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Abstract: In this paper, we obtain some properties that Riesz multiwavelets and the correspond-
ing scaling functions should satisfy in order that the Riesz multiwavelets be associated with the
multiresolution analysis(MRA).They are given in terms of the low/high-pass filters and in terms
of the Fourier transform by using the newly obtained necessary and sufficient condition for the
sum of two shift-invariant subspaces to be closed. The properties are used to improved the
characterizations of Riesz multiwavelets associated with MRA previously obtained by some of
the authors.
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1 Introduction

Wavelet is an applied subject developed in early nineteen eighties, which is an amelioration and development
of traditional Fourier transformation. It has widely application in some side, such as image compression,
data procession, filtration of signal etc[4,7]. Generally, multiresolution analysis is a better means to construct
an wavelet. In this paper, we give the equivalent statements of Riesz multiwavelet of multiplicity r and
the corresponding scaling functions associated with multiresolution analysis. They are given in terms of
the low/high-pass filters and in terms of the Fourier transform. The properties are used to improved the
characterizations of Riesz multiwavelets associated with MRA previously obtained by some of the authors.

Definition 1 [1] 1 is said to be a orthogonal wavelet of L*(R), If {¢bj . = DI Ty1b}; ez is an orthonormal
bases for L*(R), where D : L*(R) — L*(R) is the unitary dyadic dilation operator defined by D f () :=
Z%f(Qat); where T : L*(R) — L%(R) is the unitary Translation operator defined by T, f(x) := f(x — 7).

The set of all waveletin L?(R) can be written OW (L?(R)). By[2,Theorem 3.21,Theorem 3.13], orthogonal
wavelet is wavelet.

Definition 2 [3] ¥ = (11,9, - ,¥.)T € (L?(R))" is said to be an orthogonal wavelet of multiplicity r
in LX(R), if {T,,¥ = Tyapi,i = 1,2, -+, r}ney is an orthonormal bases for V.

Let X,Y be two closed subspaces of a Hilbert space H, then we say that X and Y are complementary
subspaces if X + Y = H and X N'Y = {0}. In this case, we write H = X+Y. If X;,i € Z is a closed
subspace of Hilbert space H such that X; () X; = {0}(i # j) and f € H can be written as norm convergent
series f = > ..z i, x; € X;, then we write H = +iczX;. We reserve the notation @& for the orthogonal
sum.

Let U = (¢1, %9, -+ ,%,)T be an orthogonal multiwavelet of multiplicity r in X, define
W =spai{ D" Tty cm e Z}, VFi=all Wh=...awt oW}l ,ewk

Xk =Upez D”Vb’“, 1 < k < r, then the following propositions are hold:
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Proposition 3 Under the above definition, we have:
(DWFLWF(i # 3,1 <k <r);
(2) Xp = @) JWF(1 <k <7);
(I VE =VEOWENVR 2,1 <k<r);
(4) L*(R) = &1_, X,

Forever, {V,¥1,,cz be a family of closed subspaces of Hilbert space X,(1 < k < r), and it has the following
properties:

(WHVE, CcVEVneZ1<k<r);

Upez Vi = Xi;

(yez ViF = {0}

@VrF, =DVF(VneZ1<k<r).

If function ¥ = (¢1, 9, - - ,4.)T be a Riesz wavelet of multiplicity r in X, under the same notation,
we have the Proposition similar to Proposition 3, only difference between them is the latter is orthogonal
sum of closed subspaces and the former is sum of closed subspaces. From above analysis, each orthogonal(
Riesz ) wavelet can lead to orthogonal (sum decompose), and at the same time, it can creates an increasing
closed subspaces that can satisfies the definition of multiresolution analysis(MRA), so there has an important
question—-which is first, MRA or wavelet? Similarly the notation of R. A. Zalik[5] and Bownik[6], we
give the following conception. Function ® = (¢, ¢, - - -, ¢,)7, satisfy ¢; € Vo, 1 < i < r, such that
{Tr¢; : k € Z,1 < i < r} be Riesz base for V[ , we say that this wavelet is associated with MRA; A
wavelet ¢/ is obtained by an MRA, if there exists an MRA {V; : j € Z}, such that ¢ € V;. Notice that
if a wavelet is assocaited with an MRA, then it is obviously obtained by the MRA; Recently, Bownik[6]
showed that the converse also holds. Hence, we have that a Riesz wavelet v is associated with an MRA if
and only if it is obtained by an MRA. Because Riesz wavelet of multiplicity r have better compatibility, in
the second part, we obtain some properties that Riesz multiwavelets and the corresponding scaling functions
should satisfy in order that the Riesz multiwavelets be associated with the multiresolution analysis(MRA).
They are given in terms of the low/high-pass filters and in terms of the Fourier transform by using the
newly obtained necessary and sufficient condition for the sum of two shift-invariant subspaces to be closed.
The properties are used to improved the characterizations of Riesz multiwavelets associated with MRA
previously obtained by some of the authors.Some related articles can be see references[8-10].

2 Some equivalent conditions of Riesz multiwavelets

Theorem 4 A Riesz multiwavelet W = (11, %s, - - ,4.)T of multiplicity r is associated with an MRA if and
only if there exist two functions P(x),Q(z) € L2, (R),called the low , high-pass filters, respectively, and
® = (¢1, 02, ,¢,)T such that:

(1)  A{Tx¢i: k € Z,1 <i<r}isaRiesz basis for Vp;

(2) d(2z) = P(z)d(z) for aexcR; (a)
(3) U(2z) = Q(x)P(x) for aexeR; (b)
Proof. Let Riesz multiwavelet U = (11,109, --- ,1,)T of multiplicity r is associated with MRA, then by
the definition of MRA, we can obtained property (1),and function®, ¥ have the following properties:
O(t) =2 Pu®(2t—n), W(t)=2) QudP(2t—n), (c)
nez nez

where (Py,)nez, (Qn)nez be the matrix series of order r and its elements in [?(Z), define this set by 12,.,.(Z).
Take the Fourier transformation of equation (c), then (1),(2) follows.

Define V; = span{D’Ty¢; : j, k € Z,1 < i < r}, then we get the subspaces V; satisfies (M1),(M4),(M5)
of the definition of MRA, notice every Riesz base is an frame, by[3], we know (M3) is right; Similarly, take
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the Fourier transformation of equation (b), ¥(t) =23, ., @, ®(2t — n), where(Qy)nez € I2,,(Z). Since
{DiTyp; « j,k € Z,1 < i < r} be Riesz base for L?(R) , therefore, L?>(R) = span{D’Ty; : j, k €
Z,1 < i <r}, hence (M2) is qualified. This completes the proof. m

Definition 5 [1] We say that A is essentially contained in B, if A\B has Lebesgue measure 0, We say that
A is essentially equal to B, if both A\ B and B\ A has Lebesgue measure 0.

The support of f(¢) will be denoted by supp{ f(¢)}. With this notation we have:

Theorem 6 Suppose {D'Ty; : j, k € Z,1 < i < r} be aRiesz base of L*>(R), let r(w) := (r1(w), -+ ,rr(w))7T,
where r;(w) = \/Zkez |thi(w + 4k)|2. Then the following statements are equivalent:

(1) W is obtained by an MRA and supp{ ¥V (2w)}is essentially equal to supp{¥(w)};
(2) W is obtained by an MRA and supp{ ¥ (2w) }is essentially contained in supp{¥(w)};
(3)There exists a 4m— periodic function g(w) € L2, (R), such that g(w) is invertible a.e. such that

¥ (2w) = gw) ¥ (w) (d)

ae. w € R;
(4) ri(w) > 0,1 < i < 7 a.e. and There exists a 4w — periodic function g(w) € L?

2 r(R), such that( d)
is satisfied a.e. w € R.

Proof. Clearly (1) = (2).

(2) = (3) Assume (2)is satisfied, let A and B be Riesz upper bounds and Riesz lower bound for
{DiTyab; = §,k € Z,1 < i < r}, respectively, and let ¢ := {cy : k € Z} € [*(Z). From the definition of
Riesz base, we readily see that

T
Allelp < 1)) aTisil® < Bllell,

i=1 keZt

and from [2,Theorem 3.24], we also obtain :

A< ZZ Wi (w + 2k7)|> < B aew €R (e)

1=1 k€Z

Assume WV is obtained by an MRA, and let ® and P(x), Q(z) be functions that satisfy the properties(1),(2)
described in Theorem 1, applying the identities in (a),(b), and again use (e), we deduce that for almost every
w € R, such that Q(w) is invertible, and have the following equation:

)U(

¥(2w) = QW) ¥(w) = Qw)P( ) = QW)P(5)Q(5) ¥ (w).

| E
| &€

If N1 denotes the set of Ny := {w : Q(%) is not invertible, a.c.w € R}, from Theorem 1(b), we see that
\i/(w) must vanish in Ny, Applying the hypotheses, we therefore conclude that @(Qw) =0a.e.in N;. If Ny
denotes the set w such that (%) is invertible and either Q(w)is not invertible or P(% ) is not invertible, a.e.
w € R.By (2)we see that ¥(2w) must vanish a.e. in Ny. Therefore, if

1, ifw e Ny U No:
g(w) =

Qw)P(£)Q(¥)~t, otherwise.

we see that (3)is satisfied. Clearly g(w)is 47— periodic.
Assume let(3)is satisfied, to prove(4),let

9(w) = (9i,j(@))rxr, m(w) == min {lg; ;(w)],]gij(w + 2m)[}.

1<i,j<r
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then m(w) > 0, and apply (d) and (e), we conclude that for almost every w € R,

(ri(w)? = ez I¥ilw + 4km)[? )

ez | 3051 9515 + 2km)dy (5 + 2km)[?
m($)* Y kez | Z;Zl V(% + 2km)|?
m($)? Y pez [Ui(% + 2km)|?

m(%)2A

0.

vV IVIV IV

Assume now that (4)holds, next we will show other conditions(1),(2),(3) of Theorem 3 are satisfied.
First we prove (1).
Let ¢;(w) := 7;(2w), and let

$i(w) = { gb’i@w)qé(w)l’ ¢i(w) #0;

otherewise.
Assume g;(w) # 0, then g;(w + 2km) = ¢;(w) # 0, therefore
q@i(w + 2k7) = zﬁi(Qw + 4]{:7T)qi(w)_1.

since g;(w) # 0, a.e. This implies that ), |¢i(w + 2km)|> = 1,1 < i < r. And at the same time, we
have

fR’(&i(w)Pdw = Zkezf%kﬂ |6i(w)[*dw

J2T S e |bi(w + 2k7) 2dw
= 2.

Hence ¢; € L2(R),1 < i < r. Let ¢; := ¢;, therefore ¢; € L2(R),1 < i < r, by [2,Theorem3.24], we
know that, T,,¢; is Riesz base for its close linear span Voi = span{T,¢; : 1 < i < r}. Since DIiTya;
be Riesz base for L?(R) and by definition(1.1),we get: V; N'V; = {0}, and L?*(R) = +rez+i<i<rV},
then by Theorem1, U = (41, by, - - - , b, )7 is associated with an MRA; By(4) supp{¥(2w)} is essentially
contained in supp{¥(w)}, therefore Theorem (2) , (3) follows. i.e. there exists an function g(x) # 0, s.t.
w € R, a.e. hence (4) holds. This implies that supp{¥(2w)} is essentially equal to supp{¥(w)}. m

Corollary 7 Let {\I/] gkt gk € Z} € LAR) and supp¥(2w) is essentially contained in Riesz base of
supp¥ (w), 7(w), ®(w) are defined as above, let {cy, : k € 7} be the series of Fourier coefficient of r(%).For
each j € 7, define V; := span{®;y, : k € Z}, then ({V; : j € Z,®}) be an MRA, ¥ € L*(R), and sattsfy

the following equation:
S DB
keZ

Theorem 8 Let {W;}, : j,k € Z} be Riesz base for L*(R), and ¥(w) # 0, a.e. w € R. g(w) = (gi;(w))rxr
be defined as Theorem 3, then g; j(w) can not be a scalar matrix a.e. w € R.

Proof. Since {V;, : j,k € Z} is a Riesz base of L?(R), the support of function ® must have positive
Lebesgue measure. Suppose g; j(w) can be a scalar «, a.e. then o # 0, a.e. and w € D, then for every
k€ R,®(2Fw) #0,9(2kw) #0,w € D,

= (1:[ 9(2"w)d(w), nezt.

and

V(2 "w) =dw) [[92Fw)™', nezt. (4)

We deduce that
V(2"w) =a"V(w) weD,neZ.
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then for every w € D, a.e.

D@0 = [EW)P ) o = +oo.

jEZ =4
Because the set D have positive Lebesgue measure, and every Riesz base must be a frame, this contra-
dicts[2,Theorem 3.21]. m

Theorem 9 Suppose U = (11,)a,--- 1)1 is a Riesz multiwavelet of multiplicity r, under the same nota-
tions as above, the following assertions are equivalent:

(1) W is associated with an MRA;

(2)Vy is shift-invariant and dim (span{(®(27 (x 4 2kn)))kez}) = r for a.e. x € R;

(3)Vy is shift-invariant and 3 57_1 > i1 D pey 9s(27 (x4 27k))|? > 0 for a.e. x € R;

(4) There exist P(z),Q(z) € L2, [-m,7),®(x) = (¢1, b2, - - ,qﬁr) ( 2(R))", such that {T*¢; :
k € Z,1 < i < r} be Riesz bases for subspace Vy, and ®(2z) = P(x)®(z), ¥(2z) = P(x)¥(z) for a.e.
xz € Ry

(5) {T™p; :n € Z,1 < i < r} is a Riesz basis for subspace V1 N Vi;

(6){T"¢; :n € Z,1 <i<r}isa Riesz basis for span{T"¢; :n € Z,1 <i <r} =1V,.

Proof. (1) = (2) Since the association of U with an MRA implies exist ® = (¢1, @2, - - - ,qﬁr) such
that {T”qﬁk 1 < k < r,n € Z} be Riesz bases for V0 , and at the same time, Vp = @ _ 1VO , that is,
SH{®}) = S{}) @ SH{p2}) @ --- @ S{or}). o € L*>(R),1 < k < r, s0 Vp is shift-invariant,
and aex € R,

dim(span{(®(2’(z + 2km)))rez})
= dim(5(®)(z))
= dim(5(¢1)(z) ® S(d2)(2) @ --- © S(¢r)(2)) o
= dim(span{(¢1 (2’ (z + 2km)))rez}) + -~ + dim(span{ (¢, (2’ (z + 2km)))rez})

I
=3

(1) = (3) If ¥ be a Riesz multiwavelet of multiplicity r, then by analysis of Proposition 3, L*(R) =
4_1X;, where every 1); is Riesz wavelet of closed subspace X;, by[5], Z XD kez (27 (x + 2km))|?

0 for ae. = € R, hence 3 ;513 10:(27 (z 4 27k))[2 > 0(1 < i < r)for ae. = € R, then
Die1 2oj>1 2 ke |4hs(27 (z + 27k))|? > O fora.e. z € R.

(2) = (3) Trivial.

(3) == (1) Suppose Vj is shift-invariant and Y7 351 > ey |45 (27 (z+27k)) |2 > O forae. z € R,
by definition of function ¥, we have ¢; # 0,1 <@ < k, then 3~ > 1y |4hs(27 (x 4 27k))|? > 0 for a.e.
r € R, where Vy = +,_, V. by [4], there exist ¢y, € V¥, such that the shift of ¢, is a Riesz basis for V¥,
since Vy = {L};:lVOk, hence {T"¢; : n € Z,1 < i < r} is a Riesz basis for 1, therefore, ¥ is associated
with an MRA.

(1) = (5) Suppose ¥ be a Riesz multiwavelet of multiplicity r, then by analysis of Proposition 3,V; N
Vit L2(R) = +;_1 X;, where every v; is Riesz wavelet of closed subspace X;, i.e. {T™; : n € Z}isa
Riesz basis for subspace W{.Notice that V4 N V- = +;_; W, therefore, {T™); : n € Z,1 < i <r}isa
Riesz basis for subspace V4 N V.

(5) = (6) This follows from Proposition 3.

The equivalence of conditions (1), (4) and (6) are given at the Theorem 1. m

References

[1] I. Daubechies: Ten Lectures on Wavelets.SIAM, Philadelphia.(1992)
[2] C. K. Chui: An introduction to wavelets. Academic Press, Boston.(1992)

[3] Goodman T N T, Lee S. L.: Wavelets of multiplicity r. Trans. Amer. Math. Soc..342:307-324(1994)

IJNS email for contribution: editor @nonlinearscience.org.uk



L. Cheng, F. Sun, S. Dang: Riesz Multiwavelet of Multiplicity r and Multiresolution Analysis - - - 123

[4] Xiangui Kang, Wenjun Zeng, Jiwu Huang: A Multi-band Wavelet Watermarking Schemelnternational
Journal of Network Security. 6(2):121-126(2008)

[5] R. A.Zalik: Riesz bases and multiresolution analysis.Appl. Comp. Harm. Anal.. 7:315-331(1999)

[6] Marcin Bownik: Riesz wavelets and generalized multiresolution analyses. Appl. Comp. Harm. Anal..
5:181-237(1995)

[7] Zhongwei Chen, Qin Wang, Lifeng X: A Generalized method of Wavelet Importance Sampling for
Dynamic Global Rendering. International Journal of Nonlinear Science. 6(1):86-96 (2008)

[8] E. Yusuf glu, A. Bekir: New Exact and Explicit Traveling Wave Solutions for the CD and PKP Equa-
tions.International Journal of Nonlinear Science. 3(1):8-14(2007)

[9] Xinghua Fan, Tieniu Lu: Solitary wave solutions and double periodic solutions of the general discrete
mKdV Equation. International Journal of Nonlinear Science.3(1):52-57(2007)

[10] Danping Ding, Zhanwei Guo: On the Cauchy Problem for a Nonlinear Dispersive Wave Equa-
tion.International Journal of Nonlinear Science.4(3):221-226(2007)

IJNS homepage:http://www.nonlinearscience.org.uk/



