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Abstract: In this paper,the global well-posedness of the viscous b-family equations are stud-
ied. Get the global existence and uniqueness of solution to the viscous b-family equation
for ug € L?(R). According to the energy estimate, we result the local well-posedness for
ugp € L?(R).By using this theorem and the usual extension theory the global well-posedness is
proved.
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1 Introduction

In this paper, we are interested in the global well-posedness of the initial value problem (IVP) associated to
the viscous version of the one-dimensional shallow water equation as follows

Ot 50 (0) 50,1~ )7 (%) — 20,1~ )N (0uw)? = 0 (.0

where u=(x, t), (x, )¢ R x R.

For b = 2, (1.1) becomes the Camassa-Holm equation, it has a bi-Hamiltionian structure and is com-
pletely integrable (see [1]). In [2] Dangping Ding and Lixin Tian researched solution of dissipative Camassa-
Holm equation on total space. Tian, Song,Yin [3,4] considered the generalized Camassa-Holm equation
and derived some new exact peakons and compactons.The Cauchy problem of nonlinear equation was
proved.[17-19].

With b = 3 in (1.1), we find the Degasperis-Procesi equation

Ut — Uppr + dUU; = BUgUgy + UlUgrz, >0, xz€R (1.2)

Degasperis, Holm and Hone[6] proved the integrability of (1.2) by constructing a Lax pair. They also
showed that (1.2) has bi-Hamiltonian structure and an infinite sequence of conserved quantities, and admit
exact peakon solutions which are analogous to the Camassa-Holm equation. After the Degasperis-Procesi
equation (1.2) was derived, many papers were devoted to its study. For example, Yin proved local well-
posedness to Eq (1.2) with initial data ug € H* (R), (s > %) [9] and derived the precise blow-up scenario
and a blow-up result. The global existence of strong solutions and global weak solutions to Eq(1.2) was also
investigated in [10,11].Recently, Lenells [12] classified all weak traveling wave solutions. Matsuno [15]
studied multi-soliton solutions and their peakon limit. Coclite and Karlsen [16] proved there exists a unique
global entropy weak solution in L(R) N BV (R) and L*(R) N L*(R).

Itis completely integrable(see [7-12]). Despite the similarities to the Camassa-Holm equation, we would
like to point out that these two equations are truly different. One of the important features of Eq(1.2) is that
it has not only peaked solitons u (¢, z) = ce~l#=<tl ¢ > 0 but also shock peakons (see [13,14]) of the form
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u(t,x) = Hiksgn (z)e~ 1l k > 0. On the other hand, the Lax pair and conservation laws of the two
equations are also different (see [6]).

We have find it is convenient to rewriteEq(1.1)as the following form
Ut — Utzg + (b4 1)Uty = Duglzy + Ulgyy,t > 0,2 € R (1.3)

For a real parameter b, which includs both the Camassa-Holm equation,and the Degasperis-Procesi
equation as special cases, since it arises form(1.1) when the peakon kernel g(z) = %e"f”' is chosen, we
refer to(1.3)as the peakon b-family of equations.

It is shown in [5] that all these equations in the peakon b-family have not only the peakon solutions

N
u(z,t) = ce1*=¢ ¢ > 0,but also multipeakon solutions u(x,t) = 3. pi(t)e”|*~%| For an arbitary
k=1

constant b, p;, and gy, are not canonical variables but satisfy the dynamical system py, = — (b — 1)88GT£’, Q. =
N
%%V. Where the generating function Gy is given by Gy = % > pkpje*mj*q’“'.

Jk=1
Here, we intend to sharpen the global result to less regular initial data. We consider Eq (1.1) with an
additional viscosity term

{ Bru = £02u + 2530, (1 — 92)~1((9ew)?) — 80,(1 — 92) " (u2) — 18, (u)? — kdyu 14

u(z,0) = up(z)

where € > 0, u=u(x, t), (x, t)€ R2, k is constant. We intend to show global existence and uniqueness of
solution to (1.4) for ug € L?(R). Denotes L2(R), L%(R) for Lo(R) under z, T, respectively and H.(R),
L¥(R) for Hi(R), Loo(R)under z, t, respectively.

Theorem 1 For any € > 0 and ug € L?(R), the (IVP) (1.4) has solution in
X = C([0,00); L(R)) N C((0,00); Hy (R)).
To show Theorem 1, we will first establish local well-posedness for ug € L?(R)

Theorem 2 For any ¢ > 0 and ug € L*(R), there exist a T = T (ug,<) > 0 and a unique solution u. of
(1.4) such that
us(w,t) € C([0,T]; LZ(R)) N C((0, T; Hy(R))

The rest of the paper is organized as follows. In section 2, we will set up and introduce a useful estimate
concerning the operator 9, (1 — 92)~!. In section 3, we will consider some estimates for the nonlinear part
of the equation. Together with the crucial estimate in Lemma 4, we also obtain some estimates for 0, u. In
section 4, we will prove Theorem 2 and show the local existence of (1.4) using the contraction argument.
The last section is a sketch of the proof of Theorem 1.

2 Preliminaries
Consider the IVP, or, viscous b-family equation

Opu = e0%u + f(u,0u),z,t € R
U({L‘, 0) = UO(x)

where f(u, 0yu) = %520, (1 — 02) 71 ((0u)?) — 20,(1 — 02) "1 (u?) — 30, (u)? — kdyu.
The integral equivalent form of the equation is as follows:

t
u(z,t) = e Piyg + / S £y, Oyu)dt,
0

where 5102y = (e 4T tEyg(£))V.
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We will list some lemmas needed in the proof of the Theorem 2. First, we state the following lemma
which consists of the crucial inequality involving the operator d,(1 — 92)~!. From [20] Lemma 1 for

g,h € L*(R),
102(1 = )" (g 12 < cllgllz IRz

101" (1 = 02~ (gh)|| o < cllgllz 17l 2
for all s < % The next two lemmas are regarding the nonlinear part of (1.4).

Lemma 1 The next inequality is regarding the nonlinear part of (1.4).

H S et (—ba, (1 — 02)71 (u2) — L0, (u2) — kdyu)(w, ¢')dt!

2 2 Lr* Ly 2.1
< c(llullzz L2 + ||a:cu||L%Lg + 19zull 22 £2),
;e =05 (b239, (1 — 92)~1(9,u)?) (x, ¢')dt!
| (1= )7 @)t | o)
< C||aacU”L2TLga
|ut@,t) = e Puo| < cllulli iz + 10mulEs 1 + 10wl 3 12) 23)
) Leer2 = L2.12 cUllL2 2 Wiz r2) .

Proof. By Lemmal and Sobolev Embedding Theorem H}(R) — L°(R), we have

| 5 est=%¢ a<1—a@—%ﬁ>—%axw>—k@mxmﬂMﬂLwy
T x
<2 sup fg e (t_t/)ag(—&v(l—3:%)_1(u2)(1‘,t’) dt’ + 3 sup fo (=929, (u?)(z, V)| dt’
te[0,T) te[0,T] L3
ENles =92 (9,u) (x, t’) ,at’
te[o T]
S I&ﬂ%+c&|maump+uaumgﬁ

< (HUHL2 2t Ha UHL2 2 T 10ull 2 12)-
Similarly, (2.2) is as follows

H t ee(t—t") 82 b— 33 (1*32) (BIU)Q)(x,t/)dt,

L¥L2

% (0, (1 — 02) 7 (Dru)?) (a, 1)

eas < S 0u01 = 00 0.0

b—
< 2

t€[0,T
SCLH%w&ﬁZdWwﬁmg

From (2.1) and (2.2) we can get (2.3). =

Lemma 2 This lemma proved the inequality of f(x,t).

1
< OT 2(Jullf2 2 + 10wul72. 2 + 100t 2 12)
L2.12

t
/ es(t—t’)agf(m, tl)dt/
0

Proof.

dt) o
Ly

Hf(; ee(tft/)agf(% t/)dt/ < (foT

I (fy e =% f (2, #))dt) 2da
R

L2312

< T1/2 Hft ea(t—t’)ﬁﬁf(:C t,)dt/

L L2
1
<T /ZC(HUHH 2zt |0 UHL2 2t |0 UHL2 L2)

m The result follows from Lemma 1.
To investigate the estimates in H', we need the following lemma.

IJNS homepage:http://www.nonlinearscience.org.uk/



132 International Journal of Nonlinear Science,Vol.6(2008),No.2,pp. 129-135

Lemma 3 (see [20])For any ug € L*(R),e > 0 and § > 0, there exists T = T (ug, ) > 0, such that

T 2 2 1
= (/ /‘8xe€tawu0‘ dzdt) 2 < 6.
Tz 0
R

2 2
1fllzerz < CUlullzz g2 + 102ullzz p2 + 102wl 2 12)

2
H 0,502y, ‘

Lemma 4

Proof.

171202 = (155200 (1 = 02) 7 (2ew)?) — 502 (1 = 02) 7" (u®) = §0a(w)® — kyu| 1

< foT 15520:(1 = 02) 71 (9ru)?) = 50.(1 = 92)7 (u?) = 500 (w)? — k|t
3o NosullZadt + Jy Iullzzdt) + C" fo NowulZzdt + k fy 10sul zt

< C(”UHL2 2 +10: UHL2 12 +10s UHLZ 2)-

| |
Then we have some estimates for v.

Lemma 5
(HUHL2 2zt |0 UHL2 2t |02 UHL2 L2>

_1 2 2
10x0]| Lo 2 < Ce /Q(HUHL%Lg + 102ullzz 12 + Haz:UHLQTLg)Q-
Proof. see [20] m

Lemma 6
[0 UHL2 2 <0+ C (”UHL2 2t |02 UHL2 2t |0 UHL2 L2)

Proof. From Lemma 3-5 ,we have

— t )02
10zull 12 12 P +0, [y e f(athat |,
z—:t@ﬁ e(t—t")02 A,
u(]’ o + Ha‘"” INC [z, t)dt a2

<0+ 1 HfHLlL2
<od+ C (HUHL2 2t [0z UHL2 2+ [0z U||L2 L2)

3 Local result: proof of Theorem 2

Let
= {u e C([0,7) : LA(R)) N C((0.7): H'(R)) :
Iholll = [ — %o, + 105l 315 + g < o}

and define the mapping ¢ : X! — XT by

o(u) = e° ruo—l—

Ji =R (5530,(1 = ) 00 — 30,1 — )0 — B0 (w)? — O e D

Theorem 3 For any € > 0, there exist T = T. > 0 and a > 0 such that $(XI) C XI. In addition,
¢: X ;;F — Xg is a contraction mapping.
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Proof. We first need to show that the map is well defined for some appropriate a and T .Let u € X. We
have

lgull = |[ou - e™uo|| .+ 10u(6u) 3 12 + lbull 1z - (3:2)

LgL2

Consider the terms in (3.2) one by one. From Lemmal, the first term in (3.2) can be estimated as follow:

o) = %]

LPL2

¢
/ et f(u, Opu)(z, t')dt’
0

L5oL2
3.3)
= [[ute. ) = e
L5oL2
2
< O(lull7zarz + 10xul72 2 + 100ull r2.12)
2
< Clull
From Lemma 2, the second term in (3.2) can be estimated as follow:
vl
t
= eEtdgug + / st )agf(u, Opu)(x, t')dt’
" L3 (3.4)
t
< ‘ estagu()’ - / (=192 £ (u, Oyu) (x, ) dt!
LEL3 0 1212
1 1
< T2 ol gz + CT 2 [ul|*;
From Lemma 6, the third term in (3.2) can be estimated as follow:
10:(6u)ll 2 2
t
= ‘&Cestaﬂ%uo + 835/ ee(t*tl)a%f(u, Opu)(z, t')dt’ 35
0 L2 LQ ( . )
C
<0+ Y (HUHL2 2+ 10wl 7z 2 + 100l p212) < 5+ HIUIH

Combine (3.2)-(3.5) we have that

[l gull

= [[ou— e+ 10u(60z 2 + w2

L¥L2
1 1 1
<6+ T2 Jluol 2 + COA+T2)(||Jull* + 1 )

1
<04+ TR Juollyg + (UL + TR 1+ )

With appropriate values of §, a, T, we are able to have that |||¢ul||| < a,i.e, ¢ : XI — X is well defined.
With a similar argument, we can show that ¢ : X7 — X' is a contraction mapping:

llp(u) = ()l < C"[[Ju— ]|
where C' = C'(T, a,¢, ”“HL%L; , ||U||L2TL3 , Hc?quLzTL% , H&EUHLQTL?C) can be chosen as 0 < C’ < 1 with

appropriate values of T and a. m
Theorem 2 is merely Theorem 3 with a standard uniqueness argument.
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4 Proof of Theorem 1
To prove Theorem 1, we need only to establish some priori estimates. To do so, we apply the operator
(1—02)to(1.4),

b—3 b 1

0p(u?) = S(1 = )05 (u?) — k(1 — 87)dpu (4.1)

(1—0%)0u —e(1 — 92)9*u = ~3 5

ax((axu)z)

Perform the standard energy estimate on (4.1), Multiply u to the equation and integrate with respect to x
over R, we have that

/u(l — 02)Opudx — E/u(l — 02)0%udx

= b/u@zuﬁiudm —(b—3) /uzal,udx — /u(l — 0 udyudzr — k/u(l — 02)0,udx
= b/u@xuﬁgud:n —(b—3) /uzaxudx - /uQOIuda:—&— /u@i(u@xu)d:v - k(/u@mud:n - /u@iudm)

From the above proving we get one of the conversation laws is boundary. Thus we have an a priori estimate.
Together with the local theory and the standard extension argument, we have a global solution for (1.4).
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