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Abstract: In this paper, we investigate the following mixed initial boundary value problem for
the Degasperis-Procesi equation





ut − uxxt + 4uux = 3uxuxx + uuxxx, t > 0, x ∈ [0, 1]
u(t, 0) = ux(t, 1) = 0, u(t, 1) = uxx(t, 1), t > 0
u(0, x) = u0(x)

.

We establish local well-posedness to it by using Kato’s theorem for abstract quasilinear evolu-
tion equation of hyperbolic type. A blow-up result is also presented.
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1 Introduction

Recently, Degasperis and Procesi [1] derived a new nonlinear dispersive partial differential equation

ut − uxxt + 4uux = 3uxuxx + uuxxx (1.1)

which is called Degasperis-Procesi equation. Degasperis, Holm and Hone [2] showed that Eq.(1.1) is in-
tegrable by deriving a Lax pair and a bi-Hamiltonian structure for it. Dullin et al. [3] showed that the
Eq.(1.1) can be regarded as a model for nonlinear shallow water dynamics. Yin proved local well-posedness
to Eq.(1.1) with initial data u0 ∈ HS(R), S > 3 on the line [4] and on the circle [5]. The global existence of
strong solutions and weak solutions to Eq.(1.1) are investigated in [5]-[10]. For the blow-up of solution to
Cauchy problem for Eq.(1.1) we refer to [8]-[11]. Vakhnenko and Parkes [12] obtained the traveling wave
solutions to Eq.(1.1). The shock wave solutions to Eq.(1.1) were investigated in [13]-[16]. Lenells [17] clas-
sified all weak traveling wave solutions. For more exact solutions to Eq.(1.1), we refer to [18]-[21]. Tian
and Ni [22] studied the local well-posedness to the Cauchy problem for Eq.(1.1) of general type. Escher
and Yin [23] studied the initial boundary value problem for Eq.(1.1) on the half line R+ and on the finite
interval [0, 1]. On [0, 1], they used the boundary conditions u(t, 0) = u(t, 1) = 0, and obtained the local
existence of solution to Eq.(1.1). They also obtained that the solution u(·, u0) to Eq.(1.1) with the boundary
conditions u(t, 0) = u(t, 1) = 0 and the initial data u0 ∈ HS(0, 1) ∩H1

0 (0, 1) (3
2 < S ≤ 3) blows up in

finite time if u0 6= 0. But they didn’t point out where the blow-up phenomenon occurs.
In this paper, we use the boundary conditions different from that used in [23] and investigate a mixed

initial boundary value problem for the Eq.(1.1) as follows




ut − uxxt + 4uux = 3uxuxx + uuxxx, t > 0, x ∈ [0, 1]
u(t, 0) = ux(t, 1) = 0, u(t, 1) = uxx(t, 1), t > 0
u(0, x) = u0(x), x ∈ [0, 1]

(1.2)
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The remainder of the paper is organized as follows. In Section 2, by using Kato’s theorem [24] for
abstract quasilinear evolution equation of hyperbolic type, we prove that the closed-loop system (1.2) is
locally well-posed. In Section 3, we show that the solution to closed-loop system (1.2) blows up in finite
time exactly on the boundary: x = 0 if initial data u0(x) satisfies u0x(0) < 0.

2 Local well-posedness

In the following, we denote by LP (0, 1) the Lebesgue space for 1 ≤ P ≤ ∞, and the norm in LP (0, 1) will
be written ‖·‖LP . We also denote by HS(0, 1) the usual Sobolev space for S > 0, and the norm in HS(0, 1)
will be written ‖·‖HS . Set H2

0,1(0, 1) = {φ ∈ H2(0, 1) : φ(0) = φ′(1)}, H1
1 (0, 1) = {φ ∈ H1(0, 1) :

φ(1) = 0}.

Theorem 2.1 If u0(x) ∈ H2
0,1(0, 1)∩H3(0, 1) and u0(x)−u0xx(x) ∈ H1

1 (0, 1), then there exists a maximal
time T = T (u0) > 0 such that problem (1.2) has a unique solution u satisfying

u(t, x) = u(·, u0) ∈ C([0, T );H2
0,1(0, 1) ∩H3(0, 1)) ∩ C1([0, T );H2(0, 1)).

Moreover, the solution depends continuously on the initial data.

Proof. We’ll apply the Kato’s theorem to prove the local existence of the solution to problem (1.2). To this
end, we rewrite (1.2) as the following equivalent form





mt + umx = −3uxm
u(t, 0) = ux(t, 1) = 0
m(t, 1) = 0
u(0, x) = u0(x),m(0, x) = u0(x)− u0xx(x)

(2.1)

where m = u− uxx.
Let X = L2(0, 1), Y = H1

1 (0, 1). Obviously, Y is continuously and densely embedded in X . Let
L(Y, X) denotes the space of all bounded linear operators from Y to X . If X = Y , we denote this space by
L(X).

Set S = I − ∂2
x, then u(t, x) = S−1m(t, x). So in Space Y = H1

1 (0, 1), problem (2.1) can be rewritten
as the following Cauchy problem for an abstract quasilinear evolution equation

{
mt + (S−1m)mx = −3m(S−1m)x

m(0, x) = m0(x)
(2.2)

where m0(x) = u0(x)− u0xx(x).
For each m(t, x) ∈ Y , the solution of equation u− uxx = m(t, x) in H2

0,1(0, 1) satisfies

u(t, x) = S−1m(t, x) =
ch(1− x)

ch1

∫ x

0
m(t, ξ)shξdξ +

shx

ch1

∫ 1

x
m(t, ξ)ch(ξ − 1)dξ

and ∥∥S−1m
∥∥2

L2 + 2
∥∥(S−1m)x

∥∥2

L2 +
∥∥(S−1m)xx

∥∥2

L2 = ‖m‖2
L2 (2.3)

∥∥S−1m
∥∥2

L∞ ≤ ‖m‖2
L2 (2.4)

∥∥(S−1m)x

∥∥2

L∞ ≤ ‖m‖2
L2 (2.5)

S−1mx = (S−1m)x +
1

ch1

∫ 1

0
ch(x + ξ − 1)m(t, ξ)dξ (2.6)

We define the operator A(m) := (S−1m)∂x. In view of (2.3) , we have

‖A(m)w‖X =
∥∥(S−1m)wx

∥∥
X
≤ ‖m‖X ‖wx‖X ≤ ‖m‖X ‖w‖Y ,∀w ∈ Y,
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ie.,
‖A(m)‖L(Y,X) ≤ ‖m‖X ,

so A(m) ∈ L(Y, X). Moreover, it follows from (2.4) that

‖(A(y)−A(z))w‖X =
∥∥(S−1y − S−1z)wx

∥∥
X

≤ ∥∥S−1(y − z)
∥∥

L∞ ‖wx‖X

≤ ‖y − z‖X ‖w‖Y ,∀y, z, w ∈ Y.

Note that for each y ∈ Y ,

(A(m)w, w)X =
∫ 1

0
(S−1m)wxwdx = −1

2

∫ 1

0
(S−1m)xw2dx. (2.7)

If λ(γ) = max
x∈[0,1]

1
2

∣∣(S−1m)x

∣∣ , then by (2.5), we get λ(γ) ≤ 1
2 ‖m‖L2 .

Using (2.7), we obtain

((A(m) + β)w, w)X ≥ (β − λ(γ)) ‖w‖2
X , ∀β ≥ λ(γ).

This implies A(m) is quasi-m-accretive uniformly on bounded sets in Y .
Define

B(m) := (m− S−1m)(S−1)x + 2(S−1m)x(I − S−1),

where S−1 is the inverse operator of S in spaceY . For each w ∈ Y ,

SA(m)S−1w = S(S−1m)(S−1w)x = m(S−1w)x − 2(S−1m)x(S−1w − w)

− (S−1m)(S−1w)x + A(m)w,

so
SA(m)S−1 −A(m) = (m− S−1m)(S−1)x + 2(S−1m)x(I − S−1) (2.8)

and
SA(m)S−1 = A(m) + B(m).

From (2.8) and the density of Y in X , we know B(m) is a linear operator in X .
By (2.4), (2.5), we arrive at

‖B(m)w‖X =
∥∥(m− S−1m)(S−1w)x + 2(S−1m)(w − S−1w)

∥∥
X
≤ 6 ‖m‖X ‖w‖X . (2.9)

This shows that B(m) ∈ L(X) and ‖B(m)‖L(X) ≤ 6 ‖m‖X . So B(m)is bounded uniformly on bounded
sets in Y . Moreover, by (2.9), we get

‖(B(y)−B(z))w‖X = ‖B(y)w −B(z)w‖X

=
∥∥(y − S−1y)(S−1w)x + 2(S−1y)(w − S−1w)− (z − S−1z)(S−1w)x − 2(S−1z)(w − S−1w)

∥∥
≤ ‖y − z‖X ‖w‖X , y, z, w ∈ Y.

Define f(m) := −3m(S−1m)x, then f : Y → Y extends to a map from X into X and f(m)is bounded
on bounded sets in Y .
By (2.4), we have

‖f(m)‖Y =
∥∥−3(S−1m)xm

∥∥
Y
≤ 3

∥∥(S−1m)x

∥∥
L∞ ‖m‖Y ≤ 3 ‖m‖X ‖m‖Y ≤ 3 ‖m‖2

Y

It follows from (2.4), (2.5) that

‖f(y)− f(z)‖X =
∥∥−3y(S−1y)x − 3z(S−1z)x

∥∥
X

= 3
∥∥(y − z)(S−1y)x + z(S−1(y − z))x

∥∥
X

≤ 3(‖y − z‖X

∥∥S−1y
∥∥

L∞ + ‖z‖X

∥∥(S−1(y − z))x

∥∥
L∞)

≤ 3(‖y − z‖X ‖y‖X + ‖z‖X ‖y − z‖X)
= 3(‖y‖X + ‖z‖X) ‖y − z‖X , ∀y, z ∈ X.
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In view of (2.6), we get

f(m) = −3m(S−1m)x = −3m(S−1mx − 1
ch1

∫ 1

0
ch(x + ξ − 1)m(ξ)dξ). (2.10)

Define

C(m) := − 1
ch1

∫ 1

0
ch(x + ξ − 1)m(ξ)dξ, (2.11)

then C(m) is a linear operator on X and

(C(m))x = − 1
ch1

∫ 1

0
sh(x + ξ − 1)m(t, ξ)dξ

‖C(m)‖L∞ ≤
∫ 1

0
m(ξ)dξ ≤ ‖m‖X ≤ ‖m‖Y , (2.12)

‖(C(m))x‖L∞ ≤
∫ 1

0
m(ξ)dξ ≤ ‖m‖X ≤ ‖m‖Y . (2.13)

Then for y, z ∈ X , there are

f(y)− f(z) = −3[(y − z)(S−1yx + C(y)) + z(S−1(y − z)x + C(y − z))]

(f(y)− f(z))x = −3[(y − z)x(S−1yx + C(y)) + (y − z)((S−1yx)x + (C(y))x

+ zx(S−1(y − z)x + C(y − z)) + z((S−1(y − z)x)x + (C(y − z))x)].
(2.14)

From (2.10)-(2.13), we obtain

‖f(y)− f(z)‖Y = ‖f(y)− f(z)‖X + ‖(f(y)− f(z))x‖X ≤ 18(‖y‖Y + ‖z‖Y ) ‖y − z‖Y .

By Kato’s theorem, there exists a constant T > 0, such that there is a unique solution

m = m(·,m0) ∈ C([0, T );H1
1 (0, 1)) ∩ C1([0, T );L2(0, 1))

to the problem (2.1). Moreover, m depends continuously on m0. Equivalently, the closed-loop system (1.2)
has a unique solution

u(t, x) = u(·, u0) ∈ C([0, T );H2
0,1(0, 1) ∩H3(0, 1)) ∩ C1([0, T );H2(0, 1)),

and u depends continuously on u0.

3 Blow up

Theorem 3.1 Suppose that u0(x) ∈ H2
0,1(0, 1) ∩ H3(0, 1), m0(x) = u0(x) − u0xx(x) ∈ H1

1 (0, 1) and
u(t, x) ∈ C([0, T );H2

0,1(0, 1)∩H3(0, 1))∩C1([0, T );H2(0, 1)) is the solution to problem (1.2) guaranteed
by Theorem 2.1. If u0x(0) = 1

ch1

∫ 1
0 m0(ξ)ch(ξ − 1)dξ < 0, then there exists a constant T0 > 0 , such that

limt→T−0
ux(0, t) = −∞.

Proof. Problem (1.2) can be rewritten as
{

ut + uux − (ut + uux)xx = −(3
2u2)x

ut + uux|x=0 = 0, ut + uux|x=1 = u2(t, 1)
(3.1)

Define R−1 as follows

R−1(m(t, x)) =
ch(1− x)

ch1

∫ x

0
m(t, ξ)shξdξ +

shx

ch1
[−u2(t, 1) +

∫ 1

x
m(t, ξ)ch(ξ − 1)dξ],
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then from (3.1), we have

ut + uux = −R−1((
3
2
u2)x)

= −ch(1− x)
ch1

∫ x

0
(
3
2
u2(t, ξ))ξshξdξ − shx

ch1
(−u2(t, 1) +

∫ 1

x
(
3
2
u2(t, ξ))ξch(ξ − 1)dξ

=
ch(1− x)

ch1

∫ x

0
(
3
2
u2(t, ξ))chξdξ +

shx

ch1

∫ 1

x
(
3
2
u2(t, ξ))sh(ξ − 1)dξ − shx

2ch1
u2(t, 1)

(3.2)

Differentiating (3.2) with respect to x, we obtain

(ut + uux)x = uxt + u2
x + uuxx

= −sh(1− x)
ch1

∫ x

0

3
2
u2(t, ξ)chξdξ

+
chx

ch1

∫ 1

x

3
2
u2(t, ξ)sh(ξ − 1)dξ +

3
2
u2(t, x)− chx

2ch1
u2(t, 1).

(3.3)

Let x = 0 in (3.3) and denote h(t) = ux(t, 0), we have

h′(t) = −h2(t)− 1
ch1

u2(t, 1) +
1

ch1

∫ 1

0

3
2
u2(t, ξ)sh(ξ − 1)dξ.

Noting that sh(ξ − 1) < 0 for 0 < ξ < 1 , we obtain h′(t) < −h2(t) if h(0) = ux(0, 0) = u0x(0) < 0.
Hence

−h′(t) >
1

− 1
h(0) − t

→ +∞ (t → − 1
h(0)

),

so there exists a positive constant T0 ≤ − 1
u0x(0) , such that limt→T−0

h(t) = limt→T−0
ux(0, t) = −∞.

Remark 3.1 The Cauchy problem for Eq.(1.1) discussed in [6] is global well-posed if m0(x) = u0(x) −
u0xx(x) doesn’t change sign. But Theorem 3.1 shows that the solution to the initial boundary value problem
for Eq.(1.1) discussed in this paper (ie., problem (1.2)) blows up in finite time on the boundary x = 0
whenever m0(x) < 0 or u0x(x) < 0. This shows that the boundary conditions have important impact on
Eq.(1.1) and our work of investigating the initial boundary problem for Eq.(1.1) is meaningful.
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