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tions for the asymptotic stability of the zero solution of them.

Key words: asymptotic stability; Lyapunov functional; delay differential equations; third-order
delay differential equations

1 Introduction

The Lyapunov function or functional approach has been a powerful tool to ascertain the stability of solutions
of certain differential equations. Up to today, perhaps, the most effective method to determine the stability
of solutions of non-linear differential equations is still the Lyapunov’s direct (or second) method. The major
advantage of this method is that the stability of solutions can be obtained without any prior knowledge of
solutions.

For over four decades many authors made use of the Lyapunov’s direct method by considering Lyapunov
functionals and obtained the conditions which ensure the stability of the problem, for example, [1-5]. But,
how do we construct those appropriate Lyapunov functionals? No author has discussed them thus far. It is
in general a difficult task. Similar problem is shared with ordinary differential equations of high orders, [6].
Obviously, it is even more difficult to construct Lyapunov functionals for differential equations of higher
orders with delay. In particular, Zhu[7], obtained sufficient conditions which ensure the stability of systems

...
x +aẍ + bẋ + f(x(t− r)) = 0, (1.1)

and
...
x +aẍ + φ(ẋ(t− r)) + f(x) = 0, (1.2)

where: r, a and b are positive constants.
In 2003, Sadek [8] investigated the asymptotic stability of the trivial solution of the third order non-linear

differential with delay of the form
...
x +aẍ + g(ẋ(t− r(t))) + f(x(t− r(t))) = 0. (1.3)

In 2006, Cemil Tunc [9] obtained the asymptotic stability of the solution of the delay differential equation
of the form

...
x +ϕ(x, ẋ)ẍ + g(ẋ(t− r(t))) + f(x(t− r(t))) = 0. (1.4)

More recently, Afuwape and Omeike [10] obtained sufficient conditions for the stability of the delay differ-
ential equation of the form

...
x +h(ẋ)ẍ + g(x(t− r(t)), ẋ(t− r(t))) + f(x(t− r(t))) = 0. (1.5)

∗Corresponding author. E-mail address: hxyao@ujs.edu.cn

Copyright c©World Academic Press, World Academic Union
IJNS.2008.12.15/187



H.Yao, W.Meng: On the Stability of Solutions of Certain Non-Linear Third-Order Delay Differential · · ·231

In the current paper, we consider the third-order nonlinear differential equations with delay

...
x +ϕ(ẍ) + g(x(t− r(t)), ẋ(t− r(t))) + f(x(t− r(t))) = 0 (1.6)

and
...
x +ϕ(x, ẋ)ẍ + g(x(t− r(t)), ẋ(t− r(t))) + f(x(t− r(t))) = 0, (1.7)

0 ≤ r(t) ≤ γ, γ is a positive constant which will be determined later.
Essentially, our subjects are to establish some sufficient conditions for the asymptotic stability of the

zero solution of (1.6) and (1.7).

2 Preliminaries

In order to reach our main results, we will give the preliminary definitions and results for the general au-
tonomous delay differential system. It should be noted that the symbol‖·‖ denotes the Euclidean norm
throughout this paper. First we consider the general autonomous delay differential system

ẋ = f(xt), xt = x(t + θ),−r ≤ θ ≤ 0, t ≥ 0, (2.1)

where f : CH → Rn is a continuous mapping, f(0) = 0, CH = {φ ∈ (C[−r, 0], Rn) : ‖φ‖ ≤ H} and for
H1 < H , there exists L(H1) > 0, with |f(φ)| ≤ L(H1) when ‖φ‖ ≤ H1.

Definition 2.1 An element ψ ∈ C is in the ω-limit set of φ, say, Ω(φ), if x(t, 0, φ) is defined on [0,∞)
and there is a sequence {tn}, tn → ∞, as n → ∞, with ‖xtn(φ)− ψ‖ → 0 as n → ∞ where xtn(φ) =
x(tn + θ, 0, φ) for −r ≤ θ ≤ 0.

Definition 2.2 (See[7]) A set Q ⊂ CH is an invariant set if for any φ ∈ Q, the solution of (2.1), x(t, 0, φ),
is defined on [0,∞), and xt(φ) ∈ Q for t ∈ [0,∞).

Lemma 2.1 (See[2, 7]) If φ ∈ CH is such that the solution xt(φ) of (2.1) with x0(φ) = φ is defined on
[0,∞) and ‖xt(φ)‖ ≤ H1 < H for t ∈ [0,∞), then Ω(φ) is a nonempty, compact, invariant set and
dist(xt(φ),Ω(φ)) → 0, as t →∞.

Lemma 2.2 (See[7])Let V (φ) : CH → R be a continuous functional satisfying a local Lipschitz condition,
V (0) = 0 and such that:

(1) W1(|φ(0)|) ≤ V (φ) ≤ W2(||φ||), where W1(r),W2(r) are wedges.
(2) V̇(2.1)(φ) ≤ 0 for φ ∈ CH .

Then the zero solution of (2.1) is uniformly stable. If we define Z =
{

φ ∈ CH : V̇(2.1)(φ) = 0
}

, then
the zero solution of (2.1) is asymptotically stable, provided that the largest invariant set in Z is Q = {0}.

3 Main results

First, we write equation (1.6) as the following equivalent system:




ẋ(t) = y(t)
ẏ(t) = z(t)
ż(t) = −ϕ(z)− g(x, y)− f(x) +

∫ t
t−r(t) f ′(x(s))y(s)ds

+
∫ t
t−r(t) g′x(x(s), y(s))y(s)ds +

∫ t
t−r(t) g′y(x(s), y(s))z(s)ds

(3.1)

The following will be our main stability result for (3.1).

Theorem 3.1 Consider system (3.1) with ϕ(0) = g(0, 0) = f(0) = 0, ϕ(z), g(x, y), f ′(x) continuous in
their respective arguments, and g′x(x, y), g′y(x, y) continuous for all x, y.

Suppose further that
(1) There are constants a > 0, b > 1

2 , c > 0, L > 0,M > 0 and N > 0, such that ab > a + c ;
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(2) f(x) sgn x > 0 for all x 6= 0 , sup {f ′(x)} = c , and |f ′(x)| 6 L for all x;
(3) g(x,y)

y > b for all x, y 6= 0,
∣∣g′y(x, y)

∣∣ 6 M , |g′x(x, y)| 6 N and g′x(x, y) 6 0 for all x, y;
(4) 0 6 r(t) 6 γ , r′(t) 6 β , 0 < β < 1;
and
(5) (µ2+1)−

√
1−µ(2δ+L+M+N)γ

µ < ϕ(z)
z <

(µ2+1)+
√

1−µ(2δ+L+M+N)γ

µ for all z 6= 0.
Then the zero solution of (3.1) is asymptotically stable, provided that

γ < min
{

1− β

µ(1− β)(L + N) + µ(µ + 2− β)M
,

(2µb− 2c− µ)(1− β)
(2µ + 1− µβ)(L + N) + µ(1− β)M

}

with δ = (µ+1)M
2(1−β) > 0 , µ = ab+c

2b−1 .

Proof. Our main tool in the proof of the theorem just stated above is a Lyapunov functional V1(xt, yt, zt)
defined by

V1(xt, yt, zt) = µ

∫ x

0
f(ξ)dξ + f(x)y +

∫ y

0
g(x, ξ)dξ +

1
2
(µy + z)2

+ λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds + δ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds, (3.2)

where λ, µ and δ are positive constants which will be determined later in the proof. Since ϕ(0) = g(0, 0) =
f(0), it is immediate that V (0, 0, 0) = 0.

Let d
dtV1(xt, yt, zt) = d

dtV1 denote the derivative of V1 = V1(xt, yt, zt) along the solution of (3.1).
Then, by a straightforward calculation from (3.2) and (3.1), we observe that

d

dt
V1(xt, yt, zt) = f ′(x)y2 + y

∫ y

0
g′x(x, ξ)dξ + µ2yz + µz2 + λy2r(t)

− λ(1− r′(t))
∫ t

t−r(t)
y2(θ)dθ − µyϕ(z)− µyg(x, y)− zϕ(z) + δz2r(t)

− δ(1− r′(t))
∫ t

t−r(t)
z2(θ)dθ + (µy + z)

∫ t

t−r(t)
f ′(x(s))y(s)ds

+
∫ t

t−r(t)
g′x(x(s), y(s))y(s)ds +

∫ t

t−r(t)
g′y(x(s), y(s))z(s)ds. (3.3)

Suppose |f ′(x)| 6 L ,
∣∣g′y(x, y)

∣∣ 6 M , |g′x(x, y)| 6 N and using 2uv 6 u2 + v2 we obtain

(µy + z)
∫ t

t−r(t)
f ′(x(s))y(s)ds

≤ µL

∫ t

t−r(t)
|y||y(s)|ds + L

∫ t

t−r(t)
|z||y(s)|ds

≤ µL

2
y2r(t) +

µL

2

∫ t

t−r(t)
y2(s)ds +

L

2
z2r(t) +

L

2

∫ t

t−r(t)
y2(s)ds. (3.4)

Similarly, we obtain

(µy + z)
∫ t

t−r(t)
g′y(x(s), y(s))z(s)ds

≤ µM

2
y2r(t) +

µM

2

∫ t

t−r(t)
z2(s)ds +

M

2
z2r(t) +

M

2

∫ t

t−r(t)
z2(s)ds, (3.5)

(µy + z)
∫ t

t−r(t)
g′x(x(s), y(s))y(s)ds

≤ µN

2
y2r(t) +

µN

2

∫ t

t−r(t)
y2(s)ds +

N

2
z2r(t) +

N

2

∫ t

t−r(t)
y2(s)ds (3.6)

(3.7)
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and

µ2yz − µyϕ(z) = µy(µz − ϕ(z))

≤ 1
2
µy2 + µ2z2 − 2µϕ(z)z + ϕ2(z)

=
µ

2
y2 +

µ3

2
z2 − µ2ϕ(z)z +

µ

2
ϕ2(z). (3.8)

Thus, from (3.3), (3.4), (3.5), (3.6) and (3.7), we have

d

dt
V1(xt, yt, zt) ≤ −µyg(x, y) + f ′(x) +

µ

2
+ λr(t) +

µL

2
r(t) +

µM

2
r(t) +

µN

2
r(t)y2

+
µ

2
ϕ2(z)− (µ2 + 1)zϕ(z) +

µ3

2
+ µ + δr(t) +

L

2
r(t) +

M

2
r(t) +

N

2
r(t)z2

+
µL

2
+

L

2
+

µN

2
+

N

2
− λ(1− r′(t))

∫ t

t−r(t)
y2(s)ds

+
µM

2
+

M

2
− δ(1− r′(t))

∫ t

t−r(t)
z2(s)ds + y

∫ y

0
g′x(x, ξ)dξ. (3.9)

Assume that sup {f ′(x)} = c > 0 , r′(t) 6 β , 0 < β < 1 , g(x,y)
y > b > 0 (y 6= 0 ), ab > a + c ,

0 6 r(t) 6 γ . Also, suppose that g′x(x, y) 6 0 for all x, y , we get y
∫ y
0 g′x(x, ξ)dξ 6 0 . Hence, it follows

from (3.8) that

d

dt
V1(xt, yt, zt) ≤ −

(
µb− c− µ

2
− λγ − µL

2
γ − µM

2
γ − µN

2
γ

)
y2

+
µ

2
ϕ2(z)− (µ2 + 1)zϕ(z) + (

µ3

2
+ µ + δγ +

L

2
γ +

M

2
γ +

N

2
γ)z2

+
[
1
2
(µ + 1)(L + N)− λ(1− β)

] ∫ t

t−r(t)
y2(s)ds

+
[
1
2
(µ + 1)M − δ(1− β)

] ∫ t

t−r(t)
z2(s)ds. (3.10)

If we take µ = ab+c
2b−1 > 0 , λ = (µ+1)(L+N)

2(1−β) > 0 and δ = (µ+1)M
2(1−β) > 0 , we obtain

d

dt
V1(xt, yt, zt) ≤ −

(
µb− c− µ

2
− λγ − µL

2
γ − µM

2
γ − µN

2
γ

)
y2

+
µ

2
ϕ2(z)− (µ2 + 1)zϕ(z) + (

µ3

2
+ µ + δγ +

L

2
γ +

M

2
γ +

N

2
γ)z2.

Let

H(z) =
µ

2
ϕ2(z)− (µ2 + 1)zϕ(z) + (

µ3

2
+ µ + δγ +

L

2
γ +

M

2
γ +

N

2
γ)z2,

then H(z) can be considered as a quadratic function about ϕ(z) for all z 6= 0 . We obtain

∆ =
[−(µ2 + 1)z

]2 − 4 · µ

2
· (µ

3

2
+ µ + δγ +

L

2
γ +

M

2
γ +

N

2
γ)z2

= [1− µ(2δ + L + M + N)γ] z2.

Therefore, if

γ <
1

µ(2δ + L + M + N)
=

1− β

µ(1− β)(L + N) + µ(µ + 2− β)M
,

then

∆ =
{

1−
[
µ(1− β)(L + N) + µ(µ + 2− β)M

1− β

]
γ

}
z2 > 0.
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Hence, the solutions of the quadratic equation H(z) := H(ϕ(z)) = 0 are

ϕ(z) =
(µ2 + 1)z +

√
1− µ(2δ + L + M + N)γ|z|

µ
=





(µ2+1)z+z
√

1−µ(2δ+L+M+N)γ

µ (z > 0),
(µ2+1)z−z

√
1−µ(2δ+L+M+N)γ

µ (z < 0),

or

ϕ(z) =
(µ2 + 1)z −

√
1− µ(2δ + L + M + N)γ|z|

µ
=





(µ2+1)z−z
√

1−µ(2δ+L+M+N)γ

µ (z > 0),
(µ2+1)z+z

√
1−µ(2δ+L+M+N)γ

µ (z < 0).

Therefore, if

(µ2 + 1)−
√

1− µ(2δ + L + M + N)γ
µ

<
ϕ(z)

z
<

(µ2 + 1) +
√

1− µ(2δ + L + M + N)γ
µ

,

we have H(z) < 0 . We can easily obtain H(0) = 0 . Therefore, H(z) 6 0 and H(z) = 0 if and only if
z = 0 .

If

γ <
µb− c− µ

2

λ + µL
2 + µM

2 + µN
2

=
(2µb− 2c− µ)(1− β)

(2µ + 1− µβ)(L + N) + µ(1− β)M
,

then
−

(
µb− c− µ

2 − λγ − µL
2 γ − µM

2 γ − µN
2 γ

)
y2

= −
[
µb− c− µ

2 −
(
λ + µL

2 + µM
2 + µN

2

)
γ
]
y2

= −
[
µb− c− µ

2 −
(

(2µ+1−µβ)(L+N)+µ(1−β)M
2(1−β)

)
γ
]
y2

≤ 0

and −
(
µb− c− µ

2 − λγ − µL
2 γ − µM

2 γ − µN
2 γ

)
y2 = 0 if and only if y = 0 .

Therefore, if

γ < min
{

1− β

µ(1− β)(L + N) + µ(µ + 2− β)M
,

(2µb− 2c− µ)(1− β)
(2µ + 1− µβ)(L + N) + µ(1− β)M

}
,

we have d
dtV1(xt, yt, zt) 6 −α(y2 + z2) for some α > 0.

By d
dtV1(xt, yt, zt) = 0 , f(x) sgn x > 0 (x 6= 0 ) and system (3.1), we can easily obtain x = y = z = 0.

Thus, the condition (2) of Lemma 2.2 is satisfied.
Next, we have to show that the condition (1) of Lemma 2.2 is satisfied.
In view of f(x) sgn x > 0 (x 6= 0 ) and g(x,y)

y > b (y 6= 0 ), we see that

V1(xt, yt, zt) = µ

∫ x

0
f(ξ)dξ + f(x)y +

∫ y

0

g(x, η)
η

ηdη +
1
2
(µy + z)2

+ λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds + δ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds

≥ µ

∫ x

0
f(ξ)dξ + f(x)y +

1
2
by2 +

1
2
(µy + z)2

+ λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds + δ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds

=
1

2by2

[
4

∫ x

0
f(ξ)

{∫ y

0
(µb− f ′(ξ))ηdη

}
dξ

]
+

1
2b

(by + f(x))2

+
1
2
(µy + z)2 + λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds + δ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds, for all y 6= 0.

Now, recall that µb− f ′(x) > b(ab−c)+c
2b−1 > 0 . Hence, it can be easily seen that the functional V1(xt, yt, zt)

satisfies the condition (1) of Lemma 2.2. The proof is complete.

IJNS email for contribution: editor@nonlinearscience.org.uk



H.Yao, W.Meng: On the Stability of Solutions of Certain Non-Linear Third-Order Delay Differential · · ·235

Remark 3.1 If g(x(t − r(t)), ẋ(t − r(t))) = g(ẋ(t − r(t))) in (1.6), then we can obtain a corollary from
Theorem 3.1 about the system

...
x + ϕ(ẍ) + g(ẋ(t − r(t))) + f(x(t − r(t))) = 0 . Because it is similar to

Theorem 3.1, we don’t write it out.

Now, we will consider the stability of the zero solution of equation (1.7). First, we write equation (1.7) as
the following equivalent system:





ẋ(t) = y(t)
ẏ(t) = z(t)
ż(t) = −ϕ(x, y)z − g(x, y)− f(x) +

∫ t
t−r(t) f ′(x(s))y(s)ds

+
∫ t
t−r(t) g′x(x(s), y(s))y(s)ds +

∫ t
t−r(t) g′y(x(s), y(s))z(s)ds

(3.11)

Next, we shall state and prove our another main result.

Theorem 3.2 Consider system (3.10) with ϕ(0, 0) = g(0, 0) = f(0) = 0, ϕ(x, y), g(x, y), f ′(x) continu-
ous in their respective arguments, and ϕ′x(x, y), g′x(x, y), g′y(x, y) continuous for all x, y.

Suppose further that
(1) There are positive constants a, b, c, L,M and N , such that ab− c > 0 ;
(2) ϕ(x, y) > a , yϕ′x(x, y) 6 0 for all x, y;
(3) g(x,y)

y > b for all x, y 6= 0,
∣∣g′y(x, y)

∣∣ 6 M, |g′x(x, y)| 6 N and g′x(x, y) 6 0 for all x, y ;
(4) f(x) sgn x > 0 for all x 6= 0, sup {f ′(x)} = c, and |f ′(x)| 6 L for all x ;
and
(5) 0 6 r(t) 6 γ, r′(t) 6 β, 0 < β < 1.
Then the zero solution of (3.10) is asymptotically stable, provided that

γ < min
{

(ab− c)(1− β)
b(1− β)(L + N) + bM(2 + µ− β)

,
(ab− c)(1− β)

µ(L + M + N)(1− β) + L(1 + µ)

}

with µ = ab+c
2b .

Proof. Define the Lyapunov functional V2(xt, yt, zt) as

V2(xt, yt, zt) = µ

∫ x

0
f(ξ)dξ + f(x)y + µ

∫ y

0
ϕ(x, η)ηdη +

∫ y

0
g(x, ξ)dξ

+ µyz +
1
2
z2 + λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds + δ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds, (3.12)

where λ, µ and δ are positive constants which will be determined later in the proof. Since ϕ(0, 0) =
g(0, 0) = f(0), it is immediate that V (0, 0, 0) = 0.

Let d
dtV2(xt, yt, zt) = d

dtV2 denote the derivative of V2 = V2(xt, yt, zt) along the solution of (3.10).
Then, by a straightforward calculation from (3.11) and (3.10), we observe that

d

dt
V2(xt, yt, zt) = f ′(x)y2 + µz2 − µyg(x, y)− ϕ(x, y)z2

+ µy

∫ y

0
ϕ′x(x, η)ηdη + y

∫ y

0
g′x(x, ξ)dξ + λy2r(t) + δz2r(t)

− λ(1− r′(t))
∫ t

t−r(t)
y2(θ)dθ − δ(1− r′(t))

∫ t

t−r(t)
z2(θ)dθ

+ (µy + z)

[∫ t

t−r(t)
f ′(x(s))y(s)ds +

∫ t

t−r(t)
g′x(x(s), y(s))y(s)ds +

∫ t

t−r(t)
g′y(x(s), y(s))z(s)ds

]
.

(3.13)
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Thus, from (3.4),(3.5),(3.6) and (3.12), we obtain

d

dt
V2(xt, yt, zt) ≤ f ′(x)y2 + µz2 − µyg(x, y)− ϕ(x, y)z2 +

µ

2
(L + M + N +

2λ

µ
)y2r(t)

+
1
2
(L + M + N + 2δ)z2r(t) +

(L + N)(µ + 1)
2

∫ t

t−r(t)
y2(s)ds

+
M(µ + 1)

2

∫ t

t−r(t)
z2(s)ds− λ(1− r′(t))

∫ t

t−r(t)
y2(θ)dθ

− δ(1− r′(t))
∫ t

t−r(t)
z2(θ)dθ + µy

∫ y

0
ϕ′x(x, η)ηdη + y

∫ y

0
g′x(x, ξ)dξ. (3.14)

Also, from the hypotheses (2) and (3), we get

µy

∫ y

0
ϕ′x(x, η)ηdη 6 0, y

∫ y

0
g′x(x, ξ)dξ 6 0,

and with the hypothesis (5), we have

d

dt
V2(xt, yt, zt) ≤ −

[
(µb− c)− γµ

2
(L + M + N +

2λ

µ
)
]

y2

−
[
(a− µ)− γ

2
(L + M + N + 2δ)

]
z2

+
1
2
{(µ + 1)(L + N)− 2λ(1− β)}

∫ t

t−r(t)
y2(s)ds

+
1
2
{M(µ + 1)− 2δ(1− β)}

∫ t

t−r(t)
z2(s)ds. (3.15)

Following a same way arising in the course of [10, Theorem 2.1] it can be easily concluded from (3.14) that

d

dt
V2(xt, yt, zt) ≤ −

[
ab− c

2
− µ(L + M + N)(1− β) + L(1 + µ)

2(1− β)
γ

]
y2

−
[
ab− c

2b
− (1− β)(L + N) + M(2 + µ− β)

2(1− β)
γ

]
z2. (3.16)

Hence, there is a positive constant α such that

d

dt
V2(xt, yt, zt) 6 −α(y2 + z2)

provided that

γ < min
{

(ab− c)(1− β)
b(1− β)(L + N) + bM(2 + µ− β)

,
(ab− c)(1− β)

µ(L + M + N)(1− β) + L(1 + µ)

}
.

By d
dtV2(xt, yt, zt) = 0, f(x) sgn x > 0 (x 6= 0 ) and system (3.10), we can easily obtain x = y = z = 0.

Thus, the condition (2) of Lemma 2.2 is satisfied.
In view of f(x) sgn x > 0 (x 6= 0 ), g(x,y)

y > b (y 6= 0 ) and ϕ(x, y) > a , we see that

V2(xt, yt, zt) ≥ µ

∫ x

0
f(ξ)dξ + f(x)y +

1
2
µay2 +

1
2
by2 + µyz +

1
2
z2

+ λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds + δ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds

=
1
2b

[by + f(x)]2 +
1

2by2

[
4

∫ x

0
f(ξ)

{∫ y

0
(µb− f ′(ξ))ηdη

}
dξ

]
+

1
2
(µy + z)2

+
1
2
µ(a− µ)y2 + λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds + δ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds, for all y 6= 0.

(3.17)
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Now, recall that a − µ = ab−c
2b > 0 , and µb − f ′(x) > ab−c

2 > 0 . Hence, it can be easily seen that the
functional V2(xt, yt, zt) satisfies the condition (1) of Lemma 2.2. The proof is complete.

Remark 3.2 If ϕ(x, ẋ) = ϕ(ẋ) in (1.7), then Theorem 3.2 reduces to Theorem 2.1 of [10]. But it should
be pointed out that the condition (5) of Theorem 2.1 [10] should be changed to g′x(x, y) ≤ 0 for all x, y.
Otherwise, we cannot obtain y

∫ y
0 g′x(x, ξ)dξ 6 0 from it.
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