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Abstract: This paper deals with the stability of positive solutions to the systems of the form

{ —Aui(z) = fi(ur(x),uz(x), ..., up(z)) x € ),
Bu;(z) =0 x € 09,

where Q@ C RN (N > 1) is a bounded domain with a smooth boundary Bz(z) = ah(x)z +
(1 — @)% where a € [0,1],h : 02 — R* withh = 1 when @ = 1, and f; : [0, +00)" — R
are C'! functions for s = 1,...,n. In particular, we establish conditions for stability/instability
when the system is cooperative and strictly coupled (% > 0,07 5,2 01 i 31{; )2 > 0) and

strictly coupled competitive (ng; < 0,7 # j). Then we apply our results to various examples.
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1 Introduction

We discuss stability of positive solutions u := (u1, ..., u,) (u; > 0and Y u? > 0) of systems of the
form
—Aui(z) = fi(ur(x),uz(x), ..., up(z)) x €9, (1)

Bu;i(x) =0 x € 092, ()
fori = 1,...,n, where Q is a bounded region in R"; N > 1 with smooth boundary

Bz(x) = ah(z)z + (1 — a)%, 3)
on
here B is a boundary operator and (8%) denotes the outward conormal derivative, o € [0, 1], h : 92 —
R* with h = 1 when a = 1, i.e; the boundary condition may be of Dirichlet(u = 0 on 0f2), Neumann
(gTi = 0 on 9Q) or mixed type (robin boundary condition (for « # 0, 1)). For i=1,...,n, f; : [0,400)" — R
are C'! functions satisfying either

8f,» . .. n afi 2
> =1,.. 4
P >0, #,j=1,0m, ) j:l,#i(auj) >0 “4)

( strictly coupled cooperative system) or
<0i#j,j=12n=2 &)

ofi

Uj
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(strictly coupled competitive system).

One can think of a solution u := (uq,...,uy) of (1)-(2) as an equilibrium solution to the parabolic
problem
(vi)e — Avg = fi(vi, v2, ..., vp) in (0, 00) x €,
Bu;(t,x) =0 on (0,00) x 01, (6)
vi(0, ) = k;i(x) in €,

for i=1,....,n. Hence, denoting by k(z) := (ki(x),...,kn(z)) and the corresponding solution of (6) by
v(t,x) := (v1(t,x), ..., v,(t, z)), we say a positive solution u of (1)-(2) is stable (in the maximum norm) if
for every e > 0 there exists a > 0 such that ||k — u||o < ¢ implies ||v(t,z) — u|loo < €forall £ > 0. We
say u is unstable if it is not stable.

As a reminder, if & = (1, ..., Uy, ) be any positive solution to system (1)-(2), then the linearized equation
about « consists of

A6 - 3" 2 @)s(0) = uile), req, @

7=10u;

for i=1,...,n, where Equation (7) obtained from the formal derivative of the operator A.

It follows from proposition (3.1) of [6] that there is a unique eigenvalue p1 with strictly positive eigen-
function ¢ = (¢1,...,dy) of (7)-(8) (i.e., ;i > 0 in Q for every i=1,...,n). By proof same the proof of
Theorem 1.1 and 1.2 of [3] for cooperative systems, one can show that if ;17 < 0 then positive solution @ of
(1)-(2) is unstable, otherwise u is stable. Hence we by this fact establish our results.

A large number of works have been made extensively studying stability of solutions in the case when
n = 1 (see [1],[2],[4L,[5]). In [3] authors studied case n > 1 with only Dirichlet boundary condition. The
purpose of this work is to extend their results to Egs. (1)-(2), under certain conditions.

2 Main results

In this section, by analyzing linearized equation, we will prove the stability of positive solutions.

Theorem 1 Let (4) hold, and assume that for i=1,...,n,

S @5 @) > (i), ©

then any positive solution of Equations (1)-(2) is linearly unstable(stable).

Proof. Let u := (uy, ..., Uy, ) be any positive solution to (1)-(2). For each i=1,...,n, multiplying (7) by —u;,
(1) by ¢;, add integrating by parts over {2 and add the two resulting expressions to get

| @20~ aneypaae + [ 37wl @ @as — [ @

= — U; i(x)dx. 10
m [ w@eas (10
But by Green identity
o6 ou;
@6 - ed@salde = [ @) 5 - oo Gds (an

now observe that in (3) when o = 1 then Bu; = w; = 0 for all s € 0€) and because ¢; are eigenfunctions,
thus ¢; = 0 for all s € 0f). Hence

0; 0u;
[ @5 o) s o, (12)
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and when « # 1, we obtain

_':E@@_ oug, , aho;(s) o ads —
| lnte) G o) G = [ GO s =, (13)

Thus using (12) and (13) in (11), (10) becomes

afl’ j - (u)g;(x)dr = — u;(x)g;(r)dx
L3 m@ gt @i - | @@= [ a@oa (149

now adding (14) over i=1,...,n, and then rearranging the terms, we have

0
/ZZ Si@(_ ui(e )82) fila ——m/zl RACHLAC (15)

By hypothesis, for each i=1,...,n, 4; > 0 and ¢; > 0 in £, thus if (9) holds, then ;1 < 0(> 0) and it show
that every positive solution of (1) — (2) is linearly unstable(stable). m

Theorem 2 Let (4) hold, and assume that for i=1,...,n, fi(ui,...,u,)/u; with respect to u; be strictly in-
creasing, then any positive solution of Equations (1)-(2) is linearly unstable.

Proof. Let @ := (y, ..., U, ) be any positive solution to (1)-(2). The proof proceeds in the same way as for
Theorem 1., instead of (15) we obtain

a 4 8 [y _
/ZZ 1Z] 1,j#i i f ¢J d.%'—i—/ Zz 1¢z z ail (u> _fz(u)]d'r
= —Ml/ Z iU r)pi(x (16)

On the other hand since f;(u1, ..., uy,)/u; with respect to u; is strictly decreasing,

2y (@) = “@‘(fi)“i“g,j —filwm) (17)

7

(here ( ) denotes the partial derivative of f t with respect to u;). Also u; > 0, ¢; > 0in §2, and by (4),
we have

—,ul/zll x)dx > 0.

So, p1 < 0, hence any positive solution of Equations (1)-(2) is linearly unstable. m

Theorem 3 Let (5) hold, and assume that for i=1,2

2 z+j — af] (=
2, (V@) F 2@ > (fi@), (18)
then any positive solution of Equations (1)-(2) is linearly unstable(stable).
Proof. Let 4 := (u1, u2) be any positive solution to (1)-(2). Let v1 = u1 and v = —us then
—Avy(z) = fi(ur,uz) = fi(vi, —v2) = Fi(v1,v2) z €, (19)
—Ava(z) = — fa(ur,u2) = — fa(vi, —v2) = Fa(v1,v2) T €, (20)
notice that g—f; = —ng;'_ > 0 for j # ¢, thus Equation (19)-(20) is cooperative with respect to F; and F5.
Now if let 1 = @1 and U9 = —ug then the linearized equation about v = (v7, v2) consists of
oFy ,_ o _
—A(91(2) — 5= (0)d1(x) — Z—(0)d2(z) = por(x) T €, 21
8’01 01;2
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A (@) - GO0 - GEORE) = pale)  veR
B¢y (x) =0 = Bes(x) x € 09,
calculate —(19)¢1 + (21)0; + (20)¢2 — (22)v9 and integrate over 2 and then simplify to get
i [ 160 = vainlds = [ ir(@)foate >ij< )= 1) 5 (0) + Fy()lds
8F OF:
+ [ e (@) G H0) + ) 52 0) = Pa(o)lde
2

(22)

(23)

24)

Now by hypothesis, 11 < 0(> 0) if terms on right-hand side be negative (positive), that is if (18) holds.

Hence every positive solution of (1)-(2) is unstable(stable). m

3 Examples

Consider following problem

{ —Au(z) = Af(u(x),v(x)) x €,
Bu=0= Bv x € 09,

where A is a positive parameter.

Example 1. For semipositone system

flu,v) =uP +uv® — e
g(u,v) = vl +vuf — e

where p,q > 1,0, 8 > 0, €1, €3 > 0, clearly we have df 8g > 0, and

2 0 0 0
Z] 1 u;(x )81{]1_ 8£+ 8z—pup+uv + Bv2uPt > fu,v)

and
2 9 9f 9y 2, 0-1 g
E ; luj(ﬂs)au2 ug +v Jp — OUY + qu? + vuP > g(u,v).

(25)

Thus (9) satisfied and all positive solutions of (25) are unstable for all A > 0. Or one can infer unstable by

Theorem 2, because

f(u,v) -1 €1 -2, &
(= (@ 0" = = (p = D"+ 5 >0,
and
u, v _ € L, €
(g(v ))v:(vq1+uﬂ—5)v=(q—1)vq2+v§>().

Example 2. For positone system

{ flu,v) =(u+ 1P+ (v+1)9+1
g(u,v) = u(v+ 1) +1

where 0 < p < 1,q < 1, clearly we have gf , gg > 0, then

Zj:1uj( )% = Bf +v 99 =pu(u+ 1P o+ DT <plu+1)P + (v + 1) < f(u,v)

ouy 8u ou

and

ijluj(m)asz g—i— Z =quv+1)7T + (g— Duv(v+1)772 < (2¢—1u(v+1)471

Ous ov ov
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Thus (9) satisfied and all positive solutions of (25) are stable for all A > 0.

Example 3. For semipositone system

{ flu,v) = uP — uv® — ¢

g(u,v) = vl —vubf — e

where p,qg > 1,a, 8 > 0,¢€1, €2 > 0, clearly we have gf’ gg < 0, then

2 . af. 8f ag N B
2 sy g =gy = v, = - w® o+ pou > S )
and
afj 8f 89 2 a—1

2 .

Thus (18) satisfied and all positive solutions of (25) are unstable for all A > 0.

Example 4. For semipositone system

fu,v) = uP + 7(u+1i1+1)a +e
9(u,0) = VT + Gy + €2

where 0 < p,q,a < 1, < 1,€1, €2 > 0, clearly we have gi, gz < 0, then
2 of; 8f Gg o
§ : 1 1+j J — P _ _ <
j:I( ) i@ )8u1 “au  You MY (u+ v+ 1)at! (u=v) < flu,v)
and

? 2oy (O 00 09 e
ijl( 1) (Qj)au2 uav+vav_qv (U—|—’U+1)a+1(v u)<g(u7v)

Thus (18) satisfied and all positive solutions of (25) are stable for all A > 0.

Example 5. Consider system

—A’LLZ(CL') = Afi(ul’ ’un) T e Q? (26)
Bu; =0 x € 01,
where f; = u?“ugﬂ.. ulin, oy, > 1, for i,k = 1,...,n, and A > 0 is a parameter, clearly we have
of; i .
31}: _azg]] Hk lk#uk #>0,fori=1,...,n;i # j, and
n of;
ijluj(x)au] _allutl)tu H ua1k+ +an1unu1n1 H uOénk
1 k=1,k#1 k=1k#1
n
> anu?” H u‘,:lk > fl(ul, ceey ’Um),
k=1k#1
and
n of; -
) J aiz—1 Qaig Qg Qn2 Qnk
ijlu]( )8u = QU U H up 't 4 agouy? H w2y H uy
k=1,k#2 k=1,k#2
> OQQU H ’LLOQIIC > f2(u1, ey U )
k=1k#2

Similarly for 7 = 3, ..., n, we obtain Z;L:luj(x)g—qﬁ > fi(ui,...,up). Hence by Theorem 1., any positive
stationary solution of Equation (26) is linearly unstable. Or since

L Y H up* >0,

Uq
v k=

for ¢ = 1,...,n, thus by Theorem 2, any positive stationary solution is llnearly unstable.
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