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Abstract: The generalized Camassa-Holm equation
U + 2kuy — Ugzr + auzum = 2UpUgy + UWlggy + YUzzx

is considered in this paper. Under traveling wave variable substitution, the equation is related to
a planar singular system. By making a transformation this singular system becomes a regular
system. Through discussing the dynamical behavior of the regular system, the explicit periodic
blow-up solutions and solitary wave solutions of the generalized Camassa-Holm equation are
obtained. Also the limit forms of those solutions are presented.
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1 Introduction
Camassa and Holm [1] derived a shallow water wave equation
U + 2kuy — Upzr + Uy = 2UzplUpy + UlUgps, (1.1)

where w is the fluid velocity in the x direction (or equivaqglently the height of the water’s free surface above
a flat bottom), £ is a constant related to the critical shallow water wave speed. For k£ = 0, they showed that
Eq.(1.1) has peakons of the form u(x,t) = ce~1*=<tlFor the case of k # 0 and the wave speed ¢ = g, Liu
and Qian [2] gave three ways to seek the peakon of Eq.(1.1). For any parameter k£ and constant wave speed
c, Liu etc.[3] showed that Eq.(1.1) has peakons of the form

u(z,t) = (k+c)el#= — &, (1.2)

which can be seen as a weak solution being similar to that in [4-6]. In Ref.[7] Tian et al discussed the
traveling wave solutions and double soliton solutions of Eq.(1.1), and introduced the definitions of concave,
convex peaked soliton and smooth soliton solution.

In 2001, Dullin, Gottwald and Holm[8] presented a nonlinear equation

U + coly + 3uty, — a2(umt + Ulgry + 2Uplyy) + YUgze = 0, (1.3)

which is called CH-v equation. Clearly, when o? = 1 and v = 0, Eq.(1.3) becomes Eq.(1.1). In [9-11], it
was shown that Eqgs.(1.1) and (1.3) have many similar properties.
In 2001, Liu and Qian[12] suggested a generalized Comassa-Holm equation

wp + 2kuy — Upgr + o™ Uy = 2UpUgy + Ullppe- (1.4)
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Clearly, when m = 1, Eq.(1.4) becomes Eq.(1.1). In [13] Tian and Song gave some new peaked solitary
wave solutions for Eq.(1.4) when m = 1,2,3 . Khuri[14] gave some explicit expressions of the peakons
and discontinuous solitary waves for Eq.(1.4) when m = 1,2,3 . Tian and Yin[15,16] found that Eq.(1.4)
has other forms of solitary patterns solutions in different conditions. Wang et al[17] obtained compacton
solutions of a family of BBM equation. Fan et al[18] obtained new compactons in nonlinear atomic chain
equations with first and second neighbor interactions. Ju [19] obtained peakon solutions to the Dullin-
Gottwald-Holm Equation. And Tian et al[20] studied boundary control of viscous Dullin-Gottwald-Holm
equation .
When m = 2, Eq.(1.4) becomes

g + 2kuy — Ugpt + AUy = 2Uplpy + Ulgps. (1.5)

For case of @ = 3 and £k = 0, using several special functions, Wazwaz[21,22] obtained many explicit
solitary wave solutions.

Liu and Ouyang[23] showed that the bell-shaped solitary wave and peakon coexist in Eq.(1.5) when
a=3andk=0.

In this paper we consider the following equation

s + 2kug — Ugp + 0Py = 2Uuplgy + Ulges + Ylzzs- (1.6)

Through some special phase orbits, a class of explicit periodic wave solutions are obtained. Since such
solutions blow up periodically, they are called periodic blow-up solutions. Also the limit forms of these
solutions are got. And by using the theory of planar dynamical systems to a variant of Eq.(1.6), the existence
of solitary wave solutions, the periodic cusp wave solutions, the kink wave solutions and the one-sided
breaking wave solutions are proved.

In order to state our main results conveniently, for given constant ¢ > 0, let

A2
s1 :k:sl(a,’y):—wa—i—g, (1.7)
6 2
A2
s9 k= sa(a,y) = —(Clg)a—i— g, (1.8)
c

sg k= s3(a,v) (1.9)

-,
a:\/—% for 60—12k;a(c—7)2 >0, (1.10)
fr = \/"{E (1.11)

By = /el (1.12)

By = y/ lelledlenl), (1.13)

By = /el (1.14)

snz = sn(z,l) be the Jacobian elliptic function with modulus I, sec z and csc z trigonometric functions,
coth z and cosh z be hyperbolic functions. On the parametric space a — v — k, we mark the s;(: = 1,2, 3)
and regions (A;),(B;)(j = 1,2,...,8) surrounded by s;(i = 1,2,3) and yOk- coordinate and plane: v = ¢
as Fig.1.
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Figure 1: The graphs of s;(i = 1,2, 3) and regions (4;), (B;)(j =1,2,...,8) ona — v — k space.

( (Bl):a<0,’y<c,k>—%a+%
(Bg):a<0,'y<c,—(czg)2a+§<k<—%a+%
(Bg):a<0,7<c,g<k:<—%a+g
(Bg):a<0,y<c,k<3§
(B5):a>0,fy<c,k<—(:_T7)2a+§ .
(BG):a>O,fy<c,—(C_67) a+%<k<—(czg) a+$
(B7):a>0,7<c,—(czg)2a+§<k<g
(Bg):a>0,y<c,k>5

Using the notations above, we discuss bifurcation phase portraits of system (1.6) and state our main results
in Section 2. In Section 3, we prove our main results: Theorems 1-4 and give a concrete example. A short

conclusion will be given in Section 4.

2 Planar dynamical system of Eq.(1.6) and its bifurcation phase portraits

For given constant ¢, substituting
E=x—ct,

and u = ¢(&) into Eq.(1.6), it follows that

_C¢,+2k¢/+c¢”/+af¢2¢/:2¢/¢//+¢¢,//+7¢/”,
/9

where ”’” is the derivative with respect to £ .
Integrating (2.2) once with respect to ¢ and let integral constant be zero, we have

/\2
§(9—c+y)= (k- co+ 26~ 0L

Using (2.3), we establish the following planar system

dé _

& =Y

dy _ 2¢3+(2k—c)p—1y?
g — p—c+y

(2.1)

(2.2)

(2.4)

Then ,system (2.4) has three elementary critical points at (0,0), (44/ S(C;%) ,0) if S(C;%) > 0. In the
straight line ¢ = ¢ — v of the (¢, y)-phase plane, the second equation of (2.4) is discontinuous. We call
¢ = ¢ — ~y as a singular straight line in which there exist two critical points of (2.4) at (¢ — 7, +VY ) if
Y =2(c—7)[4(c—~)*+ (2k —¢)] > 0. For avoiding the inconvenice temporarily we make transformation

dg

dr = ————.
Tty
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Under the transformation (2.5), system (2.4) becomes

dé _
c=ylp—c+7)
{ B agh v (2 c)p— by? (2:6)

Since both (2.4) and (2.6) have the same first integral

ot — 2k — c)¢? = h, (2.7)

f@*c+w*6

the two system have the same topological phase portraits except the line ¢ = ¢ — . Though qualitative
analysis, we draw the bifurcation phase portraits as Figs.2-5.
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Figure 2: Bifurcation phase portraits of system (2.4) and (2.6) when a > 0 and v > ¢
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Figure 3: Bifurcation phase portraits of system (2.4) and (2.6) whena < 0 and v > c.

Remark 1 : When (a,’y, k) € (Al), (AQ), (A5), (AG), (Bl), (BQ), (B5), (Bﬁ), s1 and S9, there exist
periodic blow-up and blow-up solutions. And the expression of those blow-up solutions are stated in the
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following Theorems 1 and2. When (a,v,k) € (As) and (Bs3), there exist kink wave solutions. When
(a,v,k) € (A4) and (By), there exist two-sided breaking wave solutions. When (a,~,k) € (A7) and
(B7), there exist solitary wave solutions of valley type and solitary wave solutions of peak type. When
(a,v,k) € (Ag) and (Bsg), there exist periodic cusp wave solutions of peak type.
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Figure 4: Bifurcation phase portraits of system (2.4) and (2.6) whena < 0 and v < c.
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Figure 5: Bifurcation phase portraits of system (2.4) and (2.6) whena > O and v < c.

Theorem 1 For given constant ¢ > 0, v > c and parametric regions marked in Fig.1, about the solutions
of Eq.(1.6) we have:
(1) If (a,v,k) € (A1), then there is a periodic blow-up solution

ui(z,t) = a(2sn 261 (x — ct) — 1), (2.8)
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ky =/ &l (2.9)

(2)Ifa>0,v > cand (a,v,k) € s1, then there is a blow-up solution

where the modulus of sn is

us(z,t) = (¢ — v)(2coth? Bo(x — ct) — 1). (2.10)
(3)If (a,v,k) € (As), then there is a periodic blow-up solution

uz(x,t) = (a+ |c — y))sn 2B3(z — ct) — a, (2.11)

_ 2a
Ry =\ oo (2.12)

(4)Ifa >0,y > cand (a,v,k) € sy then there is a periodic blow-up solution

ug(z,t) = (c — ) csc? Ba(z — ct). (2.13)

where the modulus of sn is

(5) If (a,v,k) € (As), then there is a periodic blow-up solution

us(z,t) = a1l — 25023 (x — ct)), (2.14)

ky = /) =il (2.15)

(6)Ifa <0,y >cand (a,v,k) € s1, then there is a periodic blow-up solution

where the modulus of sn is

ug(z,t) = (¢ —7)(1 — 2csc? Bo(x — ct)). (2.16)
(7)If (a,v,k) € (As) , then there is a periodic blow-up solution

ure,t) = |e = | = (a+ e = yl)sn~>Ba(x — ct), (2.17)

_ [leala
ke =125 (2.18)

(8)Ifa <0,y > cand (a,v,k) € s, then there is a periodic blow-up solution

where the modulus of sn is

ug(z,t) = —(c — ) csc h?By(z — ct). (2.19)

Theorem 2 For given constant ¢ > 0, v < c and parametric regions marked in Fig.1, about the solutions
of Eq.(1.6) we have:

(1) If (a,v,k) € (B1), then there is a periodic blow-up solution —uy(x,t).

(2)Ifa <0,y < cand (a,v,k) € s1, then there is a blow-up solution uz(x,t).

(3)If (a,v,k) € (B2), then there is a periodic blow-up solution —us(x,t).

(4)Ifa <0,y < cand (a,v,k) € sy then there is a periodic blow-up solution us(x,t).

(5)If (a,v,k) € (Bs), then there is a periodic blow-up solution —us(x,t).

(6)Ifa>0,v < cand (a,v,k) € s1, then there is a periodic blow-up solution ug(z,1).

(7)If (a,v,k) € (Bg), then there is a periodic blow-up solution —uz(x,t).

(8)Ifa > 0, v < cand (a,v,k) € so, then there is a periodic blow-up solution ug(zx,t).

Theorem 3 For given constant ¢ > 0 and v > ¢, the solution u;(§)(i = 1,...,8) have the following
relations:

(1) If (a,v,k) € (A1) and tends to s1 , then —uy(z,t) becomes ua(z,t).

(2) If (a,v, k) € (A2) and tends to s1 , then —us(x,t) becomes ua(z,t).

(3)If (a,v, k) € (A2) and tends to sz, then —us(z,t) becomes us(z,t).

(4)If (a,v,k) € (As) and tends to s1, then —us(x,t) becomes ug(x,t).

(5)If (a,v, k) € (Ag) and tends to s1 , then —uz(x,t) becomes ug(z,1t).

(6) If (a,v,k) € (Ag) and tends to so , then —uz(x,t) becomes ug(z,t).
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Theorem 4 For given constant ¢ > 0 and v < ¢, the solution u;(§)(i = 1,...,8) have the following
relations:

(1) When (a,~, k) € (By) and tends to s , then uy(x,t) becomes us(x,t)

(2) When (a,~, k) € (Bz) and tends to sy , then ug(x,t) becomes ua(x,t)

(3) When (a,~, k) € (B2) and tends to sz , then us(x,t) becomes us(x,t).

(4) When (a,~, k) € (Bs) and tends to sy , then us(x,t) becomes ug(x,t)

(5) When (a,~, k) € (Bg) and tends to sy , then u7(x,t) becomes ug(zx,t).

(6)When (a,~, k) € (Bg) and tends to sa , then uz(x,t) becomes ug(x,t).

Let £ = x — ct, then u;(z — ct) becomes u;(§)(: = 1,...,8). For given ¢ and (a,~, k) satisfying the
conditions in Theorem 1 or 2, we can draw the graphs of u;(§)(i =1,...,8)

Example 1 Letting ¢ = 2, a = 1 and v = 1, then from (1.7) and (1.8) it follows that s1(1,1) = 5/6 and
s2(1,1) = 11/12. Taking k = 1/2, 5/6, 7/8 and 11/12 respectively, then it is seen that(a,y,k) = (1,1,1) €
(A)), (a1,k) = (1,1,2) € s1,(a,7,k) = (1,1,5) € (A,), and (a,7, k) = (1,1,13) € so. Substituting these
data into the expressions of u;(§)(i = 1,2,3,4), we draw their graphs as Fig.6 (a), (b), (c) and (d).

Letting ¢ = 2, a = —1 and v = 1, similarly we get s1(—1,1) = 7/6 and so(—1,1) = 13/12. Taking
k = 4/3 7/6, 9/8 and 13/12 respectively, then it is seen that(a,y,k) = (—1,1,3) € (A;), (a,7,k) =

(-1, 1,1) € s1, (a,k) = (—1,1,2) € (Aq) and (a,y,k) = (—1,1,13) € so. Substituting these data
into the expressions of u;(§)(i = 5,6,7,8), we draw their graphs as Fig.6 (e), (f), (g) and (h). We can see

visually that uy(§) and ug(§) blow-up at £ = 0, and others blow-up periodically.

|

uz(§) for (d) graph of wa(§) for
3) €(A2)  (a,7,k) = (1,1, 13) € (s2)

1w & 0 ! Hr Hr
3 [
-E50

(e) graph of ws(¢) for (f) graph of we(§) for(g) graph of wr(§) for (h) graph of ws(§) for
(a,7,k) = (=1,1,3) € (45) (a,7,k) = (=1,1, ) € (s1) (a,7,k) = (1,1, %) € (As) Ea)vk) = (-L1L,33) €
S2

ui(§) for (b) graph of w2(§) for (c) graph of
5 €(A)  (ak)=(1,1,3) € (s1) (a7, k) = (1,1,

0 k1l o £

-1

=150

-

Figure 6: The graphs of u;(§)(i = 1,2,...,8) whenc = 2.

3 The proofs of main results

Substituting the expressions of u;(£)(i = 1,...,8) and —uq(§), —us(§), —u5(&), —u7(€) and their para-
metric conditions into Eq.(1.6), it is not difficult to see that these expressions are solutions of Eq.(1.6) by
using mathematical software Maple. Now we give the derivations of these expressions and show the rela-
tions among them. From (1.10) one see that v is defineed in (A4;), (B;)(i = 1,2,5,6) and s;(j = 1,2). The
locations of —«, —c, ¢ and « are marked in Figs.2-5.
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3.1 The proof of Theorem 1

For given ¢ > 0 and v > ¢, from (2.7), Figs.2 and 3, we get the expressions of some special orbits of system
(2.4) and their corresponding integral equations as follows.
(1) When (a, v, k) € (A1), the orbit passing point («, 0) has expression

y=-=+a(p—a)d+c—)(d+a)/6]Y? for ¢> o (3.1)

Substituting the expression into % = d¢ and integrating alone the orbit, we get its corresponding integral
equation

+oo
ds
¢/ Vis—a)(s+tec—)(s+a)

\/glf\ where ¢ >a > —c+7v> —q, (3.2)
Similarly we have:
(2) Whena > 0, > cand (a,~, k) € s1, the orbit passing point (—c + -, 0) has expression

y=4(p+c—9)[alp—c+7)/6]"% for ¢>—c+7, (3.3)

and its corresponding integral equation

+oo
ds a
=4/=&l. 3.4
¢/(s+c—'y)\/(s—c+’y) \/;’5‘ (34
(3) When (a, v, k) € (A2z) the orbit passing point (—c + y, 0) has expression
y==a(¢+c—)(@-a)d+a)/6]" for ¢>—ctr, (3.5)

and its corresponding integral equation

400
ds

¢/¢<s+c—v><s—a><s+a>:

\/§|§| where ¢ > —c+v>a>—a. (3.6)

(4) When a > 0,y > cand (a,7, k) € so, the orbit passing point (—c + ~, 0) has expression

y==tdla(d+c—7)/6]"7 for ¢>—c+n, (3.7)

and its corresponding integral equation

+0o0o
ds \/E
=% 3.8
¢/5 =5 (39)
(5) When (a,~, k) € (As) the orbit passing point (—c, 0) has expression
y=+[lal (@ = ¢)(—ct+7v—¢)(—a—¢)/6]'* for ¢<—a, (3.9)
and its corresponding integral equation
/ : o
S a
=1\/—1] where ¢>—-a>c—v>a. 3.10
_/ V(e =s)(—c+v—s)(—a—s) 6 €l (3.10)
(6) When a < 0, > cand (a,v, k) € s1, the orbit passing point (¢ — 7, 0) has expression
y=%(—ct7—0)[lal(c—v—)/6]" for $<ec—r, (3.11)

IJNS homepage:http://www.nonlinearscience.org.uk/



42 International Journal of Nonlinear Science,Vol.6(2008),No.1,pp. 34-45

and its corresponding integral equation

@
& =/ . 3.12
4 Cerr—ae—w Vo " (3.12)

(7) When (a, v, k) € (As) the orbit passing point (—c, 0) has expression

y=%[al(—c+7—¢)(a—o)(—a—¢)/6]'* for ¢<—a, (3.13)

and its corresponding integral equation

¢
ds ~ lal e o
4 V(—c+7—3s)(a—s)(—a—s) - \/Z|€| here ¢ < <a< —c+7. (3.14)

(8) When a < 0, > cand (a,~, k) € so, the orbit passing point (0, 0) has expression
y==%6lal (—c+v—¢)/6]'* for ¢ <0, (3.15)

and its corresponding integral equation

¢
ds lal
=1/—1¢. 3.16
/s (—c+~v—5) 6 €l (3.16)
—o00
Completing the integral in (3.2) it follows that
o =2 k) = % for a0, (3.17)
a+ ¢ 12
That is
2a ax
= —.,k 3.18
=l Tg k). (3.18)
where

_ Jat+c—7y B
ki = \/720[ forc—~ > 0. (3.19)
6=a [2371—2(, /%g, k) — 1] . (3.20)

From (2.1) and u = ¢(§) , we obtain the periodic blow-up solution u (z, t) as (2.8).

Similarly, completing the integral in (3.4), (3.6), (3.8), (3.10), (3.12), (3.14), (3.16) and solving the
equations for ¢ respectively, we get u;(z,t)(i = 2,...,8) as (2.10), (2.11), (2.13), (2.14), (2.16),(2.17) and
(2.19).These complete the derivations of Theorem 1.

Solving Eq.(3.18) yields

3.2 The proof of Theorem 2

For given ¢ > 0 and v > ¢, via (2.7) and Figs.5,6, we obtain the expressions of some special orbits of
system (2.4) as follows.
(1) When (a,~, k) € (By) , the orbit passing point (—c, 0) has expression

y==*[al(a—¢)(—c+7—d)(—a—¢)/6]"* for ¢<—a. (3.21)

(2) Whena <0, < cand (a,~, k) € s1, the orbit passing point (—c + =y, 0) has expression

y==2(—c+y—9¢)[lal (—c+v—9)/6]"* for ¢<—c+n. (3.22)
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(3) When (a,~, k) € (Bs) the orbit passing point (—c + -, 0) has expression
y==%al (@ —¢)(—a— ¢)(—c+7v—9)/6]'* for ¢<—c+7. (3.23)
(4) Whena < 0,y < cand (a,, k) € s2, the orbit passing point (—c + ~, 0) has expression
y==%ollal (—c+7—9)/6]"* for ¢<—c+n. (3.24)
(5) When (a, v, k) € (Bs) the orbit passing point («, 0) has expression
y==%lal(¢—a)(¢+c—)(+a)/6]'* for ¢>a. (3.25)
(6) When a > 0,y < cand (a,~, k) € s1, the orbit passing point (¢ — -y, 0) has expression
y==%(+c—7)[a(p—c+7)/6]"> for ¢>c—n. (3.26)
(7) When (a,, k) € (Bg) the orbit passing point («, 0) has expression
y==%lalp—a)(¢+a)p+c—7)/6]'" for ¢>oa. (3.27)
(8) Whena > 0, < cand (a,7, k) € s2, the orbit passing point (0, 0) has expression
y=+¢laldp+c—7)/6]"% for ¢>0. (3.28)
Similar to the derivations of Theorem 1, using the expressions above to establish integral equations, then
solving the integral equations for ¢ , we get the conclusions of Theorem.2.
3.3 The proof of Theorem 3

For give ¢ > 0, we have:
(1) When (a,~, k) € (A1) and tends to s; , from (1.7), (1.10), (1.11) , (1.12) and (2.9) it follows that

a—c¢, 1 — P2,k — 1 and sn(z,1) = tanhz. (3.29)

Via (2.8) and (3.29), one can see that —u4 (z, t) becomes ug(x,t) when (a,, k) € (A1) and tends to s;.This
completes the derivation of Theorem 3.(1).
(2) When (a,, k) € (A2) and tends to s; , from (1.7), (1.10), (1.12), (1.13) and (2.12) it follows that

a—c,f3— fPo,ke — 1 and sn(z,1) = tanhz. (3.30)

Through (2.11),(3.30), one can see that —us3(z, t) becomes ua(z,t) when (a,~, k) € (A2) and tends to s.
On the other hand, when (a, 7, k) € (A2) and tends to so , from (1.8), (1.10),(1.13), (1.14) and (2.12) it

follows that
a— 0,03 — B4,ke — 0 and sn(z,0) =sinz. (3.31)

From (2.11) and (3.31), one can see that —ug(x,t) becomes uy(x,t) when (a,~, k) € (A2) and tends to so.
This completes the derivation of Theorem 3.(2).
(3) When (a,~, k) € (As) and tends to s; , from (1.7), (1.10), (1.11) , (1.12) and (2.15) it follows that

a— ¢, — Po, ks —0 and sn(z,0) =sinz. (3.32)

Via (2.14) and (3.33), one can see that —us(x,t) becomes ug(x,t) when (a,~,k) € (As3) and tends to s;.
This completes the derivation of Theorem 3.(3).
(4) When (a,~, k) € (Ag) and tends to s , from (1.7), (1.10), (1.12), (1.13) and (2.18) it follows that

a— ¢, B3 — Pa,ky — 0 and sn(z,0) =sinz. (3.33)

Via (2.17) and (3.33), one can see that —u7(x, t) becomes ug(x,t) when (a,~, k) € (Ag) and tends to s7.

IJNS homepage:http://www.nonlinearscience.org.uk/



44 International Journal of Nonlinear Science,Vol.6(2008),No.1,pp. 34-45

On the other hand, when (a, 7, k) € (Ag) and tends to sg, from (1.8), (1.10), (1.13), (1.14) and (2.18) it
follows that

a— 0,03 — By,kgy —1 and sn(z,1) = tanhz. (3.34)

Via (2.17) and (3.34), one can see that —u7(z,t) becomes ug(x,t) when (a,v, k) € (Ag) and tends to s.
This completes the derivation of Theorem 3.(4). About the relations (1)-(4) given in Theorem 4, he proof is
similar to that above. Here we would not repeat it.

In this paper, we only discuss the bifurcation phase portraits and its corresponding solitary wave solu-
tions and some periodic blow-up solutions when ¢ > 0. As for ¢ = 0 and ¢ < 0, the results are similar to
that above.

4 Conclusion

We considered the generalized Camassa-Holm equation and obtained solitary wave solutions, some periodic
blow-up solutions and their limit forms which were given in Theorems 1 and 2.The expressions of these
solutions are very simple and the periodic wave solutions tend to infinity on & — u plane periodically.

From previous results (see Ref.[21,22]) and our result above, one can see that in Eq.(1.1) the effect of
changing the convection term uu, to u?u, and adding the term w4, causes not only the coexistence of ball-
shaped solitary wave solution and peakon solution, but also the appearance of periodic blow-up solutions.
We think that the generalized Camassa-Holm equation should have more complex phenomena waiting for
discovering.
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