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Abstract: In this paper, we study equation (1.6) and (1.7) and establish some sufficient condi-
tions for the asymptotic stability of the zero solution of them.
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1 Introduction

The Lyapunov function or functional approach has been a powerful tool to ascertain the stability of solutions
of certain differential equations. Up to today, perhaps, the most effective method to determine the stability
of solutions of non-linear differential equations is still the Lyapunov’s direct (or second) method. The major
advantage of this method is that the stability of solutions can be obtained without any prior knowledge of
solutions.

For over four decades many authors made use of the Lyapunov’s direct method by considering Lyapunov
functionals and obtained the conditions which ensure the stability of the problem, for example, [1-5]. But,
how do we construct those appropriate Lyapunov functionals? No author has discussed them thus far. It is
in general a difficult task. Similar problem is shared with ordinary differential equations of high orders, [6].
Obviously, it is even more difficult to construct Lyapunov functionals for differential equations of higher
orders with delay. In particular, Zhu[7], obtained sufficient conditions which ensure the stability of systems

T +ai + bk + f(x(t—1)) =0, (1.1)
and
z +ai + p(z(t — 7)) + f(z) =0, (1.2)

where: r, a and b are positive constants.
In 2003, Sadek [8] investigated the asymptotic stability of the trivial solution of the third order non-linear
differential with delay of the form

i +ai + g(i(t — r(t)) + fla(t —r(t)) = 0. (1.3)

In 2006, Cemil Tunc [9] obtained the asymptotic stability of the solution of the delay differential equation
of the form

T +o(x, )i+ g(@(t —r(t))) + f(z(t —r(t))) = 0. (1.4)

More recently, Afuwape and Omeike [10] obtained sufficient conditions for the stability of the delay differ-
ential equation of the form

T +h(z)Z + gzt —r(t)),z(t —r(t))) + f(x(t —r(t))) =0. (1.5)
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In the current paper, we consider the third-order nonlinear differential equations with delay

T +o(&) + g(z(t —r(t), &(t —r(t))) + f(z(t =r(t)) =0 (1.6)

and
T+, )i+ g(a(t —r(t), 4t — 7)) + fla(t — 7)) =0, (1.7)

0 < r(t) <+, is a positive constant which will be determined later.
Essentially, our subjects are to establish some sufficient conditions for the asymptotic stability of the
zero solution of (1.6) and (1.7).

2 Preliminaries

In order to reach our main results, we will give the preliminary definitions and results for the general au-
tonomous delay differential system. It should be noted that the symbol||-|| denotes the Euclidean norm
throughout this paper. First we consider the general autonomous delay differential system

= f(xe), e =2(t+0),—r<6<0,t>0, (2.1)

where f : Cy — R™ is a continuous mapping, f(0) = 0, Cy = {¢ € (C[-r,0], R") : ||¢|| < H} and for
H; < H, there exists L(H;) > 0, with |f(¢)| < L(H;) when ||¢| < H;.

Definition 2.1 An element 1) € C is in the w-limit set of ¢, say, Q(), if z(t,0,¢) is defined on [0,0)
and there is a sequence {t,}, t, — 0o, as n — oo, with ||z, (¢) — || — 0 as n — oo where x4, (¢) =
x(tn, +6,0,0) for —r < 6 <0.

Definition 2.2 (See[7]) A set Q C Cy is an invariant set if for any ¢ € Q, the solution of (2.1), z(t,0, ¢),
is defined on [0, 00), and z4(p) € Q fort € [0, 00).

Lemma 2.1 (See[2,7]) If ¢ € Cy is such that the solution x;(¢) of (2.1) with xo(¢) = ¢ is defined on
[0,00) and ||z¢(¢)|| < H1 < H fort € [0,00), then Q(¢) is a nonempty, compact, invariant set and
dist(x(6), Q) — 0, as t — oo.

Lemma 2.2 (See[7])Let V(¢) : Cy — R be a continuous functional satisfying a local Lipschitz condition,
V(0) = 0 and such that:

(1) Wi(|o(0)]) < V(¢) < Wa(

(2) Vioy(¢) < 0for ¢ € Cy.

Then the zero solution of (2.1) is uniformly stable. If we define 7 = {qﬁ eCq: "/(2.1)((;5) = 0}, then
the zero solution of (2.1) is asymptotically stable, provided that the largest invariant set in Z is Q = {0}.

), where W1 (r), Wa(r) are wedges.

3 Main results

First, we write equation (1.6) as the following equivalent system:

=
y(t) = z(t
£(t) = —p(2) — gla,y) = F(@) + [} £/ (@(5)y(s)ds (-1

aﬁm%@@wmw@w+ﬁrgwm><m@w
The following will be our main stability result for (3.1).

Theorem 3.1 Consider system (3.1) with ¢(0) = ¢(0,0) = f(0) = 0,¢(2),9(z,v), f'(z) continuous in
their respective arguments, and g;.(x,y), g, (,y) continuous for all x,y.

Suppose further that

(1) There are constants a > 0,b > %,c >0,L>0,M >0and N > 0, such that ab > a + c;
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(2) f(z)sgnx > 0forallx #0, sup{f'(z)} = ¢, and |f'(x)| < L for all x;
(3) g(mT’y) > b forall v,y # 0, |g,( (@, )| < N and gy (z,y) < 0 forall z,y;
(4)o<rt)<y,rt)<p,0<pB<1;

and
5
(5) (12+1)—/1—p(26+L+M+N)y

(B2 +1)+4/1— u(26+L+M+N

< <P( )
Then the zero solunon of (3.1)is asymptotlcally stable, provzded that
’y<min{ 1-6 (2ub — 2¢ — p)(1 = ) }
(L=B)L+N)+pulp+2=8M 2u+1—pB)(L+N)+pl-—B)M

with § = (“(H)A)/[ >0, u= gé’ff

Proof. Our main tool in the proof of the theorem just stated above is a Lyapunov functional Vi (x, y, 2¢)
defined by

? forall z # 0.

Vi, yi, 1) = /f i + f(z >y+/ (o, )€ + 3 (1uy + =)

TN / / 0)dods + 6 / / 0)dods, 3.2)
—r( t+s —r(t) Jt+s

where A, i and ¢ are positive constants which will be determined later in the proof. Since ¢(0) = ¢(0,0) =
£(0), it is immediate that V/(0,0,0) = 0.

Let %Vl(act,yt, 2t) = %Vl denote the derivative of Vi = Vi(xy,y, 2z¢) along the solution of (3.1).
Then, by a straightforward calculation from (3.2) and (3.1), we observe that

%Vl(xt, Yt z) = f(2)y” +y /y (2, €)dE + pPyz + pz® + Ay°r(t)
0
t
A=) [ VO~ pa(2) —g(a,) — 20(2) + 0571

61— (1) / SO / RO

+/t—r(t) g, (x(s), y(s))y(s)ds + /t—r(t) 9y(x(5),y(s))z(s)ds. (3.3)

Suppose | f'(z)| < L, |g;(z,y)| < M, |g,(z,y)| < N and using 2uv < u? + v? we obtain

2 [ @t

t

t
< ul / ylly(s)lds + L / (2l (s)]ds
t—r(t) t—r(t)

L Lt L L[
< B2z 4 B2 / y?(s)ds + =2 (t) + / y*(s)ds. 34
2 2 Ji—r@ 2 2 Je—rt

Similarly, we obtain

2) [ o) ule)(s)s

¢ t
< BM oy 4 M / 2(s)ds + Loy + M / 22(s)ds, (3.5)
2 2 t—r(t) 2 2 t=r(t)

y?(s)ds (3.6)

3.7
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and

1ryz — pye(z) = py(pz — ¢(2))

1
< Suy’ + et = 2(2)z + 9%(2)
3
_ Moo B o K2
2y + 2z pre(z )2+ 597(2). (3.8)
Thus, from (3.3), (3.4), (3.5), (3.6) and (3.7), we have
d L M N
Vi@ g z) < —pyg(ay) + £@) + 5 xe(t) + EEr(t) + Emr) + Bty
3 L M N
+ ggoz(z) — (p? + 1)zp(2) + % + 4 6r(t) + 5r(t) + ?r(t) + Er(t)zQ
uL L uN N /f )
~ 7 (1=
t gt g A r'(t)) t T(t)y(s)ds
M M t y
IS 0) [ sy [ e (3.9)
2 2 t—r(t) 0

Assume that sup {f'(z)} = ¢ > 0,7(t) < f.0< <1, (y’y) b>0(y750) ab > a+c,
0 < r(t) <. Also, suppose that ¢/ (z,y) < 0 forall z,y , we gety f (x,£)d¢ < 0. Hence, it follows
from (3.8) that

pL  pM  uN ) .

d
_ e Py _pM - pN
dt‘/l(xtvytazt) <Hb C v — 5 — 5 ~ 5 ~y

3

L M N
P(2) = (12 + Dzp(=) + (5 +u+ 0y + 57+ 5+ 597

,u
2
t
—I—[lu—i—l L—f—N)—)\(l—ﬁ)]/ y*(s)ds
t—r(t)
1 oy,
+ [ (b+1)M —46(1 —ﬁ)] / z(s)ds. (3.10)
t—r(t)

If we take p = 24 > 0, \ = (“Jra(iL;)N) > 0and§ = (“(Jlrl)ﬁ]\)/[ > 0, we obtain

d 1 wlL uM uN 9
— < — b—c— = M- "—vy—
7 V1@ s 2t) (u e S At et At B K
3
7 7 L M N
+ §g02(z) — (,LLQ + 1)Z¢(Z) + (? + 12 + 5’7 + 5’)/ + 77 + 57)22

Let
3

n o L M N
H(z) = 5¢°(2) = (0" + Dzpl2) + (5 + 0y + 57 + 57 + 570)%°
then H(z) can be considered as a quadratic function about ((z) for all z # 0 . We obtain
3 L M N
A=[—(2+1)2)" -4 g : (%+M+5’Y+ RN AL

[1— (25 + L+ M+ N)y] 22

Therefore, if
1 B 1-p
w26 + L+ M+ N)  pu(l—=8)(L+N)+pup+2-p)M’

v <

then

A= {1_ [u(l—ﬁ)(L+J\1f)_+ﬁu(u+2—ﬁ)M] 7}22 S0
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Hence, the solutions of the quadratic equation H(z) := H(¢(z)) = 0 are

(12+1)z+24/1—p 26+L+M+N) (z

1)z 4 /1 —p26+L+M+N)ylz|

)
p(z) = =
i (12+1)z—24/1—p . 25+L+M+N) (z <0),
or
() = (W2 +1)z = T—p@+ L+ M+ Nylz| _ (42210 WESTLEMEN (> ),
Y\Z
1 (12+1)z+24/1—p . (20+L+M+N)~ (z <0).

Therefore, if
(p?+1) —/1—u(26 + L+ M + N)y _ o(z ) (2 +1)+/1— 20+ L+ M+ N)y
1t z 1
we have H(z) < 0. We can easily obtain H(0) = 0. Therefore, H(z) < 0 and H(z) = 0 if and only if

z=0.
If

)

L < po—c—§ (2pb — 2¢ — 1) (1 — 3)

A il M N (21— pfB) (L 4+ N) + p(1— B)M
then

—(ub—c—%—A — il — 7—%7)2/2

=—|ub—c—%§ /\+”L+“M+“7’yy

L+N)+

= |pb—c— 4~ (2p+1— #ﬁ)éJr p(1— ) }

<0
and—(ub—c—%—)w 27——7——7)3/ =0ifandonlyify =0.

Therefore, if

7<min{ 1-4 (2ub —2c — p)(1 = B) }
p(1=B)(L+N)+up+2=8)M 2u+1-pp)(L+N)+pl-p8M]J"

we have dtVl(mt,yt, 2) < —a(y? + 22) for some a > 0.

By dtvl(g;t,% zt) =0, f(x)sgnx > 0 (x # 0) and system (3.1), we can easily obtainz = y = z = 0.
Thus, the condition (2) of Lemma 2.2 is satisfied.

Next, we have to show that the condition (1) of Lemma 2.2 is satisfied.

In view of f(x)sgnx > 0 (x # 0) and M > b(y #0), we see that

Vi(ze, ye, 2e) = /f )dé + f(x )y+/ g(zn)ndn+;(uy+2’)2

H/_r /+S 0)dbds + 5 _M)/+s 0)d6ds
> / FEE + @)+ Shy? + 2y + 2
H/r /ﬂ d9ds+5/T(t)/+8 0)d0ds
2by [4 [ o] [ = r€nmin} de] + g0+ )

+ (ny + 2) —i—)\/ / d0d3+(5/ / 0)dfds, for all y # 0.
—7r( t+s —r( t+s

Now, recall that pb — f/(x) > % > (. Hence, it can be easily seen that the functional Vi (x¢, ¢, 2¢)

satisfies the condition (1) of Lemma 2.2. The proof is complete. m
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Remark 3.1 If g(x(t — r(t)),z(t — r(t))) = g(@(t — r(t))) in (1.6), then we can obtain a corollary from
Theorem 3.1 about the system © + (&) + g(&(t — r(t))) + f(xz(t — r(t))) = 0. Because it is similar to
Theorem 3.1, we don’t write it out.

Now, we will consider the stability of the zero solution of equation (1.7). First, we write equation (1.7) as
the following equivalent system:

4t) = —p(x,9)z — g(w,y) — f(2) + [0 (@())y(s)ds @10

t t
+ Sy 9 (@(8), y(s))y(s)ds + [, 4 9y((s), y(s))2(s)ds
Next, we shall state and prove our another main result.

Theorem 3.2 Consider system (3.10) with ¢(0, O) 9(0, O) = f(0) =0, p(z,y),9(x,y), f'(z) continu-
ous in their respective arguments, and @', (,y), g, (,y), g, (,y) continuous for all x,y.

Suppose further that

(1) There are positive constants a, b, c, L, M and N, such that ab —c > 0 ;

(2) o(z,y) > a, yo,(z,y) < 0 forall z,y;

(3) 4o > J(@,y)] < M, g5 (2, )| < N and g (z,y) < 0 forall x,y ;

(4) f(z)sgnz > 0 forall x # 0,sup{f'(x)} = ¢ and | f'(z)| < L forall z ;

and

(5)0<r(t) <) <B0< B <L

Then the zero solution of (3.10) is asymptotically stable, provided that

, < min{ (ab—c)(1 - ) (ab—c)(1 - p) }
b(1—B) L+ N)+bMQ2+p—0) w(L+M~+N)1—5)+ L1+ p)

with u = ab+c.

Proof. Define the Lyapunov functional Vs (zy, y¢, 2¢) as
y
Va(@e, ye, 2t) = / f&)ds + f(x )y+u/ @(wvn)ndnvL/ g(x,8)d¢

+ pyz + z + A/ / 0)dods + 5/ / 0)dods, (3.12)
() +s —7r( t+s

where \, 1 and ¢ are positive constants which will be determined later in the proof. Since ¢(0,0) =
9(0,0) = f(0), it is immediate that V'(0,0,0) = 0.

Let %VQ (Te, Yty 2t) = %‘/2 denote the derivative of Vo = Vi (zy, yt, 2¢) along the solution of (3.10).
Then, by a straightforward calculation from (3.11) and (3.10), we observe that

d
Ve, 21) = F(@)y? + p2® — pyg(x,y) — oz, y)2>

Yy Yy
+ uy/o @ (2, m)ndn + y/o i (2, ©)dE + NyPr(t) + 62°r(t)

— A1 —7'(t)) /t_ o y2(0)do — 5(1 — /(1)) /t_ o 22(0)d6

) | [ Pt [ g+ [ g, ue)(

IJNS homepage:http://www.nonlinearscience.org.uk/



236 International Journal of Nonlinear Science,Vol.6(2008),No.3,pp.230-237
Thus, from (3.4),(3.5),(3.6) and (3.12), we obtain

d 2\
—Va(@ry 2) < F@)y? + w2’ — pyg(z,y) — olz,y)2* + 5 (L +M+ N+ = P )y*r(t)

+ %(L—i—M—i—N—i—Zé)er(t) + (L—i—N;(,u—i— D / y?(s)ds
t—r(t)

M(p+1) ! 52(s)ds — o ! 2
ulas) /”(t) (s)ds — A(1— (1)) /H(t)y (0)do

t Yy Y
—6(L—1'(t)) / o 2*(0)df + My/ o, m)ndn + y/ gu(x,6)de. (3.14)
t—r(t 0 0
Also, from the hypotheses (2) and (3), we get

Y Y
uy/o @ (2, mndn < 0, y/o g, &)d¢ <0,

and with the hypothesis (5), we have

d 2\
£V2($tayt,zt) < - [(Mb—c) - *(L+M+N+ " )] 2

—[(e=m - 2@+ M+ N +20)] 2
t
D@ N -0 - ) - y2(s)ds

t
n % (M(u+1) —25(1 - 8)} 22(s)ds. (3.15)
t—r(t)

\)

Following a same way arising in the course of [10, Theorem 2.1] it can be easily concluded from (3.14) that

iV2($t, v zt) < — [abQ— c w(L + M + J;T()l(l_—ﬂf) +L(1+ 'u)’y} 2

dt
B [ab—c_ (1=B)L+N)+M2+pu—0) ]zg
% 2(1— ) e

Hence, there is a positive constant « such that

(3.16)

d
*VQ(%,%; Zt) < _a(yz + ZQ)

dt
provided that
s <o (ab—)(1 - B) (ab—)(1 - B) }
b(1—B)(L+N)+bMQ2+pu—08)" u(L+M+N)1—-8)+L(1+p) )"

By %Vg(azt,yt, z) =0, f(x)sgnz > 0 (x # 0) and system (3.10), we can easily obtain x = y = z = 0.
Thus, the condition (2) of Lemma 2.2 is satlsﬁed
In view of f(z)sgnz >0 (z #0), 9(z.y) ’y >b(y#0)and p(x,y) > a, we see that

1 1 1
Vo (e, ye, 2t) > u/ F©)de + f@)y + Suay® + Sby* + pyz + 5 2°

+ )\/ / 0)dods + 5/ / 0)dods
—r(t) Jt+s —r(t) Jt+s

b[by+f( P + g |4 [ 1@ ] [ G- 5€man e + G+ 22

+ (a—p y+)\/ / d9d5+5/ / 0)dods, for all y # 0.
—r( -l—s —r(t) Jt+s
3.17)
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Now, recall that a — p = “ggc > 0,and pb — f'(z) > ab{ € > 0. Hence, it can be easily seen that the
functional V5 (¢, ¢, 2¢) satisfies the condition (1) of Lemma 2.2. The proof is complete. m

Remark 3.2 If o(z, &) = (&) in (1.7), then Theorem 3.2 reduces to Theorem 2.1 of [10]. But it should
be pointed out that the condition (5) of Theorem 2.1 [10] should be changed to g, (x,y) < 0 for all x,y.
Otherwise, we cannot obtain y fé’ gh(z,8)dE < 0 from it.
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