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Abstract:Sufficient conditions for the oscillation of solution of some second order damped
difference equation are obtained. Some examples and their numerical solutions are given to
illustrate our results.
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1 Introduction

In this paper, we consider the oscillation behavior of solutions of second order linear and nonlinear damped
difference equations of the form

A(Tn Ayn) + Pn Ayn"‘Qnyn-i-l = 07 n= 071727"" (1)
A (TnAyn) + Pn Ayn + qn f(yn-i-l) =0, 2)
A(rnw(yn)Ayn) + pnAyn + @nlYn+1 = 0, 3)

A(rn¢(yn)Ayn) + Py, + an(yn+1> =0, 4)

where the following conditions are assumed to hold.

(@ {rn}, {pn}, {qn} are real sequences, and ¢, is not identically zero for infinitely many values n.

(b) f, 4 : R — R are continuous for all = # 0.

(c) There exists a real valued function g such that f(u) — f(v) = g(u,v) (u — v) forall uw # 0, v # 0,
and g(u,v) > L > 0,

[e.o]
K?=Y" (n+1)p} < o0 K >0, (5)
n=M
[e9]
Z r2 < oo, (6)
n=0
o0
D (n+1)g, = oo, (7)
n=0
(n+1)p, <r,, forsufficiently large n ()
and
(n+ 1)p, < rpp(yn) for sufficiently large n )

A solution {y,} is said to be oscillatory if it is neither eventually positive nor eventually negative.
Otherwise it is called non-oscillatory, A is the forward difference operator defined by Ax,, = xp11 — Xy
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In the last decides, there has been an increasing interest in obtaining sufficient conditions for the oscilla-
tion or non-oscillation of solutions for difference equations [6—8] and their analogues differential equations
[2-4, 9, 10]. In [7] sufficient conditions for the oscillation of all solutions of a damped difference equation
of the form A%y, + puAyn + ¢uf(yn +1) =0, n = 0,1,--- , are obtained. No sign conditions on
the sequences {p, } and {g, } are assumed. Examples are inserted in the text to illustrate the results. In the
absence of damping, there are a great number of papers [4, 7].

2 Main Results

We need the following lemma [7]

Lemma 1 Let K1(n, s,y) be definedon N x N x R™ ,N={0,1,2...}, Rt = [0,00), such that for fixed
n and s, the function K is non-decreasing in'y. Let {h,} be a given sequence and the sequences {y,} and
{zn} be defined on N satisfying, for alln € N,

n—1

Un = hn + Y K1(n,5,7s), (10)
s=0

and
n—1

20 =hn+ Y Ki(n, s, 2), (11)
s=0

respectively. Then z, < y, foralln € N.

Now, we present our results.

Theorem 1 In addition to (a) and (b), let (5), (6), (7) and (8) hold, and then all solutions of (1) are oscilla-
tory.

Proof. Suppose the contrary. Then we may assume that {y,} be a non-oscillatory solution of (1), then
Yn > 0 (or y, < 0) forall n > M — 1. Multiplying (1) by ”H , and summing from M ton — 1, we get

n—1 n—1 n—1
nrn Ayn Z rs Ays + Z srs (Ays)? + Z (s+1) ps Ays + z (8+1) qs = M ry Ayar 7 (12)
s

Yn s Ys+1 =M Ys Ys+1 Ys+1 Py’ Ym

Using Schwartz’s inequality [5], we have

n—1 n—1 2
Z 5+ 1 ps Ays < K(Z (S + lg(Ays) )%’ (13)
s=M Yst1 s=M y5+1
and
n—1 n—1 n—1
rs Ay 1 (Ays)? 1
PO O DLALIO Dl skl (14)
s=M s+l s=M s=M s+1

From (12), (13) and (14), we obtain

nr n—1 L n—1 2
Bt (52 25 (B0

Yn Py ot s+ ans  YsYUst+l Py Yst1 (15)
n—1
Mory A
+ Z (s+1)gs = M 2YM
pyy’ Ym

Now, we use (5), (6) and (7) in (15), we observe that m"y% — —00 as n — 00 .
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Hence, there exist My > M such that

Ay, <0, for n> M, (16)
rewrite (12) as
-1 M;—1
nrn Ayn | N~ 57 (Ays)® _ Moy Ay (rs=(s+1)ps)
Yn + 2 YsYs+1 ZIJW DY Ys+1 AYs

S:Ml s=M . (17)

T SN CEEI S W STV ORI R I

7 Ys+1 s Sy YsUshr Sy s

From (7), (8), (16) and (17), there exists an integer Mo > M, such that

where m is positive constant.

n—1
n n S _A S
Letw, = —n Ayn, then w,, > m% + SZZ]W %yyryl) ws; n > Mo, also, let
Yo | N YnTs (—Ay)
Uy = M + E hsl T (18)
Tn s=DMs TnYs Ys+1

Applying Lemma 1, we have w, > v,. From (18), we have

T'n Un = Ts(_Ays) Us
=m+ E - (19)
Yn —M Ys Ys+1
S=IM2

applying the operator A in the last equation, we get A (7, vy,) = 0.

Therefor wy,, > v, = myas, , for n > Ma, hence Ay, < —%%
Summing the last inequality from M5 to n — 1, we obtain
n—1 1
Un S UMy — MUYM, D e (20)
s=Mo

which yields a contradiction. The proof is similar for the case y, < 0. This completes the proof of the
theorem. m

Example 1 Consider the damped difference equation

1 1 2n+3

Ayy) — Ayp + 222 =0 E
S T Ll g Yo g R e (E1)

A(

All assumption condition of Theorem 1 are satisfied, hence, every solution of (E1) is oscillatory. We find
the numerical solution of this damped difference equation as in the following Fig. 1, which illustrate our
theorem.
Remark 1 Any solution of the damped difference equation

A(n(n+1)Ayy) +n(n + 2) Ay, + (0 + 2)yn1 = 0, (E2)

are non-oscillatory as we show from our theorem and the following Fig. 2 show the numerical solution of
the damped difference equation Es.

Following the same steps of the proof of Theorem 1, we obtain the following theorems.
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o0 — .13 —

.04 —

Figure 1: Numerical solution of Figure 2: Numerical solution of
the damped difference equation the damped difference equation
E; Es

Theorem 2 In addition to (a), (b), (c), let (5), (6), (7) and (8) be satisfied, and then all solutions of (2) are
oscillatory.

Example 2 Consider the damped difference equation
1 2(4n+1)
n(n+1) Yn + n(n+1)

All assumption conditions of Theorem 2 are satisfied, then, all solutions of (Es) are oscillatory. Our numer-
ical solution of the damped difference equation (E3) is shown in the following Table 1.

2
A Ayy) + Y = 0. (Es)

Table 1: Numerical solution of the damped difference equation E3

N 3 4 5 6 7

Yn 3.35E-4 -1.01E-3 3.00E-3 -8.7E-3 2.48E-2
N 8 9 10 11 12

Un -7.00E-2 1.96E-1 -5.4E-1 1.50 -4.15

Theorem 3 In addition to (a) and (b), let (5), (6), (7) and (9) hold , and then all solutions of (3) are
oscillatory.

Example 3 Consider the damped difference equation

1 1 An? +5n+1
A(y2AY,) — ————— Ay + —— gy = E
(n2 YnAyn) n(2n + 1) Yn + n Ynt1 =0, (Eq)

all solutions of (E4) are oscillatory. Our numerical solutions found that all solutions are oscillatory, and in
the following table one of them.

Table 2: Numerical solution of the damped difference equation E,4

N 1 2 5 10 15

Un 1.0 -2.0 -113.36 185.94 -533.27
N 20 25 35 113 120

Yn 683.84 -670.09 13805.3 -51670. -96056.0

Theorem 4 In addition to (a), (b) and (c), let (5), (6), (7) and (9) hold, then all solutions of (4) are oscilla-
tory.

Now, in the following we consider linear damped difference equations, simple sufficient conditions for
the oscillatory of the solutions are given. We recall that a nontrivial solution of difference equation is said
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to be oscillatory, if for every N > 0, there exists an n > N, such that y,y,4+1 < 0, and otherwise it is said
to be non-oscillatory. We consider the oscillation behavior of the solutions of the linear difference equations
of the form

Ayn + gnyn =0, (21)
AYn + Gnyn+1 = 0, (22)
APy + pnAyn + gnyn = 0, (23)
APy + pnAyn + qnyni1 = 0, (24)
A(rnAyn) + pnAyn + quyn = 0, (25)
and
A(rpAyn) + PrAYn + @nYn+1 = 0, (26)

where the following conditions are assumed to hold
(d) {gn} is real sequence for all values of n.
(e) {pn} is real sequence for all values of n.
(f) {ry} is of positive values for any n.

qn =1, (27

1
T <0, (28)
pn > 2, (29)
1+ gn > pn, 30)
pn <1, 3D
Pn+ Gn > 2, (32)
Pn >Tn+ 27041 > Tn 4+ Tntl, (33)
Tn + qn > Pn, 34)
Tn > Dn, 35)

and

Pntqn > Tn+ Totl (36)

Now, we present our results in the following.

Theorem 5 In addition to (d), assume that (27) is satisfied, then all solutions of (21) are oscillatory, and
one solution of (21) is

n—1
yo=w0 [](1-q0), (37)
s=0
Proof. From (21), we get
Yn+1 = (1 - Qn)yn- (38)
Multiplying (38) by y,, and use conditions (d), (27), we get y,yn+1 < 0, hence any solutions of (21)
are oscillatory. Again, from (38), we have Z—g = 1 — g,. Multiplying from O to n-1, we obtain Z—g =

(1 —qo)(1 —q1)...(1 — gn—1), from which, we get (37). m
Example 4 Consider the difference equation
Ayn,+ (n+2)y, =0. (Es)

From (21) and (E3), q,, = n+2 > 1, which it is condition (27), hence any solutions of (Es) are oscillatory.
And from (37) and (Es), one solution of (Es) is yn,, = (—1)"n!; yo = 1, if we compute the numerical solution
we find the following Table 3.
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Table 3: Numerical solution of the damped difference equation E5

251

N 1 2 3 4 5
Un -1.0 2.0 -6.0 24.0 -120.0
N 6 7 8 9 10
Un 720.0 -5040.0 40320.0 -362880 3628800.0
Remark 2 Any solution of the difference equation
Ay — (n+2)yn = 0. (Eq)

are non-oscillatory. One solution of (Eg) is yn, = %(n +2)\. In all numerical solutions with different initials
we find these solutions are non-oscillatory as we see in Fig. 3.

Figure 3: Numerical solution of Figure 4: Numerical solution of
the damped difference equation the damped difference equation
Eg Eg

Following the same steps of the proof of Theorem 5, we obtain the following theorem.

Theorem 6 In addition to (d), assume that (28) is satisfied, then all solutions of (22) are oscillatory, and
one solution of (22) is

n—1
yn =0 [ A +a)". (39)
s=0

Example S Consider the damped difference equation

Ayn - (n + Q)ynJrl =0. (E7)

From (22) and (E7), gn = —(n+2), from which (1+¢q,)~! = —(n+1) < 0, which it is condition (28),
hence any solutions of (E7) are oscillatory. And from (39) and (E7), one solution of (E7) is y, = (—711!)”. As
it is appearing in the following table 4 the numerical solution is oscillatory.

Table 4: Numerical solution of the damped difference equation E;

N 1 2 3 4 5 10
Y, 1.0 -5.0E-1 1.6E-1 -4.1E-2 8.3E-4 -2.7E-7
N 15 20 25 30 35 38
Un 7.6E-13 -4.E-19 6.E-26 -3.E-33 9.E-33 -1.E-45

Remark 3 Any solutions of the damped difference equation

Ayp + (n+ 2)ypy1 = 0.

are non-oscillatory. The solution is non-oscillatory as in Fig.4
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Theorem 7 In addition to (d) and (e), assume that (29) and (30) are satisfied, then any solution of (23) is
oscillatory.

Proof. From (23), we get

Yn+2 + (pn - Q)yn—i-l + (1 —Pn+ QR)yn =0. (40)

Multiplying (40) by y,+1, we obtain

Ynt2Yni1 = —(0n — 2)¥2,, — (1 = Pn + @) Yn¥nt1, A1)

from which and conditions (d), (e), (29) and (30), we get for ¥, < yn+1,

Yn+1Yn+2 < _(pn - 2)y721+1 - (1 —Pn + Qn>y721 < 07 (42)

and for y, > yn1
Ynt1Ynt2 < —(pn — 2)y2q — (1 —pn + Qn)yﬁﬂ < 0. (43)

Hence, ¥n+1Yn+2 < 0, this complete the proof of the theorem. m
Example 6 Consider the difference equation
A2y, + (n+ 2) Ay + 20y, = 0. (Eo)

From (23) and (E9),pp, = n+2 > 2,q, = 2n, and 1 + g, — p, = n—1 > 0, then any solutions of (Ey) are

oscillatory. The numerical solution is the same solution as in Fig. 5 and the exact solution is y, = (—1)".

.08 — 5.00 —

-1.00 -1.09

Figure 5: Numerical solution of Figure 6: Numerical solution of
the damped difference equation the damped difference equation
Eg E1o

Example 7 Any solution of the difference equation

2(n+1)(2n+1)
n

are oscillatory. One solution of (E1o) is yn = (—1)"n. And the numerical solution of the difference equation

is oscillatory.

AZyn +2(n+1)Ay, +

yn =0, (E10)

Following the same steps of Theorem 7, we obtain the following theorems.

Theorem 8 In addition to (d) and (e), assume that (31) and (32) are satisfied, then any solution of (24) is
oscillatory.

Example 8 Consider the damped difference equation

2n? 4+ 3n + 3
n+1
From (24) and (E11)pn, < 1,pn + qn > 2, then any solutions of (E11) are oscillatory.

Ay, — (n— 1)Ay, + Ynt1 =0, (E11)
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Our numerical solution is oscillatory.

Example 9 Any solutions of the damped difference equation

Ay — (n+ 1) Ay, +2(n + 3)yp41 = 0, (E12)

are oscillatory. We see in the following table that the numerical solution is oscillatory.

Table 5: Numerical solution of the damped difference equation Eq2

N 5 10 15 20 25

Un -241E-2 2.43E-2 -243E-2 2.43E-2 -2.43E-2
N 30 35 40 45 50

Un 2.43E-2 -2.43E-2 2.43E-2 -2.43E-2 2.43E-2

In the following Fig. 6 solution of E; with different initials which is oscillatory.

Theorem 9 In addition to (d), (e) and (f), assume that (33) and (34) are satisfied, then any solutions of (25)
are oscillatory.

Example 10 Consider the difference equation

A(nAy,) +3(n+ 1)Ay, + (2n + 4)y, = 0. (E13)

From (25), (E13),m, = n > 0,p, = 3(n+1) and q,, = 2n+4, then r,,+2r, < pp and rp+¢,—pn, =1 > 0,
hence any solutions of (E13) are oscillatory. We find the numerical solution is oscillatory as it appear in the
Fig. 7.

.08 — 000 —

-2.88 — -0.0z —

-0.04
T T T T T T T T T T T T T T T 1
= = 40.00 =0.00 o.o00 10.00 2o0.00 30.00 40.00 s0.00

Figure 7: Numerical solution of Figure 8: Numerical solution of
the damped difference equation the damped difference equation
Ei3 E14

Example 11 Any solution of the difference equation
A((n+1)Ayn) + Bn+7)Ay, + (2n+ T)y, = 0. (E14)
are oscillatory. From the following Fig. 8 we see that the solution is oscillatory.

Theorem 10 In addition to (d), (e) and (f), assume that (35) and (32) are satisfied, then any solutions of
(22) are oscillatory.

Example 12 Consider the difference equation

A(nAyy) + (n — 1)Ay, + (2n + 4)yp+1 = 0. (E15)

From (22) and (E15),mp, = n > 0,p, = n — 1l and q, = 2n + 4, then r, > pp and pp, + Gp, — Ty — "1 =
n + 2 > 0, hence any solutions of (E15) are oscillatory as we see in Fig. 9.
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T T T T T T T T 1
ooz RN 0o o002 anaoo =00

Figure 9: Numerical solution of Figure 10: Numerical solution
the damped difference equation of the damped difference equa-
Ei5 tion Eq14

Example 13 Any solutions of the damped difference equation

A((n + 1)Ayn) + nAyn — Ynt1 = 0. (E16)

are non-oscillatory. When we solve this difference equation, we find that all solutions are non-oscillatory as
we find in Fig. 10.

3 Conclusions

This study presents the design and implementation of second order damped difference equations. We give
new theoretical studies for the sufficient conditions for the oscillation of solution of second order damped
difference equations. We give test problems to demonstrate our results with different cases. We believe that
the present studies can be useful for the damped difference equations.

References

[1] R.P. Agarwal:Difference Equations and Inequalities.Marcel Dekker(1992)

[2] C. C. Huang:Oscillation and non-oscillation for second order linear differential equations.). Math.
Anal. Appl.210:712-723(1997)

[3] Q. Kong:Interval criteria for oscillation of second order linear differential equations.). Math. Anal.
Appl.229:258-270(1999)

[4] W. T. Li, R. P. Agarwal:Interval oscillation criteria for second order nonlinear differential equations
with damping.Comp. Math. Appl.40:217-230(2000)

[5] D. S. Mitrinovic, J. E. Pecaric and A. M. Fink:Classical and new inequalities in Analysis.Kluwer
Academic publishers(1991)

[6] E.Thandapani, S. Pandian:On the oscillatory behavior of solutions of second order nonlinear difference
equations.ZAA.13:347-358(1994)

[7] E. Thandapani, B. S. Lalli:Oscillation criteria for a second order damped difference equation.Appl.
Math. Lett.8(1):1-6(1995)

[8] E. Thandapani, K. Ravi:Oscillation of second order half linear difference equation.Appl. Math.
Lett.13:43-49(2000)

[9] P.J. Y. Wong, R. P. Agarwal:Oscillatory behavior of solutions of certain second order nonlinear differ-
ential equations.J. Math. Anal. Appl.198:337-354(1996)

[10] Sami H. Saker and Sui Sun Cheng. Oscillation criteria for difference equations with damped terms.
Applied Mathematics and Computation. 148: 421- 442(2004)

IJNS email for contribution: editor @nonlinearscience.org.uk



