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Abstract: The topic of fractional calculus, (integration and differentiation of fractional-order)
is a one of the singular integral and integro-differential operators, is enjoying interest among
mathematicians, physicists and engineers ( see [1]-[2], [5]-[10] and [12]-[13] and the references
therein ). In this work, we are concerned with a nonlinear weighted Cauchy type problem ( For
the earlier work and application see, for example, [6] and [8]) of a diffre-integral functional
equation of fractional order. We will prove some local and global existence theorems for this
problem, also we will study the uniqueness and stability of its solution.
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1 Introduction

In an earlier work the author (see [8]) study the weighted Cauchy-type problem:

{ Dau(t) = f(tvu)a t >0,
= u(t)|4=0 = b.

where the function f(¢,u) is assumed to be continuous on RT x R, |f(t,u)] < tle 7M(t)|ul™,
w > 0,m > 1, ¢ > 0,1(t) is a continuous function on R™.
Here, we deal with the nonlinear functional weighted Cauchy-type problem:

D u(t) = f(t,u(6(1)),
11—« _ (l)
t*u(t)|y=0 = b.
We investigate the behavior of solutions for problem (1) with certain nonlinearities, using the equivalence of
the fractional diffre-integral problem with the corresponding Volterra integral equation, we prove the exis-
tence of L,-solution such that the function f satisfies the Caratheodory conditions and the growth condition

| f(t,u)| < a(t) + k|u|, foreach t € (0,1), u € R,

where a(.) € L,(0,1) and & > 0 be a constant. Moreover, we will study the uniqueness and the stability
of the solution.

The plan of our paper is as follows. In the next section, we prepare some material needed to prove our
results. Section 3 is devoted to our main results on the existence of some local and global solution. Section
4 is devoted to the uniqueness of the solution. In the last section, we prove the stability of the solution.
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2 Preliminaries

Let L1 (I) be the class of Lebesgue integrable functions on the interval I = [a, b], where
0 < a < b < ooandlet I'(.) be the gamma function. Also let L,,(I) be the space of the functions with
1

integrable p'* power with the norm ||ul|, = ( fol | u(t) P dt) ? .1 < p < oo. Recall that the operator T’

is compact if it is continuous and maps bounded sets into relatively compact ones. The set of all compact
operators from the subspace U C X into the Banach space X is denoted by C(U, X ). Moreover, we set
B, ={ue Ly,(I) : ||lul|l, <r,r >0}

Definition 2.1 The fractional integral of the function f(.) € L1(I) of order 3 € R is defined by (see [11]
-[14])

t -1
B = 7(75 — S)ﬁ S S
O e e O

where (see [11]) IPIVf(t) = IPTVf(t), B, v > 0.

Definition 2.2 The Riemann-Liouville fractional-order derivative of f(t) of order o € (0, 1) is defined as
(see [11] - [14])

d

DY ft) = — I}~ ft), t € [a,b].

dt
Now, let us recall some results which will be needed in the sequel.
Theorem 2.1 (Rothe Fixed Point Theorem) [3]
Let U be an open and bounded subset of a Banach space E, let T € C(U, E). Then T has a fixed point if
the following condition holds

T(OU) C U.

Theorem 2.2 (Nonlinear alternative of Laray-Schauder type) [3]
Let U be an open subset of a convex set D in a Banach space E. Assume 0 € U and T € C(U, E). Then
either

(A1) T has a fixed point in U, or

(A2) there exists v € (0,1) and x € OU such thatx = ~ Tx.

Theorem 2.3 (Kolmogorov compactness criterion) [4]
Let Q) C LP(0,1),1 < p < o0. If

(i) 2 is bounded in LP (0, 1) and

(ii) x;, — x ash — 0 uniformly with respect to x € ), then ) is relatively compact in LP (0, 1),
where

t+h
zp(t) = % /t x(s) ds.

3 Existence of solution
We begin this section by proving the equivalence of problem (1) with the corresponding Volterra integral
equation:

_ 8)(1—1

t
t
u(t) = bt* ! + /0 (1“(04) f(s,u(o(s))) ds, te€(0,1). (2)
Indeed: Let u(t) be a solution of (2), multiply both sides of (2) by t'~, we get

T ut) = b+ T f(t,u(e(t))),
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which gives
H7%(t) =g = b.

Now, operating by I'~* on both sides of (2), then
I'=u(t) = by + I f(t,u(@(1))).

Differentiating both sides we get
D®u(t) = f(t,u(é(t))).

Conversely, let u(t) be a solution of (1), integrate both sides, then
I=u(t) — I'"u(t)li=o = I f(t,u(@(1))).
Operating by I on both sides of the last equation, then
Tu(t) — 1% C = I'"™ f(t,u(¢(1))),

differentiate both sides, then
u(t) — Crt®t = 1% f(t,u(6(t))),

from the initial condition, we find that Cy = b, then we obtain (2), i.e. Problem (1) and equation (2) are
equivalent to each other.
Now define the operator T as

Tu(t) = bt*™t + /0 (Gl f(s,u(o(s))) ds, t € (0,1).

To solve equation (2) it is necessary to find a fixed point of the operator 7'.

Now, we present our main result by proving some local and global existence theorems for the diffre-integral
weighted Cauchy-type problem (1) in L, . To facilitate our discussion, let us first state the following as-
sumptions:

(i) f:(0,1) x R — R be a function with the following properties:
(1) foreacht € (0,1), f(¢,.) is continuous,
(2) foreachu € R, f(.,u) is measurable,
(3) foreacht € (0,1),u € R, f(t,u) satisfies the growth condition
[ f(tu) | < alt) + klul,
where a(.) € L,(0,1) and k& > 0 be a constant.
(i) ¢: (0,1) — (0, 1) is nondecreasing and there is a constant M > 0 such that ¢/ > M a.e. on (0,1).

Now, for the local existence of the solutions we have the following theorem:

Theorem 3.1 Let the assumptions (i) and (ii) are satisfied.

1
If k< MT(1+a) andp<17, 3)
-«
then the diffre-integral weighted Cauchy-type problem (1) has a solution u € B,., where

b 1
p (a—1)+1 + I'(1+a) H a Hp

1 —

r < %
M T (1+a)
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Proof: Let u be an arbitrary element in B,.. Then from the assumptions (i) - (i), we have

[ Tullp

{/01 | Tu(t) |P dt};

=

< {[ 1pe |Pdt}; AL [ s asp )
< {M\o} [ S vt as) a)
S {/{/ XL k\uw(s))\)ds}pdt}
< ot [ Esa [ dae) )+ k) |>pds};
< Tt FOES <uaup s [ Tt ds}’l’>
= p(a—bl)+1 + r(11+a) lal, + % {/;:)U | u(z) ‘de}zla

b 1 k
< e e (el )

The last estimate shows that the operator 7" maps L,, into itself. Now, let u € 9B, that is, ||u||, = r, then
the last inequality implies

Ty € bt Ll +
u a —r
P = pla-1)+1 I'l+a) M
Then T(0B,.) C B, (closure of B,) if
b 1 k
T < — <
ITully <~ + ey el + 277} <
which implies that
b 1
e R UL I
Therefore . )
r < p (a—1)+1 + I'(l14+«) H a ”p
_— k. .
L - M T (1+a)

Using inequality (3) we deduce that > (. Moreover, we have

(/01 | f(s,u(@(s)) I d8>é

(/0 (Ja(s) | + k| u((s)) |7 d5>’1’

llally +

1711y

<

k
o el

This estimation shows that f in L,,(0,1).
Further, f is continuous in u (assumption 1) and 7* maps L,(0, 1) continuously into itself, I f(¢, u(¢4(t)))
is continuous in w. Since w is an arbitrary element in B,, 7' maps B, continuously into L,(0, 1).
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Now, we will show that T is compact, to achieve this goal we will apply Theorem 2.3. So, let €2 be a
bounded subset of B,.. Then T'(€2) is bounded in L, (0, 1), i.e. condition (i) of Theorem 2.3 is satisfied. It

remains to show that (T'u), — T'win Ly(0,1) as h — 0, uniformly with respect to T'u € T" 2. We have the
following estimation:

1 :
I = 7ully = { [ 1@ - o pag

0
_ { 01 | /tHh (Tw)(s) ds — (Tu)(t) | dt}p

{/01 <;1L /:HL | (Tu)(s) — (Tu)(t) [P ds) dt}p
{/01 /ﬁh |bs! — bt P ds dt};

. {[;Lﬂﬂﬂﬂww@»—wﬂmw@MHM§

1

>
=

IN

IA
> =

Since f € L,(0,1) we get that I° f(.) € L,(0,1). Moreover t*~* € L,(0,1). So, we have (see [15])

h
;L/H 1bs* — bt Pds — 0
t
and
1 t+h
P R 17 o) 1 ds — o

for a.e. t € (0,1). Therefore, by Theorem 2.3, we have that T'(Q) is relatively compact, that is, 7" is a
compact operator.

Therefore, Theorem 2.1 with U = B, and E = L, (0, 1) implies that 7" has a fixed point. This complete the
proof. m

Now for more global solution of the diffre-integral weighted Cauchy-type problem (1), consider the fol-
lowing assumption:

(iii) Assume that every solution u(.) € L,(0, 1) to the equation
1 t (t _ S)a_l
u(t) = ~ (bta + / Wf(s,u(d)(s))) ds> ae.on (0,1),0< a < 1
0

satisfies ||u||, # r (r is arbitrary but fixed).

Theorem 3.2 Let the conditions (i) - (iii) be satisfied, then the diffre-integral weighted Cauchy-type problem
(1) has at least one solution u € L,(0,1).

Proof: Let u be an arbitrary element in the open set B, = {u : ||u||, < r,r > 0}. Then from the
assumptions (i) - (ii), we have
b 1 k
T < — .

The above inequality means that the operator 7" maps B, into L,,. Moreover, we have

Uil < llally + o lullp

This estimation shows that f in L,,(0,1).

As a consequence of Theorem 3.1 we get that T’ maps B, continuously into L, (0, 1) and 7" is compact.
SetU = B, and D = E = L,(0, 1), then in the view of assumption (iii) the condition A2 of Theorem 2.2

does not hold. Therefore, Theorem 2.2 implies that 7" has a fixed point. This complete the proof. m
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4 Uniqueness of the solution

For the uniqueness of the solution we have the following theorem:

Theorem 4.1 Let the assumptions of Theorem 3.1 be satisfied, but instead of assumption (i) consider the
following conditions:

| f(tw) — f(t,v)| < Lfu — v
and

| f(t,0) | < al?),

then the diffre-integral weighted Cauchy-type problem (1) has a unique solution.

Proof: Let u;(t) and uz(t) be any two solutions of equation (2), then

t — s a—1
) = w P = | [ T (16 un(60) - fs (o)} ds P
p ti(t_s)ail U s)) —u s sp
< v ([ C5 0l - ) )
Therefore
1 - ) ) 1 t(t_s)a—lu N ) SP
[l —w@ra < v ([T ) - w@e)]a) @
L/t (p gyl N
lu = wnlly < of [ ([ S50 et - wiols) 1as) ar
< o[ Ea ([ 1) - we) P as)
L 1 , () P
< e ([ ) - wee P 4 a)
L 1 o(1) >
< L
S W el

5 Stability

Now we study the stability of the diffre-integral weighted Cauchy-type problem (1).

Theorem 5.1 Let the assumptions of Theorem 4.1 be satisfied, then the solution of the diffre-integral weighted
Cauchy-type problem (1) is uniformly stable.

Proof: Let u(t) be a solution of

)a—l

t(t—s
t) = bt ! (=8
u(t) <[5

o fsu(o() ds.
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and let %(t) be a solution of the above equation such that £~ %(¢)|,—o = b, then

u(t) — a(t)

<1 - Ml“(i+a)>||u_a”p

| u — a||10

IN

IN

IN

(b — b) !

/t (t — S)afl N
[ e Vo) = fo(:)} ds

| (b — b)
t (t _ S)a—l N
/0 T T(a) {f(s,u(o(s)) — f(s,u(e(s)))} ds|P,

-

]ﬁ1|(b —-B)ta—1|pdt}p

/1 /<t>{ F(s,u(@(s))) — F(s,(6(s))} ds
o [Jo T(a) 7 7

{
{
{|b — B P pla 1)+1’(1J}P
{

=

P P
a

—

plaa—1)+1

/01 (/o W'f (s, u(9(s)) = f(5,(6(s)))] ds)pdt}‘l’

1

([ 52 ot - itotsn ) ar}

[0~ D]
pla—1)+1

v Esa ([ atee) - atee ds>’1’

b — b
pla—1)+1

i ([ 1oy - oy p 22 ds);

b — 0| L 1w o
pla—D+1  Tta) (M /¢>(0) [u(z) — () dl‘)

S

e —
pla—1)+1 MT(1+«) b
b — b]
pla—1)+1’

L b -
(1 B MF(1+a)> pla—1)+1°

Therefore, if [ b — b| < &(¢), then || u — @ |l < e. Now from the equivalence we get that the solution
of the diffre-integral weighted Cauchy-type problem (1) is uniformly stable. m
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