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Abstract: By means of modified extended direct algebraic (MEDA) method the multiple ex-
act complex solutions of some different kinds of nonlinear partial differential equations are
presented and implemented in a computer algebraic system. New complex solutions for non-
linear equations such as one-dimensional Burgers, KDV-Burgers, coupled Burgers and two-
dimensional Burgers’ equations are obtained.
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1 Introduction

Recently many new approach to obtain the exact solutions of nonlinear differential equations have
been proposed. Among these are variational iteration method [1-7], tanh function method [8,9], modified
extended tanh function method[10-16], sine-cosine method [17,18], Exp-method [19], inverse scattering
method[20], Hirota’s bilinear method[21], the homogeneous balance method[22], the Riccati expansion
method with constant coefficients[23,24]. The Burgers’ equation has been found to describe various kinds
of phenomena such as a mathematical model of turbulence [25] and the approximate theory of flow through
a shock wave traveling in viscous fluid [26]. Fletcher using the Hopf-Cole transformation [27] gave an
analytic solution for the system of two dimensional Burgers’ equations. Several numerical methods of this
equation system have been given such as algorithms based on cubic spline function technique [28], The
explicit-implicit method [29], and implicit finite-difference scheme [30]. Soliman [31] used the similarity
reductions for the partial differential equations to develop a scheme for solving the Burgers’ equation. High-
order accurate schemes for solving the two-dimensional Burgers’ equations have been used [32, 33]. The
fourth-order accurate two point compact scheme, and the forth-order accurate Dufort Frankel scheme have
been derived, and then numerical stability and convergence have been discussed [33].

The coupled system was derived by Esipov [34]. It is a simple model of sedimentation or evolution of
scaled volume concentrations of two kinds of particles in fluid suspensions or colloids, under the effect of
gravity [35]. The variational iteration method was used to solve the one-dimensional Burgers and coupled
Burgers’ equations [1], the solution was obtained in a series of initial conditions and was turned to a closed
form.

Recently, the direct algebraic method and symbolic computation have been suggested to obtain the exact
complex solutions of nonlinear partial differential equations [36,37].

The aim of this paper is to extend the modified extendedt direct algebraic (MEDA) method to solve four
different types of nonlinear differential equations such as the Burgers, KdV-Burgers, coupled Burgers and
two-dimensional Burgers’ equations [10].
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2 Modified extended direct algebraic method

To illustrate the basic concepts of the modified extended direct algebraic (MEDA) method. We consider a
given PDE in two independent variables given by

F(u, Uy, g, Uggy -...) = 0, (D

We first consider its travelling solutions u(z,t) = u(z), z = i(x + ct) or z = i(x — ct), i = y/—1, then
Eq.(1) becomes an ordinary differential equation

H(u,iv', —icu’, —u",...) = 0, 2)

1 du
where v’ = T

In order to seek the solutions of Eq.(1), we introduce the following ansatze

M

u(z) = ao+ Y (a;¢' +b;07), 3)
j=1

¢ =b+ ¢, )

where b is a parameter to be determined, ¢ = ¢(z), ¢/ = Z—f. The parameter M can be found by
balancing the highest-order derivative term with the nonlinear terms [38]. Substituting (3) into (2) with (4)
will yield a system of algebraic equations with respect to a;, b;, b and ¢ (where j = 1...M) because all the
coefficients of ¢/ have to vanish. we can then determine ag, aj, bj, b, and c. Eq.(4) has the general solutions:
OHIfb<O

¢ = —V/—btanh(v/—bz), or ¢ = —v/—bcoth(v/—bz),

it depends on initial conditions.
dADIfs >0

¢ = \/l;tan(\/l;z), or ¢ = —\/l;cot(\/l;z),

it depends on initial conditions.
A Itb=0
o=
z
Substituting the results into (3), then we obtain the exact travelling wave solutions of Eq. (1).
To illustrate the procedure, four examples related to the one dimensional Burgers, KdV-Burgers, coupled
Burgers, and two-dimensional Burgers’ equations are given in the following.

&)

3 Applications

3.1 One-dimensional Burgers’ equation

Let us first consider the one-dimensional Burgers’ equation which has the form [10]

Ut + QU Uy — Vg, = 0, (6)

where « and v are arbitrary constants. In order to solve Eq. (6) by the MDA method, we use the wave
transformation u(z,t) = U(z) with wave complex variable z = i(x — ct), Eq. (6) takes the form of an
ordinary differential equation as

—alU + %(UQ)’ LU = 0. )
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Integrating Eq. (7) once with respect to z and setting the constant of integration to be zero, we obtain

—eilU + %(UQ) U = 0. ®)

Balancing the order of U? with the order of U’ in Eq. (8), we find M = 1. So the solution takes the
form

U(2) = ag + a1(2) + big(z) . )

Inserting Eq. (9) into Eq. (8) and making use of Eq. (4), using the Maple Package, we get a system of
algebraic equations, for ag, a1, b; and b in the form

1
l i = 0
2aa12 (] y
—c+aay = 0,
1
—cagpl + vairb + iaagi —vby +aa1byi = 0,
aag—c = 0,
1
§ab1i —vb = 0 (10)
These equations give the following three cases:
2.2
Case (I): by = 0, a1 = %”i, b = ag; and ¢ = aag, with ag being arbitrary constant, the travelling
wave solution is given by
. 1 cagt
u(z,t) = ap{1 + i tan 5—(3:4—0[&015) }. (11)
v
—1ha2 2.2
Case (II): b1 = #i, a1 =0,b= % and ¢ = aag, with ag being arbitrary constant, the travelling
wave solution is given by
1 .
u(x,t) = ap{l — i cot <2aa02 (x + aaot)> }. (12)
~Llaa? . 2 - a?a? . . .
Case (III) : b1 = Sfoz, a1 = E”z, b= 1%1)2 and ¢ = aag, with ag being arbitrary constantst, the
travelling wave solution is given by
. 1 . . 1 .
u(z,t) = ap{l + % tan (40410?1 (x + aagt)) - % cot <4a301 (x + aamﬁ)) (13)

All solutions are new exact solutions for the Burgers equation.

3.2 KdV-Burgers’ equation

A second important example is the KdV-Burgers’ equation [10], which can be written as

Ut + EU Uy — VUgy + UlUgze = 0, (14)

where ¢, v and p are arbitrary constants. In order to solve Eq. (14) by the MDA method, we use the
wave transformation u(x, t) = U(z) with wave complex variable z = i(z + ct). Eq. (14) takes the form of
an ordinary differential equation

il + %(U2)/ FoU" — iU = 0. (15)
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Integrating Eq. (15) once with respect to z and setting the constant of integration to zero, we obtain

cill + %UQ + U — piU" = 0. (16)

Balancing the order of U? with the order of U” in Eq. (16), we find M = 2. So the solution takes the
form

U(z) = ao + a16(2) + a2(2)* + bip(2) " + bag(2) 2. (17)

Substituting Eq. (17) into Eq. (16) and making use of Eq. (4), we obtain a system of algebraic equations,
for ag, a1, as, b1, bo and b in the form

1
—2ubai + €agbai + ca1bii + var b — 2ua2b2i —vb + §€a(2)i +cagt = 0,
1
eagagt — 8uazbi + §€a%i +va; +casi = 0,
gapalt + €agbii + 2vash — 2uarbi + caqi 0,
eagb1i + €a1bai — 2vba — 2ub1bi + byt 0,
1
cagboi + vbib — 8ubabi + isbfi +chyi = 0,
—20bob — 2ub1b%i + by boi 0,
eagalt + 2vas — 2pair = 0,
1
§sb§ — 6ubgb? = 0,
1
§5a2 6pas = 0. (18)
The travelling wave solutions from the output of the Maple pacfages are as follows:
Case (I): ag = 295—’;8, a1 =0,a9 =0,b1 = 123511 ~1, by = 25‘35”38, b= 1016u2’c = 25“ The travelling
wave solution is given by
2 ; 2 ; 2
v Vi 6v Vi 6v
t) = 9 — 6icot(——(x — —1)) — 3 tQ— ——1))]. 19
Case (I: ag = g, a1 = B an = 2, b1 =0, by =0, b= g5z, 0= 3
solution is given by
2 ; 2 2
v Vi 6v Vi 1 6v
t) = 94 6i tan(—(x — —1)) — 3¢ - —t 20
. _ 32 _ 12ui _ 12 _ _ _3 _ 2 _ =62
Case(III) Lag = ﬁ,al = 5;”, as = Tu,bl = 500# s’ b2 = 400016;1357 b = 4016M2’C = 251; . The
travelling wave solution is given by
3v? 3v2 ' 612 ' 612
u(z,t) = 2 4] tan( 2l (r — 22 t)) — cot( e (z — ——t))}
10ep ~ 100ep 200 250 200 250
vi 612 9, V1 612
t - —1 t(—(r — =—1 . 21
Htan® (G (o = 5 1) + ot (5 (@ — 5 )] e

All the solutions of the KdV Burgers equation are new.

3.3 Coupled Burgers’ equations

The third instructive example to illustrate of the MEDA method is the homogeneous form of a coupled
Burgers’ equations [10]. We will consider the following system of equations
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U — Ugy + 20 Uy + a(uv), = 0, (22)
Vg — Vg + 200, + B(uv), = 0. (23)

In order to solve Egs. (22,23) by the MEDA method. We use the wave transformations u(x,t) = U(z)
and v(x,t) = V(z) with wave complex variable z = i(z + ct). Eqgs. (22,23) take the form of ordinary
differential equations

! +U" +i (U +ai (UV) = 0, (24)
aV' + V" +i (V3 + i (UV) = 0. (25)

Integrating Eqs. (24,25) once with respect to z and setting the constant of integration to zero, we obtain

ciU+U +iU?+aiUV = 0, (26)
ciV+V' +iV245iUV = 0. (27)

Balancing the order of U2 with the order of U’ and the order of V2 with V’ in Egs. (26,27), we find
M = 1. So the solutions take the form

U(z) = ap+a19(z)+ blqb(z)*l, (28)
V(z) = so+s10(z)+ rlgzﬁ(z)*l. (29)

Inserting Eqgs. (28,29) into Egs. (26,27) and making use of Eq. (4), we obtain a system of algebraic
equations, for ag, a1, b1, sg, S1,71, ¢ and b in the form

al +a%i+aa131 =

cart + 2a0a1i + aaosli + aalsoi

caopt + a1b — by + agi + 2a1b17 + aagsgi + cairit + abysyi

cby + 2a0b1 + aagry + abysg

—bib + b0 + abyryi

s1+ s%i + Baisii

cs1 + 2s9s1 + Bags1 + Paisg

csot + s1b—r1 + 3(2)1' + 2817111 4+ Bagspt + Bairii + Bbisyt
cr1 + 2sor1 + Bagry + Bbiso

—rib+ i+ Bbiryi =

Il
=R e S I = I =R =R = o R o S )

(30)

We solve the above system by the Maple Packages and select three kinds of solutions,

-1 -1 -1 -1
Case(I): S0 = aoc(lﬁ_l),al = %’L’,Sl ﬁ ] = *QM, b1 = 0, r = 0,

= i,c
af —1 a—1
| ad(a?B? — 2a8 + 1)?

, with ag being an arbitrary constant. The travelling wave solutions are

IR (a—1)2
given by
A .
u(z,t) = ap— Bt {tan(A i (x — 2a9Bt))}, 31)
o t) = aph 1 n g i {tan(A i (z — 2a0Bt))} (32)
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B at(a?B? — 2a8 + 1) _ (aB—1) _af -1
whereA—\/ (@172 ,B = 1 ,C = i1

(v —1)sp so(af —1) s2(aB—1)(a—1) .
Case(ll) :ag = ————,a1 =0,81 =0, c= ————, b1 = — i,ry = —
2 D : ag 25—1 12 1 -1 1 1+ 9) 1
sg(=1+apB) . sp(=1+aB)® . . . : :
i, b= , with s being an arbitrary constant. The travelling wave solutions are
143 SR 0 g ry g
given by
-1 A
u(z,t) = W — i {oot(Ay i (x — 2418))}, (33)
A
v(z,t) = so— 61 i {cot(Ay i (z — 24A1t))}, (34)
-1
where A1 = So(gﬁ_l) .
ao(B—1) a—1 . -1 . (af —1) ag Lad(aB —1)
C II): s = = == - =9~ Wy =207 7/
ase ()i so = — 7= a1 = g7 i 81 = g b a—1 T4 (a-1)
B2 2 1 2 -1 2
1,71 = %0 i, b= ,M’ with ag being an arbitrary constant. The traveling wave solutions are
4C 4 (a—1)2
given by
1. 1 ) 1 ,
u(z,t) = ap <1 + §z{tan(§Baoz(:c — Bagt)) — cot(iBaoz(x - Baot))})
(35)
B 1 1 1
v(z,t) = % (1 + ii{tan(§Baoi(:U — Bagt)) — cot(EBaoz'(:n - Baot))}>
(36)
All the solutions of the coupled Burgers’ equations are new.
3.4 The two-dimensional Burgers’ equations
Our last example is a system of 2D-Burgers’ equations [10]
1
U + U Uy + VUy — E(um +uyy) = 0, (37)
1
Vg + UV, + VU — E(vm +vyy) = 0, (38)

where Re is the Reynolds number. To solve the system of Egs. (37,38) by means of the MEDA method,
we use the transformations u(z,t) = U(z) and v(z,t) = V(z) with wave complex variable z = i (z + y +
ct), Egs. (37,38) take the form of ODEs

ciU +iUU +i VU +20U" = 0, (39)
ciV' +iUV' +iVV +20V" = 0, (40)

where v = 1. Balancing the order of UU’ with the order of U” and the order of V'V’ with V" in Egs.
(39,40), we find M = 1. So the solutions take the form

U(z) = ao+a1d(z) +bid(2)7, (41)
V(2) so + s16(2) + rig(z) L. (42)
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Inserting Egs. (41,42) into Egs. (39,40) and making use of Eq. (4), and by using the Maple Package, we
get a system of algebraic equations, for ag, a1, b1, sg, S1,71, ¢ and b in the form

a% + s1a1 — 4var =

cal + apal + Spa1 =

—b(—a% — s1a1 + 4vayi) + ria; — s1by =
—b(—cay; — apa; — spa1) — cby — apby — spb1 =
—b(—r1ay + s1by) — 4vbibi — b2 — by =
—b(eby + apby + sob1) =
—b(4vbibi + b3 4 1r1b) =

cs1 + aps1 + Sps1 =

S% + s1a1 —4vs1 1 =

—b(—s? — sya1 + 4vay i) + s1by —ria; =

—b(—CS1 — apS1 — 8081) —Cry — Sory —aory1 =

—b(—s1b1 +ma1) —4vribi —riby — 7’% =

—b(ery + sor1 +agr1) =

—b(4vribi + by +73) = (43)
We solve the above system and obtain three kinds of solutions,
Case (I):ap = —c—sp,a1 =— 81 +4vi, by =0,7r =0,
with sg, s1, b and c being arbitrary constants. The traveling wave solutions are given by
u(z,y,t) = —c—so+ (s19+ 4v)vV—=b tan(v —b(x + y + ct)), (44)
v(z,y,t) = so—s1V—bi tan(v—=b(z +y + ct)). (45)
Case (Il): ag = —c — sg, a1 = 0,87 = 0,71 = —2vb ¢ — by, with sqg, b1, b and ¢ being arbitrary
constants. The traveling wave solutions are given by
b1t
w(x,y,t) = —c—sg+ cot(vV—b(z +y +ct)), 46
(z,y,1) ot o= (V=b(z +y +ct)) (46)
(4vb — by 7)
v(z,y,t) = 89+ —r——2cot(vV—=b(x+y+ct)). 47
(z,y,1) 0 7 (V=b(z +y +ct)) 47)
Case (II) : ag = —c — sg, S1 = —a1 — 2v i, by = —a1b, r1 = b a; — 4vb ¢, with sg, a1, b and c being
arbitrary constants. The traveling wave solutions are given by
. tan(v/—=b(x +y + ct))—
= —c—50—a1iv— 4
U(.T,y,t) C— 50 a1l b < COt(\/jb(.fC—i-y—FCt)) ) ( 8)
, tan(v—b(x +y +ct))—
t) = 4v)vV —=b . 4
U(.I,y, ) 50+(a12+ V) < cot(\/jb(x+y+ct)) (49)

All the solutions of the two dimensional Burgers’ equations are new.

4 Conclusions

In this paper, the MEDA method has been successfully applied to find the solution for four nonlinear par-
tial differential equations such as the one-dimensional Burgers, KdV-Burgers, coupled Burgers and two-
dimensional Burgers’ equations. The modified extended direct algebraic method is used to find a new
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complex travelling wave solutions. The results show that the modified extended direct algebraic method
is a powerful mathematical tool to solve the one-dimensional Burgers, KdV-Burgers, coupled Burgers and
two-dimensional Burgers’ equations, it is also a promising method to solve other nonlinear equations.
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