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Abstract:we provide a sufficient condition for an unbounded operator to be non-wandering op-
erator, and then apply the condition to the differentiation operator on the Bargmann space F’
and the Hardy space H2. Finally, we give a sufficient condition for the operator g (D) defined
by means of a functional calculus to be non-wandering operator.
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1 Introduction

It is well known that linear operators in finite-dimensional linear spaces can’t be chaotic but the nonlinear
operator may be. Only in infinite-dimensional linear spaces can linear operators have chaotic properties.
This has attracted widely attention (see [1-5]). Lixin Tian and other researchers introduced non-wandering
operators in infinite-dimensional Banach space, which are the generalization of Axiom A dynamic system
but different from it. They are new linear chaotic operators and relative to hypercyclic operators, but different
from them (see [2]). In recent years, Jiangbo Zhou discussed the hereditayily hypercyclic decomposition
of non-wandering operators in infinite dimensional Frechet space (see [3]); Shaoguang Shi obtained non-
wandering operator sequences on Banach space (see[4]) ; Lihong Ren studied n-multiple non-wandering
operator (see [5])and Minggang Wang studied the pseudo orbit tracing property of invertible non-wandering
operator (see[6]).

In this paper the Bargmann space is denoted by F and the Hardy space is denoted by H?. These spaces
have been studied by many authors(see[9-14]). Bargmann space’s roots can be found in mathematical
problem of relativistic physics (see[9]) or in quantum optics (see[10]). In physics the Bargmann space
contains the canonical coherent states, so it is the main tool for studying the bosonic coherent state theory
of radiation field (see[11]) and for other application (see[12]). In the same, the Hardy space is also the
important space (see[13][14]).

In finite-dimensional separable Banach space, for the bounded linear operators, Lixin Tian and other re-
searchers have given the definition of non-wandering operator (see[2]). However, this definition is restricted
for the bounded linear operators. In this paper, we consider the non-wandering property of the unbounded
operators. Let T' be an unbounded operator on a separable infinite dimensional Banach space X. It may
happen that a vector x is in the domain of 7', but T'x fails to be in the domain of T'. For this reason, in order
to consider the non-wandering property of the unbounded operator, we should firstly suppose that if x in the
domain of T then for every integer n > 1 the vector 7"z is in the domain of 7.

On the basis of the above research, in this paper, we first provide a sufficient condition for an unbounded
operator to be non-wandering operator(see Theorem 1), and then apply the condition to the differentiation
operator on the Bargmann space F' (see Theorem 3) and the Hardy space H? (see Theorem 5). Finally,
we give a sufficient condition for the operator g (D) defined by means of a functional calculus to be non-
wandering operator (see Theorem 6).
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2 Basic notation and definitions

Definition 1 (/2]) Let (X, ||-||) be an infinite dimensional separable Banach space. Suppose T € L (X)
(1) Assume that there exists a closed subspace - C X, which has hyperbolic structure:El = E" &
B, TEY = E“ TE®* = E° ,where E*, E® are closed subspaces. In addition, there exists constants
7(0 <7 <1)and C > 0, such that forany £ € E* k € N, HT’“{H > Otk €|, and for any n € E* k €
n|| < Ot |l ;

(2) Assume also that Per (T') is dense in E. Then T is said to be a non-wandering operator relative to E.

Definition 2 Suppose T € L (X) and {e;}{° is a basis in X, then T is called a unilateral backward shift
operator relative to {e;}7° if Te,, = ep—1 (n > 1) and Tey = 0.

3 Main results

Theorem 1 Ler (X, ||-||) be an infinite dimensional separable Banach space. T is an unbounded operator,
if forNn > 1, T™ is the closed operator and T satisfy (1) there exists a closed subspace E C X, which has
hyperbolic structure; (2) Per (T) is dense in E. Then T is a non-wandering operator relative to E.

Proof. By the Closed Graph Theorem, we can easily obtain this result. m
Remark 1 In fact, from Theorem 1, if an unbounded operator T has non-wandering property, then T need

to satisfy: (1) T" is the closed operator, Yn > 1 ; (2) there exists a closed subspace E C X, which has
hyperbolic structure relative to T; (3) Per (T) = E

In the following, we will apply Theorem 1 to discuss the Non-wandering property of differentiation
operator.

3.1 Non-wandering property of differentiation operators in Bargmann space

Let {wy},cn be an arbitrary weight sequence, we define the iterated unbounded back-ward shift 7™ in
Bargmann space by

n+k—1 .’Ek
(Sat ) = (T w e
k>0 k>0 \ j=k VKl
with its domain in F', and we define

2

m+k—1

D(T™) = ZC’“ Z\Cﬂ < 00; Z H wj| |Cram|* < o0
k>0 ’k>0 k>0| j=k

forallm e N, 1 <m < n.

Theorem 2 A linear unbounded backward shift operator T': F' — F' is non-wandering operator if the
positive series

converges.

Proof. From Theorem 1, we need three steps to proof the theorem:
(1)We proof that for Vn € N, T™ is closed.
By the definition, we choose {f;} € D (T") ,since F' is a Hilber space, then {f;} — foin F, so

fj<w>=kgock,jj—% fo (z) = ZGM. j— o0
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n+k—1 n+k—1
0
= ] wi| Cosrs— | T wi] Coin
=k =k
Let T" f; — go, then g (z) = 3 527
k>0 :
We can conclude that
n+k—1
0
& = H wj | Crpy,
Jj=k

This proves that fo € D (T") and T" f() = go.

oo n—1 n—1 n
(2) Since the positive series » H |2 converges, then [] m |2 — 0, thatis, [[ wj 00 n— 00
n=0 j= 0 j=0 Wi j=0

We choose w; is an increasing sequence.

k—1
For VA € C, let fy () = > (H A) \“/’—%, then for YO < v < 1 and n € N large enough, we have

k>0 \ j=0 "
Al < v lwyl, so

k—1 n k—1 oo kol y 2
IR I(ERS o8I (5
k>0j=0!"7 k= =0'"J

n k-1 2
ST+ (2 ) <

k=0 j=0 ]owj

Thus we get f) (z) € F and

ok
Th(z) = wg H* 7—)\2 H w | Vi A (2)

k>0 ' k>0 \j=0

Therefore, f) () is the eigenvector corresponding to the eigenvalue A, furthermore, by the arbitrarily of
A, we can construct the sets:

= {A: |[A>1 Xeép(T)}
{A: 0<|Al<1 Xedp(T)} , where o, (T) is the spectrum of 7.

[es) 00 k—1
Let E* = span {fx; AeVi} forVE e E¥ then€ = > aify, = >, a4 >, H% %andfor
= =1 k>0 \j=0 "7 ) VK

Vk € N, we have

HT’C H (Z%ﬁ\)Hz iai)\fz kl—IlAz £
i=1 k>0 j:()wj VE!

o0 F
ZZ H ﬁzn’“\fl (1)

where n = min {|\;] M\ € Vi} > 1. Let7 = 1, then we can easily get 0 < 7 < 1. So by (1) we have

7@l = | (S )| = | £ ae

Next, we will prove E* is the invariant subspace of 7T'.

> 7Rl
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oo [e.e]
Since forV§ € E" ,then& = Y aify, =T > $fy, =TE" = { € TEY, so E* C TE". In the other
i=1 i=1""
o0 o0
hand, for Vn € TE", then there exists ¢ € E* = ¢ = Y B;ify,, such that, n = T = > \iGify, € E*.
=1 =1
So we can get T'E* C E“, therefore, TE* = E“.

o0
Similarly, let E® = span {fx; A€ Va} ,then TE® = E*, forVn € E*,wehaven = > (Bify, =
i=1

AE a1l < 7F |n| where

| | T* ()| = HTk <§ mi)H -
i=1 k>0 \j=0 i=1

0<7=max {|N| N €Va} <landTE® = E*®
Let £ = E* @ E®, then we can easily get ' has hyperbolic structure.

n+k—1
(3) From the definition, we have 7" | >  Cy-*= \F = > II | Crak = \ﬁ , if T has the N—
k>0 k>0 \ j=k

S 6 Y (lﬁl:l1 ljj) \%

n+k—1
periodic point, then we have I wj> Char = Ci,Vk > 0,s0forVli=0,1---n—1,k > 1, we have
j=k

kn+l—-1
Crn+1 = ( II u}]) C),thusfor Yo >0 n >wv ,n € N, we can construct
J=l

oo knl—i-_v[—l 1 xkn-l-v
Gon ( — | Y
i Wi (kn +v)!
oo n—1 oo kntv—1
Since the series Y [] " |2 converges, then we have > [] -1 < oo, so, we get gy, € F and
n=0 j=0 Wi k=1 j=v J
0 kn+v—1 k 00 kn+v—1 kn+
1 T n—+uv v 1 phkntv
JI;IU w (kn +v)! V! ; JI;IU W (kn +v)!

Thus g, ,, (x) is the N —periodic point of T'.
Let Ey = span {gyn (z)} , in the following we will prove that Ej is dense on F'.

Since for Vf (z) € F,let f (z) = 2 C,2= — , by the definition of Bargmann space, we have

=0
v—1
|Cv H U)j| < 00.

Suppose |C,, H;;é wj| < 1, then there exists g(x) € Ej and

m
= Z Cvgvm (x)
v=0
so that
m 2V oo kn+v—1 . U+TL
lg = £ =1 Colgom (x) = —=)I| = Z ij ( II
=0 Vol v=0  j=0 Icl j=0 wf\/kn‘l'v
m oo kn+v—1
1 T v—l—n
<D @)
=0 =1 o wj \/(kn 4 v)!
oo n—1
Furthermore, from the series H |2 converges, the there exists n > m such that for Ve > 0, we
n=0 j= 0
have
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K 1 xk €
o (]l < ——
k>mtl j—0 wj \/H m + 1

where ¢, taking values O or 1, so we can get when n > m , then (2) < e.
Therefore, Fyis dense on F'. m

Theorem 3 The operator of differentiation D : [ — f/ defined on
o={rer|fer}
is the non-wandering operator on F.

ak

N is an orthonormal basis in I, then we have

Proof. Since
k k-1 k-1 k—1
D<x>:k.x — VT = W
VE! VE! V(k—1)! V(k—1)!
where w, = vk + 1,

So, we can get the operator of differentiation D : f — f is the weighted backward shift operator,
therefore,

D chﬁ :Zwka_i_lﬁ , W = Vk+1

k>0 k>0

so the series
oo n—1 oo n—1

S pp=>1l

n=0 j=0 n=0 k=0

converges in F', thus by the Theorem 2, we have D is the non-wandering operator on F'. m

3.2 Non-wandering property of differentiation operators in Hardy space

Denote Hardy space as H?, then

H? = {f € H(D):[|f|| < o}
where D is the unit disk which centers at zero and H (D) is made of all the analytic function which defined

in D. Suppose f (x) € H (D), then we have f (z) = iﬂf(n)x”

Lemma 4 (/8]) For each positive integer n, the operator D" is the closed operator on its domain €, =
{f e H2, [ ¢ HQ} .

Theorem 5 The operator D of differentiation defined on ¢ = {f € H? ‘f/ € H? } of H>byD: f — f s
the non-wandering operator.

Proof. Since D is the chaotic operator on £(see[8]), so D has the dense set of periodic points on €. Thus,
from Theorem 1, we only need to construct the hyperbolic structure.

In the following, we will construct the hyperbolic structure.

Firstly, we pick a weighted sequence (w;) on the unit disk. Suppose (w;) is the decreasing sequence
which satisfy:

1>w; >wsy--->0and lim w, =0

n—oo

IJNS homepage:http://www.nonlinearscience.org.uk/



26 International Journal of Nonlinear Science,Vol.6(2008),No.1,pp. 21-28

n o0
Letr, = Z [[ 2 n >1,weconstructe = {f(z): f(z) = 3 a,2" }and define || f| =
i n=0

n! w;
1 =1
‘an|2 /2
> e <00
nio n
It is simple to check that ¢ is a Hilbert space hav1ng norm ||-|| and orthonormal basis e, = r,a"
Since De, = D (rpz™) = nrpa™ ! = n- 4 H 2"l = = 1, H Ll = wien_l, so, the
1 7 n
operator of differentiation D is the weighted backward shlft operator on €.
oo n—1
For V\; € C, we construct fy, () = >, [] Niwien then hjw; — 0 n — oo,
n=0 i=0
So, when n large enough, we have
co n—1
Yo T Miwil|| < 00,80 fi, (z) € € and
n=0 =0
oo n—1
Dfy, ( Z H)\wzen_)\zn)\wlen_)\f,\()
n=0 i=0

Therefore , fy, (x) is the eigenvector corresponding to the eigenvalue \;. So we can construct

B = span {fx, (@): [N > 1}

o] 00 oo n—1
ForVé € EY ,then€ = ) «a;fy, = > ai >, [] Aiwie, and for Vk € N, we have
i=1 i=1  n=0i=0
2 @l = [0+ (£ i )| =[St 5 T e
=1 n i= )

where p = min {|\;|] > 1} ,letT:i,then0<7'<1,soweget

(Z i fx; ) H = iaﬁfiﬁ&wwn

n=07{=0
Next, we prove E" is the invariant subspace of D.
o0 o0
ForVne E" then{ = Y a;f\, =D > $f\, = DE" = { € DE".
i=1""

|+ @] = S

o0
So E* C DE", otherwise, for Vn € DE" , there exists ¢ € E* = ¢ = ) (3;f), suchthatn = Dy =

i=1
o
Y XiBify, € E*, thus DE" C E", therefore, DE" = E".
i=1
Similarly, let E* = span .{f), (z): |\i] <1}
o) oo n—1
ForVn € E® thenn = ) Bif\, = Z Gi > ]I Niw;enand for VE € N
i=1 =1 n=0 =0

<7Fg,

Z az)\k Z H A Wi€n,

n=01i=0

o+ @] =

(50

where 7 = max {|Ni| <1},0< 7 < 1land DE® = E*.
Let £ = E" ¢ £, then E has hyperbolic structure. m

Theorem 6 If OU is the boundary of the open unit disk U and if g is a nonconstant analytic function for
which g (U) N OU # ¢, then the operator T : f — g (D) f is the non-wandering operator on H>.

Proof. Since g (U) N OU # ¢, then there exists g € U such that |g (zo)| = 1, furthermore, since g is

1\0\

nonconstant and analytic on U, there exists 0 < € < so that the sets V7, V5 and V3 given by

{h A=zl <e gV <1}
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N A—mol <e fg(NI>1}

and
{AeU; In>1 st. g\)" =1}

are nonempty open subsets of U. Next, let 7 = |z¢| + 2¢, and pick a sequence of posive numbers (w,,) with

1>w1>w2>--->7and lim w, = 7.
n—oo

n
Also, let 7o = 1and r, = ; [] w; (n > 1) . We consider the space ¢ of analytic functions on U of the
i=1

[e.e]
form f (z) = ) a,z" that satisfy
n=0

< o) 2
- (k) <
n=0 "

It is simple to check that ¢ is a Hilbert space havmg norm H || and orthonormal basis e,, = r,z"
Since De,, = D (rpa™) = nrpa™™ = n - n!sz :(nl,lenl—wnenl,sothe
operator of differentiation D is the weighted backward shlft operator on € . Smce |D|| = sup (wp) = wy <

1, and furthermore, g is analytic, so g (D) is an absolutely convergent power series in D , and hence the
operator T : f — g (D) f is bounded on . Also, notice that for each |\| < 7, we have e** € ¢ and is an

eigenfunction of 7' with eigenvalue g (\) . Let E* = span (e)‘“/’; A€V} , then we have TE® = E*
n
and for V¢ € E° then € = ) a;e?®

i=1
n
k A
T E ;e
=1

7@ -
where 0 < 7 = max lg(Ni)| < 1.

< 77|

Zn:ai (g ()\)k) i

=1

n
Similarly, let E* = span (e*”; X € Vo} ,then TE" = E*andforVn € E* n=3 B;e*® ||T*(n
=1

> 7% |, where,u—mm\g J>1,0<7=,<1.

7 5 e (s V) e

ﬁetlE = E" & E? , then E has hyperbolic structure.

Finally we prove that the periodic points of 7" are dense on E .

Weconsider Vs = {Ae€U; In>1 s.t. g(\)" =1} ,then there exists the accumulation point
of \in U .

Denote Ey = span {e*; \; € V3} , then Ej is set which made of all the periodic points of g (D) .
So, we can get Ej is dense in H 2 otherwise, Ej is not dense in H? , then by H — B Theorem, there exists

€ (H?)" = H? forVz € Ey,wehave (¢ z) =0,soforVoz € Ey,g,(\) = (¢ z) =0,
furthermore, there exists the accumulation point of A in U and g, () is analyticon U , so g,(A) =0on U .
Thus it is contrary to the condition. m
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