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Abstract: We prove stability/instability of positive stationary solutions to certain classes of
elliptic problems of the form

{ _Apu(@) = Aa(@)f(u(z)  wew,
Bou(z) =0 x € 01,

where A denotes the Laplacian operator, € is a bounded and regular domain in R", (n > 1)
having smooth boundary Byu(z) = ah(z)u(x) + (1 — a)% where o € [0, 1] is a constant
and h : 92 — R is a smooth function with » = 1 when o = 1, A > 0, and p(u) € R™ and f
are smooth functions with ¢(0) = 0. We also assume that weight a(x) : Q — R satisfies either
a(x) > 0ora(x) <O0forall z € Q.
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1 Introduction

Consider the elliptic boundary value problem

—Dp(u(x)) = Aa(z) f(u(z)) z €9, e))
Byu(z) =0 x € 09, ()

where A > 0 is a parameter, €2 is a bounded and regular domain in R™ having smooth boundary B,u(z) =
ah(z)u(x) + (1 — 0‘)% where o € [0,1] is a constant and h : 9Q — R™T is a smooth function with
h = 1 when o = 1, i.e; the boundary condition may be of Dirichlet(u = 0), Neumann (% = 0) or mixed
type (robin boundary condition), and ¢(u) € RT is a smooth function with ¢(0) = 0, and weight function
a(x) : Q — R satisfies either a(z) > 0 or a(z) < 0 for all z € Q. We shall assume throughout that smooth
function f satisfies either of the hypotheses (F) or (G) below:

u)

(F) @) f:[0,00) — Rand % is strictly decreasing, or

(i) f :[0,00) — R and % is strictly increasing
(G) (@) f:]0,00) — R* such that f(0) = 0 and f(u), p(u) are respectively strictly concave and convex
forallu € R, or

(i) f : [0,00) — RT such that f(0) = 0 and f(u), p(u) are respectively strictly convex and concave
forallu € R™.
In order to remind, we say that u is a positive solution of (1-2) if u is a classical solution with u(x) € R for all
x € Qand u(x) > 0 for all € Q, and also call a function g strictly convex(or concave) if g” > 0(g” < 0),
respectively, and not constant zero on any subinterval.
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Equations of the form (1-2) enter a wide class of models in applied sciences, as they describe stationary
nonlinear diffusion processes. Stability in the case of linear diffusion (p(u) = ) was studied by several
authors(refer [2],[3],[5] and [6]). The aim of the present paper is to extent Theorem 1 of [6] and Lemma
1 for p = 2 of [4]. Also different works have been made studying existence of solutions for this type of
problems for systems case(see [1],[7]), Passo and Mottoni in [7] produce stability by a detailed analysis of
the associated parabolic problem, but we by following definition prove stability of solutions.

Definition 1 We call a positive stationary solution to (1-2) a stable solution if the first eigenvalue A1 of the
linearized equation associated with (1-2), viz,

=g (u)v) = Aa(z) f'(w)v(x) = Mv(z) z €9, 3)
Byv(z) =0 x € 01, 4

is positive. Otherwise u called unstable. Note that Equation (3) obtained from the formal derivative of the
operator A on p(u).

Our main results are the following:

Theorem 2 Let f satisfies (F), and assume that the first eigenfunction of (3-4) can be chosen nonnegative.
If a(x) > 0(a(x) < 0) then every positive stationary solution of (1-2) is stable(unstable) in the case (i) and
unstable(stable) in (ii).

Theorem 3 Let f satisfies (G), and assume that the first eigenfunction of (3-4) can be chosen nonnegative.
If a(x) > 0(a(z) < 0) then every positive stationary solution of (1-2) is stable(unstable) in the case (i) and

unstable(stable) in (ii).

Addition to the above results, we generalize this results to the following problem

Ap(u(e) = M(@u(@)  zeq,
{ %au z)=0 x € 09, (1)

where 2, ¢ are as defined before, and f : ) x RT — R is a smooth function.

Theorem 4 (i) Let f&q’g) is strictly decreasing for all fixed x € €, then every positive stationary solution
of (1) is stable.

I?“)

(ii) Let % is strictly increasing for all fixed x € ), then every positive stationary solution of (I) is
unstable.

Theorem 5 Let f(x,u) € RT. Then

()if u — f(z,u),u — p(u) be respectively strictly convex and concave, and f(x,0) = 0 for all fixed
x € §, then every positive stationary solution of (I) is unstable.

(il)if u — f(x,u),u — p(u) be respectively strictly concave and convex, and f(x,0) = 0 for all fixed
x € §, then every positive stationary solution of (1) is stable.

2 Proofs

Before presenting the proof of our Theorems, we introduce the following lemma:

Lemma 6 For any positive stationary solution of (1-2) and corresponding eigenpair (A1, (x)) of (3-4),
there holds
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Proof. Suppose u( be a positive stationary solution of (1-2). The Linearized equation associated with (1-2)

about ug consists of
)

= A (¢ (u0)¥) — Aa(x) ' (uo)¥(z) = Ap(x)

Bat(z) =0
Where (A1, %(z)) denotes respectively first eigenvalue and corresponding eigenfunction that ¢)(z) > 0 in

Q2. We multiply (1) by ¢'(ug)t and integrate over (2 to obtain

- / o (t0) () Aplug)dz — / M) () (o) f (o) = 0
Q Q

x € €,

x € 0N.

Doluo) o /gfa(ﬂf)w(x)cp’(w)f(uo)dx =0, ©®

or
| V& @) Tewds [ oo =

similarly multiply (5) by ¢(ug) and integrate over €2 to finally conclude that

8 /
[ etuonv s — [ o) XED b [yt woptuos
Q onN n Q

=\ [ plu)i(a)da.

Now by subtracting (6), (7), we have

(N

WD _ g p(a) 200 4
on

(=) [ pluiiade = [ fotun) 2
2 [ al@)b@)lf (w)p(u) — o (uo) o)l
Q

It is obvious when o = 1 then B,ug = up = 0 and thus ¢(ug) = ¢(0) = 0 for all s € 912, and because of

(®)

1) is corresponding eigenfunction, ¢ = 0 for all s € 0€2, so we have

[ Tpta 2D _ i)y 200N g —
onN
and however when « # 1, then
O (b)) o Bpl) ol ()¢ (o) _
| Lot TEEIE o) 2 = [ SEIDEO ) — o)} = 0

therefore (8) gives

(—/\1)/Q<p(UO)¢($)dfv = A/ﬂd(ﬂ?)i/}(ét)[f’(ﬂe)%f)(ﬂe) — ¢'(uo) f (uo)]da.

Mis

n
w(u)

Proof of Theorem 2 :
Proof. We will give the proof only in (i) case. Second case is quite similar to first case. Because of

strictly decreasing, we conclude
f'(uo) (o) — ¢’ (uo) f (uo
0> ( ) (uo) = (o) (@)(u()))g( 2ICY Jor ug >0,

hence f’(uo)e(uo) — ¢’ (uo) f(uo) is negative, and thus if a(z) > 0(< 0) then by Lemma 6, we obtain

= /Q (uo)(x)dz < 0(> 0).
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It yields that A\; > 0(< 0). Therefore every positive stationary solution of (1-2) is stable(unstable). m

Proof of Theorem 3 :
Proof. Similarly we will give the proof only in (i) case. Let l(ug) = f'(uo)p(uo) — ¢'(uo) f(ug) for all
ug € [0,+00). Then

I'(ug) = f"(uo)p(uo) — ¢" (uo) f(uo) <0 for ug >0,

and so
l(up) <1(0) =0 foruy > 0.

Therefore for all ug € RT, f'(up)p(uo) — ¢'(uo) f(ug) is negative. Thus if a(z) > 0(< 0) then
A1 > 0(< 0). This completes the proof. m

Proof of Theorem 4 :
Proof. Proceeding as the proof Lemma 6, we can infer that

(—\1) /Q (o) (x)dz = A /Q (@) o 0) p(110) — ' (o) f (2, o).

and thus by hypothesis, the integrand on the right-hand side is negative in the case (i) and positive in (ii).
This proves that every positive stationary solution of (I) is stable in (i) and unstable in (ii). =

Proof of Theorem 5 :
Proof. Similarly following the proof Lemma 6, and with introducing I(z,ug) = ¢(uo)0yf(z,up) —

¢ (up) f(x, up), we obtain the desired sign of the first eigenvalue \; via the appropriate analogue of Theorem
3 m
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