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Abstract: In this paper we research the exact solutions for a sort of new Sine-Gordon equation.
By using the tanh method and a variable separated ordinary difference method, we get some
new exact travelling wave solutions, among which there are two new noncontinuous wave so-
lutions.
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1 Introduction

The double sine-Gordon equation is a significant equation. It has such applications in physics as nonlinear
optics, Josephson array, ferromagnetic material, charge density waves, and liquid helium and so on, which
offers simple and ideal models. Double sine-Gordon has been used to model several physical systems like
the spin waves in super fluid, self-induced transparency in accounting degeneracy of atomic levels, elec-
tromagnetic waves propagating in semiconductor quantum super lattices, some features of the propagation
of resonant ultra-short optical pulse through degenerate media, non-linear excitations in a compressible
chain of XY dipoles under conditions of piezo electric coupling macromolecules etc. Popov[1] presented
a perturbation theory for the double sine-Gordon equation and obtained a system of differential equations
that showed the solitary parameters modification under the influence of the perturbation. Recently, more
exact solutions of double sine-Gordon equation have been obtained by using F-expansion method[2]. The
Jacobi-sn and Jacobi-cn function solutions to double sine-Gordon equation were obtained by using the Ja-
cobi elliptic function expansion with symbolic computation[3]. Yu and Tian[4] studied exact solitary wave
solutions of approximate fully nonlinear double sine-Gordon equation by using ansatz method.

The study of solitons is an important part in the solitary wave theory. Rosenau and Hyman[6] studied
the generalized nonlinear dispersive equation K (m,n) and obtained solitary wave solutions with compact
support in it which they were called compacton. Tian and Yin[7] introduced a fifth-order K (m, n) equation
with nonlinear dispersion to obtain compacton solutions. Camassa and Holm[8] found peakon solutions,
which have discontinuous first-order derivative at the wave peaks.

The extended tanh method[9] is used to derive abundant solitary wave solutions of nonlinear wave
equations. The obtained solutions include solitons and kinks solutions. The extended tanh method presents
a wider applicability for handling nonlinear wave equations. A variety of powerful methods, such as bilinear
tranformation[10,11], and homogeneous balance method[12].

In this paper we study the solitary wave solutions of a new type of nonlinear double sine-Gordon equa-
tions, lots of new solitary waves are obtained. By improved some classical methods of finding solutions of
nonlinear equations, we study solutions of nonlinear wave equation with complex nonlinear terms (double
sine-Gordon equation) and find abundant solitary wave solutions(kink solution, anti-kink solution, periodic
wave solution) and a kind of new discontinuous solution. Then we prove that the discontinuous solution
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is discontinuous solitary wave solution by the conservation equation theory. The fully nonlinear approxi-
mate double sine-Gordon equation is investigated and obtained compacton solution, peakon solution, multi-
compacton, multi-peakon solution and discontinuous solitary wave solution.

2 Noncontinuous solitary wave solution of the double Sine-Gordon equation

In this paper, we will investigate a new noncontinuous method of the new sort of double sine-Gordon equa-
tion.
(w) — k(w) gy + 2asin(2u) + Bsin(4du) =0 (2.1)

We give the definitions of conservation law equation and noncontinuous solution according to the reference

[5].

Definition 2.1 If the equation set

ou
ZA Uy X1, ooy Thes )&x =g(u,x1,..., Tk, t) (2.2)

can be transformed into the following form

% n Zk: Ofi(u, 1, ...x5t)

5 oz, = g(u,z1, ..., Tk, t) (2.3)

i=1
(2.2) is called conservation law equation. If g(u, 1, ..., x, t)=0, (2.2) is called the homogeneous conser-
vation law equation. Where u is an unknown vector function,
u=(u1, ..., u,) ", T denotes transposition and gis a known vector function,

(i) ()
g =(g1,...9n)T, Ajis a known matrix function (i = 1,--- k), A; = a%l-l) a%ﬁ ] ;x; and t are called
ap1 Ann

spatial and time variables, respectively.
Now, we rewrite the double sine-Gordon equation to the form of conservation law equation. Let u, =
V, U = W,S0 Vy = Wy = Uy The double sine-Gordon equation can be rewritten to the following equation
set
— kv, + 2asin(2u) + Bsin(4u) =0
Vp = Wy 24
U = w

Namely, the conservation law equation of double sine-Gordon equation is as follows

U 0 w
v — | w =10 (2.5
w |, v, —2asin(2u) — [sin(4u)
w 0
where g(u,xz,t) = | 0 JSluyzt)y = | w
—2asin(2u) — G sin(4u) v
Definition 2.2 Let u be a weak solution of
ou  Of(u,x,t)
— + — L = t 2.6
ot o et (20)

except for the first kind of discontinuity on finite curves, it preserves continuous one-order partial derivative
in other definition region. Then u can be called a noncontinuous solution.

Proposition 2.3 The discontinuous vectors function u(x,t) is a noncontinuous solution of (2.6), if and only
(1) In the smooth parts, it is the classical solution of equation .

(2) It satisfies [u], = f on discontinuous lines, where (flf = s denotes the slope.
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Now we study the exact solutions to double sine-Gordon equation with the tanh method. For Eq.(2.1), let
& = ¢ — ct, in which c is the wave speed. Then Eq.(2.1) can be converted to be

(? — k)u” + 2 % asin(2u) + Bsin(4u) =0 .7)
Set v = e*?* § = \/—1, then
1
u=—lInv (2.8)
29
and we find
. _ 2_ -2
sin(2u) = *=—,sin(4u) = (v* =v77) 9% 2.9)
cos(2u) ”+§71 '
This also gives
1 —1
u=g arccos[v +2U ] (2.10)
Substituting the transformations (2.8) and (2.9) into (2.7) , we have the ordinary difference equation
2060t + 403 — 4v — 28 + 2(c* — k)wv” —2(¢* — k)(v)* =0 @2.11)
We can set the solution form as follows:
v=ag+ ar1Y (2.12)

where ag, a; are unknown parameters, Y = tanh [u (z — ct)]. Substitute (2.12) into Eq. (2.11), collect the
coefficients of each power of Y and let the coefficients of Y7 (j = 0, 1, - -) equal to zero. Using symbolic
computation program Maple, we obtain

/02 — 32 2 _ 32
aoZ*% ,a1=aﬁﬁ , a>f3, pu= M,a>ﬁ,k>02,
where c is the wave speed. We have:
v(x,t) = —% + %_m tanh[u(z — ct)],a > (2.13)
v(x,t) = —% + %_W coth[u(x — ct)],a > (2.14)

Substituting (2.13) and (2.14) into (2.10), we obtain the exact solutions to Eq.(2.1)

: _o g VR tanh[p(z — ct)]

u(x,t) = 5 arccos 1
+( ) =2 ) {205 A (2.15)

S~—
—

- %Jr# tanh[p(z—ct)]

and

u(z,t) = §arccos{4(~9 + Y cothlu( - ct)]
+ 1 )} (2.16)

—%+\/O‘27ﬁ2 coth[u(z—ct)]

On the other hand, for a < (3,

o /a2_j32

u(z,t) = L arccos{i(—< — tanh|u(xz — ct
(z,1) =3 ) {5( 8 B [1( )] 2.17)

+ o \/QQ_[;Q )}

b B tanh[u(x—ct)]
and
/2132
u(x,t) = %arccos{%(—% - aﬁ 5 coth[u(z — ct)]
n 1 (2.18)

%_ Va2—p2 coth[,u(ﬂf—Ct)]
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where ;1 = 3,(;22:622)),04 > B,k > 2,
It is noticed that the exact double Sine-Gordon equation is based on n = 1.
In what follows we will employ a variable separated ordinary difference equation method to formally

derive a new type of traveling wave solutions to the Eq.(2.1) by using the variable £ = x — ct, which is
(2.19)

equivalent to the following form
u” + 3k sin(2u) + C2ﬁ_ ’ sin(4du) =0
Next, we assume that
d
u'(€) = CTZ = a + bcos(2u) (2.20)
where a, b are parameters determined later. We have
u (&) + 2absin(2u) + b%sin(4u) =0 (2.21)
Comparing (2.21) with (2.19), we obtain
2c 203
2ab = 2b° = 2.22
=2y 2 —k (2.22)
So
2
4= -2 _ p= ,ZL (2.23)
VAB(@ — k) —k
We write the Eq. (2.20) as follows
1
———du=d 2.24
a + beos(2u) u=dé (2.24)
Integrating both sides of (2.24), we find the following solutions
(2.25)

! arctan(/ ZI_Z tan(u)) = & + &(a > b)
(2.26)

Va2 — b2

1 bh—
g ety anlo) = €+ 6 <)
1 h \/m = b 2.27
ﬂarccot ( mtan(u)) =&+ &o(a < b) (2.27)

where £ is an integral constant. The exact solutions are given as follows
2_32
u(z, 1) = arctan{y/ 225 tan(, /5055 (@ = et) + &) Ha > ) (2.28)
(2.29)

t) = arctan{ g_ig tanh(y / /65(202__0‘;) (x —ct) +&))Ha < B)
(2.30)

and
x,t) = arctan{ g% tanh( /B‘Z;f;) (x —ct) +&))Ha < B)
and
— 2 _ 2
z,t) = arctan{ gjL—g coth( ﬁ’B(CTak(a: —ct) + &) Ha < B) (2.31)
=2,k =1,t = 1,§ = 0, Fig.1 shows the graphics of the solution (2.28).

and

Taken o = 3,8 = 1,c¢ =
Takena = 1,0 = 3,¢ = 2,k = 1,t = 1,& = 0, Fig.2 shows the graphics of the solution (2.29). Taken
a=1,0=3c=2k=1,t = 1,§ = 0, Fig.3 shows the graphics of the solution (2.30). Taken
a=1,0=3,c=2,k=1,t=1,& = 0, Fig.4 shows the graphics of the solution (2.31).
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)=

Figure 1: Noncontinuous waves Figure 2: Kink wave

-

0.E 1.5

Figure 3: Kink wave Figure 4: Noncontinuous wave

Butif a = b, (2.27) is converted to the following form

1

1+ cos(2u) du = adé (232

Integrating both sides of (2.32), we find the following solutions
1
5 tan(u) = a( + &)

So we get
u(z,t) = arctan[2a(€ + )] (2.33)
or

u(z, t) = arctan( a k((x —ct) +&)) (2.34)

2 _

Taken a = b = 1, £y=0, Fig.5 shows the graphics of the solution (2.33). Taken @ = 1,¢c = 2,k = 1,t =
1,&0 = 0, Fig.6 shows the graphics of the solution (2.34).
If a = —b, (2.24) is converted to the following form

1 — cos(2u) du = adt (239

Integrating both sides of (2. 35), we find the following solutions

5 cot(u) = al€ + &) (2.36)

So we get
u(x,t) = arctan(—2a(€ + &)) (2.37)
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which is equivalent to
da

vz —k

Taken a = —b = 1,£p=0, Fig.7 shows the graphics of the solution (2.37).

u(x,t) = arccot(— ((x —ct) + &) (2.38)

1.§

] 1.3

Figure 5: Kink wave Figure 6: Kink wave Figure 7: Anti-kink wave

Taken o = 1,¢ =2,k = 1,t = 1,&y = 0, Fig.8 shows the graphics of the solution (2.38). It is noticed that

1.5

1
(B}

1
1
(B}

Figure 8: Noncontinuous wave

all the above figures are also based on n = 1.
Then we prove that the noncontinuous solutions obtained from the double sine-Gordon equation are

noncontinuous solitary wave solutions.

Corollary 2.4 The following solution of the double sine-Gordon equation

u(z,t) = arctan{,/ﬁ_ coth(y / ﬁ; t) + &) }Ha < B)

is a noncontinuous solution.

Proof. It is easy to know that
(1) the above solution is the classical solution of the double sine-Gordon equation in the smooth parts.
83(c2—1)

(2) the discontinuous line is £ = — 17 —a? §
We will prove that the expression [ux] s = [f] holds on discontinuous lines. Here,
) U dr ; 0
uU*x = v S§S=— =2¢ = w
) dt )

v
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() [u] =u (0T, t) —4(07,t) =0.

2 -
B—a 32702 _ 2 B2—a2 _

. ots  B(E-k) TN g ct)+£o
(i) v =wu; = u¢ = q —— . , v =0.

1+ 52%coth Bﬁ(cgfk) (z—ct)+€o

s -
-
B—« B2—a?2 2 B2 —a?

¢ oxs 578 1—coth HEED) (z—ct)+&o

(i) w = wy = —cug = — 3 , cw]=0

qf 2_,2
1+ 2% coth %(xfctﬁrﬁo

Therefore, [ux] = 0, [f] = 0. Namely, case(2) holds. We complete the proof of the corollary. m
We can also prove that the solution of double sine-Gordon equation,

li¥eY

vz —k

u(x,t) = arccot(— ((z —ct) + &)
is also the noncontinuous solution.

In summary, through Tanh method and the variable separation method, we changed the partial differ-
ential equation into an easy form of ordinary differential equation. By Maple, we obtained abundant and
exact solutions. We also got a new sort of noncontinuous solution and proved that the solution of double
sine-Gordon equation is also the noncontinuous solution.
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