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Abstract: This paper investigates the boundary control of the modified b-family equation on
[0,1]. The existence of its solution is proved in a short time interval under the given boundary
condition. Meanwhile, we prove the global exponential stability of the solutions in four differ-
ent spaces, i.e. in L?, H', H? H?3.
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1 Introduction

In [1], D.D.Holm and M.FE.Struley introduced the b-family equation which describes the balance between
the convection and the stretching for small viscosity in the dynamics of 1D nonlinear wave in fluids:

my+ umg 4+ buym = em ,u=gxm, (1.1)

convection  stretching vis cos ity

where u = g * m denotes u(z) = [~ g(x — y)m(y)dy. The convolution relates velocity u to momentum
density m by integration against the kernel g(z). Here the kernel g is chosen to be the Green’s function for
the Helmholtz operator on the line, that is, g(z) = %e"“". This means m = u — ug,. We have found it
convenient to rewrite Eq.(1.1) as the following form

U — Uy + (b + Duty = buglpy + Ulggy, t > 0,2 € R. (1.2)

Recently, Lixin Tian et al studied the attractor and optimal control and boundary control on the b-family
equation [2-4].

Boundary control on different equations has been constantly investigated. Byrnes et al studied local
stability of Burgers equation. Vanly et al further consummated this result, while the slution is still in the
local sense. Miroslav Kristic studied global stability of Burgers equation [5]. Biler Rassel and Zhang Bingyu
studied KdVB equation under periodical boundary condition[6-8]. Liu and Kristic studied the stability of
KdVB equation in a limited area [9]. Wei-jiu Liu and Miroslav Krstic studied global stability of K-S equation
[10]. Haixia Chao also did some studies on boundary control of K-S equation [11]. In this paper, we will
study the modified viscosity b-family equation with the following boundary

U — Ut — € (U — Ugz) . + (b+ 1)uup = bugtpy + Ulpey
ug = u(z,0)
w(0,t) = u(l,t) = uze(0,1)
Ugza (1, 1) = ugp(1,6) = ug (0
where t > 0, z € Q,Q = [0, 1].

We discuss the global well-posedness of (1.3). It will be shown that for given 7' > 0, ug € H?, (1.3)
admits a unique solution u € C ((0,00) , H3(0,1)) N C’ ((0,00), H?(0,1)).
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2 Main Theorem

Denote A = —A, where A is the Laplace operator. Let v = u + Au. Denote B (u,v) = uv,. Eq. (1.5) can
be denoted as

% +eAv + B (u,v) +bB (v,u) — (b+ Duug + (b + 1)uu, =0
ug = u(z,0),

uw(0,t) = u(l,t) = uz(0,¢) =0

Ugza (1, 1) = ug(1,t) = uy(0,1)

2.1)

where A is a self-adjoint positive operator with compact inverse. Hence the space H has an orthonormal
basis {¢;}7°, of eigenfunctions of A, i.e. Ap; = Aj¢;, with0 <Ay < Ay <--+, Aj — oo when j — co.

Theorem 1 With uy € H® Eq.(2.1) has a global solution
ue C((0,00), H*(0,1)) NC" ((0,00), H* (0, 1))

and satisfies the following L*, H', H?, H? stability:

(1)
lullZe + lull < (luollzz + lluollF) exp(Mi(b — 2) — 2¢)Ast, (2.2)
where € S (w,jLOO), UOH%Q + ||’LLO||§{1 é M12
(2)
s + Nl < (Jluoll3s + luoll3 ) exp (b + 1) (M3 + 5My) = 2eA4) ¢, (23)
where € € (W, +00), Ay is the Poincare constant.
(3)

1 1
fulle + lulfs < (Huolfe + ole) ex (04 DCGIMCo 4 OMEME 2% )1, 24

1 1
b+1)C1 (5M1Co+9) M2 M2 . ) ..
where € € (( G ;)\52+ )My My , +00), A5 is thePoincareconstant, Cy,Ca, M1, M7 are the positive

constants.

We will use the Galerkin procedure to prove its global existence.
Let {¢; }Joilbe an orthonormal basis of H consisting of eigenfunctions of the operator A. The Galerkin
Procedure for Eq.(2.1) is the ordinary differential system,

{ % + €AV + P B (U, Vi) + Db B (Ui, um) + (b + 1)Uty — (b + Dt ti,, =0 2.5)

tm (0) = pmu (0)
where v, = Uy, + Au,,. Since the nonlinear term is quadratic in u,,, then by the classical theory of

ordinary differential equations, the system (2.5) has a unique solution for a short interval of time (0,7},).
Our purpose is to show the existence of the solution under given boundary control.

3 Proof of Theorem

First, we prove the global existence of the solution.
We take the inner product of (2.5) with u,, in € to obtain,

1d
57 (lmllZ + lum ) + & (lumllz + Auml72 ) + pon(5 = 2) (B (s ) Aum) = 0. G.)

By Amgon inequality ,Young inequality and Poincare inequality, we get

ky

1
[Pm (B (tm, um) , Aum )| < 9 H“m,xHLoo ||um,:c||%2 < 9 HAUmHL2 ||um||?{1 . (3.2)

IJNS email for contribution: editor @nonlinearscience.org.uk



Y. Meng : Boundary Control on the Motified b-family Equation - - - 179

It follows from Young inequality

2 2 2 2
b guumup + a3 ) + & (Il + w32 )
k

< B | Avin | [t 7 , (33)
k3 (b—2
< e [l 2 + B2 |4 + £ || Au |22
d k2(b_ 2)2 2 2
2 (a2 + Nl ) < == (3 + el 30)?. (3.4)

Then Vt € [0,7] and T" < i L >— . It thus transpires that

(luoll 72 +lluoll1)

2 2
[[uollz2 + [luoll7m

A
< Jluoll72 + lluollz = M
2 — L H 1>
1 — M([[uollg2 + lluolz)

2 2
[umllz2 + [lum g <

where M = m
From the above analysis, we know that ||w, || ;2 < M, ||um|| ;1 < My, where M is a positive constant.
So
[P (B (i, um) , At )| < % ”Um,zw”Loo Hum,:v“2%2 < % [ Aum|l 2 ”Um”?{l
< B (a3 + | Aunllz2)-

Integrating (3.1) over the interval [¢, ¢ + 7], then

t+r 9 9 M127“
[ (e )1+ ()13 )ds < LA 65
t g— A=
Now, take the inner product of (2.5) with Aw,, in(0, 1) to obtain
3 (s v 52) & (WAt 2 + Al ) + i (B () Aum) - g

bpm (B (U, um) s Au) + (0 + Du,um 2, Aum) — (04 D tmtim 2, Aum) = 0.
By computing, we have
[P (B (thm; vm) ; Atim ) + bpm (B (U, tm) , At )|
= (b4 1) (B (tm, um) , Atum) + b (B (At ) , At) + (B (Um, At) , Atg,)|

By Agmon inequality, we get

1 (&Y
[P (B (i, um) , Aum )| < 5 ||Um:c||Loo ”um MHL2 > ”umHHl ||Aum||L2 )

1 1 1 35
[m (B (i, At Ain)| < 2t all oo [|Atiml|Z2 < - | 7 | At 72

1 5
[ (B (At um) , Atn)| < el poo [ Auml 72 < Co lluml i | Auml|7s |

1 5
(b + D2t At < (b4 1) [l oo s | oo il < (b 4+ 1)CLCOM [[Augal| 25 [t

1 1
((b+ l)umum,x, Augy,) < b% | Cl(b;‘)

From above inequalities and Young inequality, we get

’pm (B (tn, Vm) > Attn) + bprm (B (Vs ) 5 Atty) + (b + 1)ty Atiy) — (b4 1)U, Aum)’

5 1
||um||12{1 ||Aum\|22,

5 Ch
< (b+1)Ci(1 + C1CyMy) ”um”;{l HAumHLz <bcl + 2) ”um”Hl HAumHL2

1 1 9 9
< Cy ljuml o A2 (o3 + [ Aui122)

< et (lluml3n + | Auml3) + Ca il o 1wl 2 (im0 + | w32 )
(3.7)
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where Cy = %.
By (3.6) and (3.7), we have
1d

2 2 2 9
gy (el + 1 Aum32) + & (| Aum s + [ w1

(3.9)
< e (s + NAuml 22 ) + Ca ol s Al 2 (s + A2 ) -

By Poincare inequality || Aty 22 > A1 [|[tum||51 5 | Atm |31 > A1 || Atim||32and (3.8) and Young inequality,
we get
a
dt
Denote y = ||um(s)H§{1 + HAum(s)H%z ,g=0Cy (Hum(s)Hfgl + HAUm(S)H%2> By inequality (3.5), we

have fttw y(s)ds < Mo, ttHg (s)ds < CyMs.

By the uniform Gronwall lemma, we have

2
(a1 + NAumll3) < Co (i + 1 Auml32) (3.9)

(il + A 22) < %exp (CiMa) AMs, t > to. (3.10)
Integrating (3.8) over the interval [t, ¢ + 7], we have
e ST (I Au ()12 + | At ()31 ) ds
< 1 (o0 (o 0+ 1t 6)122) + G (o 60+ L 9)1:) s+

< <8)\1M3 + 04343?) r—4+ MgéM;l.

(3.11)
Take the inner product of (2.5) with A%, in Q to obtain

34 (IAumlZe + 1 Aunllf) + & (1AwnlF + [ A%um]|32) + P (B (s V) , A2um) +

(.12)
bpm (B (Vs um) , A%um) 4 (b + D), e, A%um) — (b + 1)umtim o, A%up) =0

According to Agmon inequality when n = 1, then we have
1 1
| P (B (tms ) s A% | < Mt o | o [|AUm 72 < Cr [l | 7 1A 72 (1A 72 + | At [70),

1 1
| P (B (At ) s A | < Nzl oo | Auml| 7 < Cr lluml|Zpr | Auml| 2> (| Aum |72 + [ Aunl7p),

1 1
[P (B (wm, At , A%un) | < Jtmall oo | A3 < Ot llumll 3o | Auml 2 (I Auml|Z2 + [ AumllZ),

1
((b+ 1)u3num,w7A2um) <5 / umum,xu%n,mdx <5 [Juml| oo ”umxHLoc HAumH%2
0

1 1 1 1 9 9
< 5(C2 [[uml| 7o lumll ) (Cr [lum | F1 [ Awm ]| 72) (| Awm 72 + (| Awm|[71)

1 1
< 5C1Ce M um | | Auml| 7> (| At 72 + || A 7).

5 2 5 i i 2 2
((b 4 1)ty Ai) < 5 [ Um sl poo [ Aum||2 < ;1 lumll 71 [[Aumll 72 (| Awm ||z + [ At 71)-

From above inequalities, we can obtain

‘Pm (B (U, V) ,A2um) +bP,, (B (U, Um,) ,AQum) + ((b+ 1)uznumm, AQum) — ((b+ Dumtme, A2um)‘
= ‘(b + 1) P (B (s Uim) , A% ) + (Bt Atin), A% + b(B (At ), A%y,
+((b + D timz, A2m) — (b4 1)Utz A%up)|

9 1 1
< (b+ 1G5 + 5C2 M) [[um|| fo || Aum| 2 (| Aum 172 + [| At | 71)

1 1
= C5 [um|| 21 | At 2 (| At 72 + | Atin || 0),
(3.13)
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By (3.12) and above inequality and Young inequality, we have

1d
57 (w22 + [ AumlF ) + e (4wl + [ A%um]72)

1 1
< Cs lum| 2 [ Auml| 2, (| Auml|72 + | A |31) (.14)

< e (HAumHiz + IIAumem) + Cé lumll g1 | At g2 (| Aum |72 + || A |31

where Cg = £—§2.
By Poincare inequality and Young inequality, we have

2 2 2 2
% (I 4wz + 1| A3 ) < 2Cs Jumll s At 2 (1 Aunal[F2 + | Am32)
< C (Jlumllfps + 1 Aunllfz) (| Aunll7 + | Al

From (3.5) and (3.11) and uniform Gronwall lemma, we get
2 2 M,
HAumHLg + HAumHHl < E exp CﬁMQéME, 3.15)

Integrating (3.14) over the interval [t, ¢ + 7], we get

t+r
cg M3 M:
5/ (||Aum||§{1 + HAQUmHiz) ds < <5>\2M5 + 6235> r+ Ms (3.16)
t
Take the inner product of (3.5) with A3w,, in © to obtain,
2
| A |71 + || A% |2 < M, (3.17)

Similarly (3.17) stands by using the above method and the uniform Gronwall lemma.

Now we get that ||wp, || 2, [|[uml 1. [[Awml 2, [[Atm] 1and ||A2umHL2are bounded. Then ||vy,]| 2,

|Um|| 1 and || Avy, || 2 are bounded. Hence we get Hdé‘—thLQ and H%HL2 are also bounded. By Aubin’s

Compactness Theorem, we conclude that there is a subsequence w/,, such that u), — u, or equivalently
v, — v. Let us replace u}, and v/, by u,, and v,,. Now we prove that v and v satisfy equation (2.1).

Let w € D(A). We know ||w||; is bounded from the above discussion. From ordinary differential
equation (2.5), we get

(Um (£) W) + & [ (U (5), pmAw)ds +b [}, (B (vm (), i (5)) , pmw) ds+
Jio (B (tm (8) ,0m (5)) , pmw) ds + (b + 1) [ 62t ads — (b+1) [ thmtim,,ds = (v (to) ,w) .

Now, it is clear that lim f; (Ui (8) , Aw)ds = ftto (v (s), Aw) ds. And so that
m—0o0

lim |ppw—w| =0, lim |[pnAw — Aw| = 0.
m— 00 m—0oo

Thus, (v, (1) ,w) — (v (t),w) ,ftto (m (8) , pmAw)ds — ftz (v(s),Aw)ds, as m — oo.

/(B(vm(s),um(s)),pmw)ds—/ (B(v(s),u(s)),w)ds| <I} + 1%+ I3,

to to
where
t t
- / (B (tm (5) , s (5)) , prot — w) ds| < / m ()12 et ()] 1m0 — ]2 ds — O,
0 0
9 t t
12 = / (B 0 (5) = (3) st (9).0) ds| < [ ) = 0 ()2t (5) i ol s = 0,
0 0
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t
lﬁwwmpnwx@—u@mmuMMMSHa
0

= | [ (BOG) )~ ) w)ds| <

to
From the above discussion and by Lebesgue Theorem we get

t t
lim (B (v (8) ,um (8)) , pmw) ds = /t (B(v(s),u(s)),w)ds.

m—0o0 to

Similarity, we have

lim (B (um (8),vm (s)) ,pmw) ds =

m—0oQ tO

We can also get
ft U2 Uy Praw ds—ft Uy, w ds’ < 3ft |ud HHI | Prw — wl| 2 ds

3 fo || = w) (W2, + tmu + 6?) || 1 w2 ds,

ft'; U U sy Prw)ds— f; Ullg, w)ds’

< fo 13 g 1P = wll 2 ds + [ [|5 (= ) (i + )| 0 @]l p2ds — 0
Above all, forw € D (A), we get

(v (t),w) —i—eft chls—i—bj;5 v(s),u(s)),w)ds+
ftO(B(u ()) w)ds + b+1ftuuxdsf (b+1) ftuuzds—( v (to),w) .
Summing up, it is reasonable to construct a Galerkin sequence wu,, (x,t), which converges to the weak

solution to (2.5).
We take the inner product of (2.1) with « in (0, 1) to obtain,

1d
535 (lullZe + lullz )+ (lullf + 1Aul?2) + (b= 2) (B (u,u), Aw) =

By Amgon inequality and young inequality and Poincare inequality, we get

(3.18)

1 2 2 2
|(B (u,u), Au)| < 3 vzl poo luzllzz < 3 llwll gz w7 -

It follows from Young’s inequality

2 2 2 2
|mmrwwm0+smmmrwmwy)

d
dt
k

2O w4 + < | Aul2,

1
2
<

R2022) || Al 2 |2 < e |ullZp + 22

2 2 kb?
4 (Jull2s + ) < S22l + ul?)”

1 .
ThenVt € [0,7] and T’ < (el el It thus transpires that

l[uol|72 + |[uol 7 2 5 A
5 < luol|z2 + lluollzn = M7,
1 — M(|luollz2 + lluoll71)

2
[ullze + [lullz <

where M = m
From the above analysis, we know that ||u|| ;. < My, ||u|| ;1 < M, where M; is a positive constant

M

(B (u,w), Au)| < [Jull 2 Jull o | Aull 2 < My [Jull o [| Aull 2 < == (lullz + 1 AullZ2)-
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By Poincare inequality, we have ||u||3;1 > Az [|ull32 , [[Aul|72 > Az ||ull5

d

= (hullz + uliEn ) < (2 (6 = 2) = 2202 (Jlulza + ullzn )

Thus we get (2.2).
Now, take the inner product of (2.2) with Au in (0, 1) to obtain,

34 (Jlullfps + 1 Aullfz ) +e (HAuHLz [ Aulffys) + (B (u, ), Au) + 519)
b(B (v,u), Au) + (b + Duluy, Au) — ((b+ 1)uug, Au) = 0.

By computing, we have

b+
(b g, 2] < (b 1)l ol Al < CEDME (g, gy
b+ 1)M
(6 DJuty, Au) < b+ 1)l o s [l < CFDM (s + w2

|(B (u,v), Au) + b (B (v,u), Au)| = (b+ 1) (B (u,u) , Au) + b (B (Au,u) , Au) + (B (u, Au) , Au),
(B (u, ), Au)| < Jlull o Jull g | Aull 2 < My (Jlullf + | AulZ2)
(B (Auw), Au)| < Jlull g [[Aulffz < M| Aul72 < Ma(llul + | Aull72),
(B (u, Au) , Au)| < [lul 2 [[Aullfz < M| Aul72 < My (Jfulf + [ Aulfz ) -

From (3.19) and above inequalities and Poincare inequality , we get

1d b+ 1)(M?+5M;
2 (lullfs + 1 4ul2) < (( M) on) (Il + 14w

s + Aul3e < (llwolFs + [ Auoll3 ) exp ((b+ 1)(ME +5My) = 22Ma)t,  (3.20)

2
where € € (%ﬁjmﬁ), +00), A4 is the Poincare constant. Then we get (2.3).

Take the inner product of (2.1) with A% in (0, 1) to obtain

L4 (lAulze + Al ) + = (IAulFa + A% 5. ) + (B (u,0), A%) + 321)
b(B (v,u), A%u) + (b + 1)utuy, A%u) — ((b+ 1)uug, A%u) = 0.

By computing, we have

5(b+1) fy quu dﬂf‘ < 56+ 1) fJull ool | o | Aul72

(b + D,
< 5(b+1)(C ||u||L2 a3 )(C [l [Awl ) (1 Aul3 + ]| Al )
< 5(b -+ DMCLC Jull s [[Aul 22 ([ Aul2: + [ Aul),

—~

(0t D 420 < S22 - Al

o0 C1HuHH1 1Au]| 22 (| Aul 72 + | Aullz) |(B (u,0) , A%u) +b (B (0,u) , A%u)|
\(b+1)( (u,u), A%u) + (B(u, Au), A*u) + b(B(Au, u), A*u)],

A

1 1
[(B (), 4%0)| < e e A3 < ol vl 2o (1 Aul2: + | Auln)
1 1
(B (Au,u), 420)| < o | [ Al < O ul o 1AulF, (11wl + | Aul? )

1 1
(B (u, Au), A%u) | < ual oo | Aulfz < O llull 7 || Aull 7, (HAUHQLQ + HAUHJQLp) )
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By (3.20) , we get ||u|| ;1 < My, ||Aul|;2 < Ms.
From above inequalities, we have

1d 2
(I4ulfz + l4uly ) +e (Il Aul + ]| A%, )

2dr
(b+1)C1(5M1Cy +9) 1 1

< : ol 4wl 2o (1 Aul 2 + [ 4wl )
b+ 1)Ci(bMCy+9) L 1L

< O VOO s (auls + 4wl

By Poincare inequality, we have
11
lAul?: + 4wl < (IlAuo |2 + | Auol3: ) exp <<b+ 1)C1 (5M1Cy + 9) M7 M7 — 2%) L

1 1
b+1 M M2 M2 . . ..
where € € (( D6 §i2+9) L—T  +00), A5 is the Poincareconstant, Cy, Co, M1, M7 are the positive

constants.

Then we get (2.4).The proof of theorem is completed.
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