(y,U,H)|(y,U H) € En(W'(R) x W»>*(R) x W'*(R))}
Theorem 2.1 (2.15) admits a unique global solution X (t) = (y(t),U(t), H(t)) in CY(Ry, E) with initial

date X = (y,U, H).
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Proof. We want to prove sup ||X(¢)| 5 < oo,
te[0,7)
) 13 3
v =2 [ UmUelnin =2 /{ U (n)Ue(n)dn

—00 n<lye(n)>0}
— UE(@‘ 1 2 Ué (£) _1
U()U)] = 'mvg@ YL (U(é) vel©) + 5 | = e,
We get U%(&) < H(E), U(t,€) € I := [—vh,Vh]forallthet € [0,T],¢ €R,
sup [|U(Z, )| ooy < 0©-
te[0,7]
We get k = [|fllwzeery + 9llwreeny (see (25D, [C(¢,€)] < [€(0,€)] + £T, so sup |[[C(L, )| oo (r) i

te[0,7
bounded.
From (2.13) we know Q(%, &) = Q, + Q.

|Qu(t, &) < C’l/ e_ly(g)_y(")lyg(n)dn =2C1(Cy dependson K, h).
R

Qu(t,6)] < %fae WOy He (n) — 2Uee(n)]dn
< ( ) e WEO-YDlye (n)dy = =1 + /R,

So @ (P) is bounded by a constant that only depends on &, h.
Let h(§) = X{€>0}(£)e*5, and A be the map defined by A : v — h * v. Then use the way in [23] to define

Q=Q1+Q2,and

e—C(©) G
Q1(X)(§) = ——5—A 0 R(C, U, H)(€), Q2(X)(€) =

Lot Ca = sup {00 g+ IHE g, + 1600+ P gy + 1R }

(C is finite and only depends on HX H gL K),

Ao R(¢, U, H)(&).

lAo R, <C (U@l

(C only depends on C ,h and k).
The same bounds hold for @, P,

et et + e, )

L2(R)

2(t) = U ->||L2(R) et ), o+ IGeE O, + IHeO,
From all the above we get Z(t) < )+ C fo 7)d7,by Grownwall’s Lemma , sup Z(t) < oo, so the
t€[0,T]

solutions exist globally in time. m

Theorem 2.2 The mapS : Q2 x € x Ry — Qdefined as Sy(X, f,g) = X (t)is a continuous semigroup with
respect to all the variables on any bounded set of €, {) means the topology induced by the E-norm.

Proof. Now we will prove the continuity of the semigroup.we will prove sequential continuity.
Let ¢’ be a bounded set of €. Let X,, = (Y, Un, Hp) € Q, (fn,gn) € €' be sequences that converge to
X=@UH) e (fg) e

Define
Xn(t) = St(X’mf'mgn) X(t) = St(X7f7g)vUn(t7§) €l:= [_ \% M7 Vv M]
1
Hence we have [, := HHHL/ZO(R cl,k,= ]\fn||W27w(In) + HgnHWLOO([n) < k, for
alln > 1.

sup || Xn(t,)|lp <C (HX"HE , T, Iin) <C(M,T,k) = C'.
te[0,7)
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So sup |[|X,(t,-)| 5 is bounded uniformly with respect to n, we have
te[0,T]

t
1Xn(t) = X g < [|Xn = X|| +/0 1E(Xn, fns gn) = F(X, [, 9)l| g (s)ds.
We fix the time ¢ € [0, 7’| for the moment .We have

| F'(Xns frsgn) — F(X, f,9)|l g <

2.17
||F(Xn7fn7gn)_F(Xnvfag)HE—i_||F(Xn7f7g)_F(X7fag)||E' ( )

For X — F(X, f, g) is Lipschitz on any bounded set of E, we get
1F(Xn, f.9) = F(X, f,9)llp < L[| Xn — Xl - (2.18)

Next we will prove || F(Xy, fn, gn) — F(Xn, f,9)|  is bounded.

LetG, = [," (2gn(z) + f1(2)(22 - 2zm))dz, Gr=[" (2g(z) + f"(2)(2?% - szm))dz.
Using the same notation to others , we get Q,,, Q),, Ry, R.,.
Let &, = [|gn(U) — g(U)|l 2(r)- We know

190 (Un) = 90l 2y < 19 (Un) = 90 @) 2y + I9(0) = 90 2y
+19(Un) = 9U) | 2y < 2 [T — Ul gy + -

For g, — g in L*(I), and [|gn(u) — g9(u)|[12(r) < 2k [|U| 12(r). by Lebesgue dominated convergence
theorem , we get lim &} = 0.
n—~oo

IGn=Gilly = 11Gn = Gillzm(my + G = Gill ey
< VM (2)19a(Un) = 9(Un) | ey + (M + 2VAT) 1£2(Un) = £ (Un) | )

+2C" |90 (Un) = 9(Un) | p2ry + O 17 (Un) = f"(Un)ll 2r) < CO7
(2.19)

0 = IIfn - vavz,oo(I) + [lgn — 9||W1,oo(1) ,n — 00,07 — 0).
The same way applies to R, R,,, we get

R — Ry, < OS5+ 65 + 1Un = Ul p2(wy)-

Letd = 0,+05, we get [ Qn — @y lly < COn+Un = Ull 2wy 1Pn = Pally < COntl|Un = Ullp2w))
We get

From (2.17-2.20), we know
t
1Xn(t) — X(0) < || K — X[, + CT6, + (L + C)/O 1 = XI5 (s)ds.

By Grownwall’s Lemma , | X, (t) — X(t)|| z < (HX" — XHE + C’T(Sn) AT S0 X,, — X uniformly
in [0, T, hence S; is a continuous semigroup on <. M
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