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Abstract: In this article, we construct large-time asymptotics forigaic solutions of a gener-
alized Burgers equation (GBR)} + uu, + Au = gum for the parametric cask > ‘%2; here
A > 0,6 > 0. A careful numerical study reveals that the asymptotictemiuconstructed here
describes large time evolution for three different pegaditial conditions. Sachdev et al [1]
studied the above GBE for < 51”—22
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1 Introduction

In this paper, we construct large-time asymptotics for tegalic solutions with period! of a generalized
Burgers equation

1)
U + Uy + AU = §um, (1)

where\ > 0 and§ > 0 ( small ) and\ > ‘Sli; Sachdev et al [1] constructed large-time asymptotics for

the periodic solutions of (1) whek < ‘ZL; This paper together with Sachdev et al [1] gives the laime-t
asymptotics for the entiré andd parametric range.

The motivation for this work comes from the structure of tlegigdic solutions of the plane Burgers
equation. Use of the Cole-Hopf transformation (see Sacfg]ggives the solution

_ on2n2t

20 yon—p e 2% nsin(2FE)
T dn2n2¢

€T
u(z,t) =
L+23 = e 22 cos (M%)

(@)

n—

for the plane Burgers equation ((1) with= 0) subject to the initial, boundary conditions

u(z,0) = Aj sin (:—x) , Aj is an arbitrary constant,

u(0,t) = u(l,t) =0, t>0.

Expanding (2) as a series of descending exponenentialsirive at

20 [ _on%e T _ 26n2 2mx 3672t . 3mx
u=— sin (

T feT s sin (T) —e e sin (T) e o T)+sin(¥)>+...] ,ast — oo.
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We attempt to construct an asymptotic solution for (1)Xar ‘Sli; with similar structure as above. We show
numerically that the asymptotic solution of (1) so congedagives the large time behavior of solutions of
(1) for different initial conditions.

We construct the asymptotics far > 51”—22 in such a manner that they agree with those of Sachdev et
al [1] in the limit A\ — ‘Sli; For constructing large-time asymptotics, Sachdev etJaligtd a balancing
argument (see Bender and Orszag [3], Grundy et al [4] anddeadb]), wherein the solution

2
u(z,t) = Ae " sin(ﬂ—w), E=X+ or”

: ®)

of the linearized form

1)
U + A\u = §um (4)

of (1) is improvised for large values of t; however they did not irs@the sinusoidal initial conditions while
constructing the large-time asymptotics.

Parker [6] treated a generalization of (1) using a “ Cole - Hdjke transformation and linearized the
resulting equation to a heat equation with damping. Thisggn was solved subject to the given initial and
boundary conditions to arrive at an approximate solution.

Using a balancing argument, Sachdev et al [7] constructge kime asymptotics for the periodic solu-
tions of the modified Burgers equations

up + Uy = Sy 5)
and validated their asymptotics numerically for= 2 andn = 3. An interesting feature of these solutions
is that the “zero” of the solution moves as it evolves undgémbenn = 2. An expression for this zero
containing an undetermined constant was also found.

In the following section, we give large-time asymptoticstite periodic solutions of (1) whek > ‘Slif
In section 3, we give comparison of analytic solution cangigd, the numerical solution of the generalized
Burgers equation (1) and the solution (3) of the linearizedegalized Burgers equation (4).

2 Large-time asymptotics for the periodic solutions of (1)

In this section, we construct a large time asymptotic sotutif (1), when\ > 0 andé > 0 (small). We
expect that the solution of (1) behaves like the solutiorheflinearized equation

Ut + Au = gumaja (6)
satisfying
. [(TX
u(z,0) = Aj sin <T) , (7)
u(0,t) = u(l,t) =0, t >0, (8)
u(z, t) = u(z + 21, t), t >0, 9

ast — oo; here A; andl are positive constants. As the solutiofz, t) of (1) is anti-symmetric and
periodic (with period2]) in z, it suffices to find the solution on the internv@l< = < /. Sachdev et al [1]
constructed the following (formal) asymptotic periodiduimns of (1) for large t when < ‘Sli;

For\ < ‘ZL; and\ sufficiently small, ag — oo,
u(z,t) = ekt {Bl sin <?>} 4+ g2kt [Bg sin <277Tx>]

o3kt [Bg sin (”Tx> + Bysin <3WT$>] Foe,

IINSemail for contribution: editor@nonlinearscience.org.uk

(10)



Ch. Sinivasa Rao, E. Satyanarayana : Large-Time Asymptotics for Periodic Solutions of - - - 239

2
B3 _ 7BlBQ7T’ B4 _ 3B1Bom andk = \ -+ o

. B2
whereB; is the old age constani, = AR i =) S

2
For\ = 22~ ast — oo,

_ pakt o (TX T R P
u(z,t) = Ae sm( 7 )+e [ 5 tsm( ;

A3t T 3A3t 3rx
—3kt | 1 ¥ - et . et .
e [msm(z)J’ IS Sm( I >]+ ’

where A is the old age constant. Motivated by the forms of solutid®,((11) and analysis of Sachdev et
al [1], we seek an asymptotic solution of (1) in the form

(11)

u(z,t) = e_ktfl(x, t) + e_2ktf2(£6, t) + e_3ktf3(ac, t)y+---+ e_”ktfn(ac, t)+ - (12)

as t — oo (when\ > ‘Sf—;). Ast — oo, we expect that our (asymptotic) solution asymptotes to

(3), solution of the linear equation (4) satisfying (7)-(BQubstitution of (12) into (1) and comparing the
coefficients of e*t, e 2kt e=3kt... on both sides, we arrive at an infinite system of PDEsffoi =
1’ 2’ 3’ .

frit =)y = 5 free =0, (13
Foit = 2K)fo = 2 fow = —fifr (14
Foot O 3K)fs = 3 fyw =~ fow + il (15
Fat 4 A=) = 3 fre = ~[fifara + Fofaza 4+ faa il - (16)
Motivated by the solution (3) of the linearized equation, ye¢
filz, 1) = Asin (”l—x) , (17)

where A is the old age constant, which depends on the iniiatlition. Substituting the expression ffr
in (14) , we obtain

1) A’r 2w
for + (A —2k)fa — §f2,xx =T Sin <T> . (18)
Multiplying (18) by €*~2%)* we have
1) —A%n 2mx
(A—2k)t) _ 9 (A—2k)t _ (A—2k)t o [ 27T
(er >t 2 <f26 )m 2 © - ( l ) ' (19)
e of above equation suggests the following form R
The RHS of ab i he following form/fef*—2+)t
. 2rx
Fo€PA 2R — (1) sin <%> . (20)
Inserting (20) in (19) and simplifying, we get
2 —A2
J(t) + 2‘%g(t) = z—l”e@—%)t. (1)
Solving forg, we have
— A’ (A—2k)t —4(k—A)t

The arbitrary constant ¢ appearing in (22) is to be found Isyisng thatf,e 2% agrees with the second

2 . . 2 a2
term (— 47 t)e 2 sin(252) in (11) asA — % Thus,c = =5" —5— and we have

folz,t) = B(1 — eA=2kt) gin (%Tx> : (23)
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wherek; = ‘;7;2 andB = A7 1 _ —— Observe that first term af 2" f, with f; as in (23) is dominant

when\ < 1—2. Hence to this order, our asymptotics also contain that @fcdse ofA < ‘Sli; . Equations
(15), (17) and (23) give

0 3mx
far+(AN=3k)fs — = f3.20 = [1 — e()‘_%l)t] —3D;7 sin ™ -+ D1 sin <7m) , (24)
’ 27 e l
whereD; = AB” . Motivated by the form of RHS of (24), we write
T . 3rx
fa(x,t) = g1(t )sm( 7 ) + go(t) sin (T) ) (25)
Substituting the above expression farin (24), we get
gi(t) = 20+ k1)gr (1) = Dy [1 - eA2001] (26)
gh(t) + 2(3k1 — N)ga(t) = —3D;[1 — =2kt (27)
Solving these first order ODESs, we arrive at
D D
¢ — e2(/\+k1)t . 1 1 (A—2k1)t 28
91(t) c1 St k) T Th e (28)
~3Dy (¢t + c3) + 2L if A = 3k,
gg(t) = 3D1 + 3Dy (t + C4)€2k1t if A\ =4k, (29)
3D1(6kh2A + eﬁkf'ﬂ)t) + o 2BR=Nt - otherwise

It is see;n that the arbitrary constantsand ¢y, are zero when the most dominant terms of the limit (as
A — 5%2) of the third term of (12) agree with that of (11). For the sase= 3k, 4k, we take the most
dominant terms (as— o) in each bracketed expression. Hence,

= Dy Dy ok
a = 2(A + k1) - kA ’ (30)
—3Dst + 3 if A = 3k,
el) = 3D1 + 3D, te%lt if A\ =4k, 31)
3D1(6k1 2\ + e(ikl%i\)t), otherwise

Thus, for\ > 12 ,

u(z,t) = [A sin (Wl )] + e 2kt [B(l — A =2kt gip (%Txﬂ T

e 3 [on(tsn (ZE) + oysin (52| -

ast — oo, whereA is the old age constank, = \ + &k, k1 = 2z22’ B = AQ—?A%% g1(t) andgy(t) are

given in equations (30)2and (31). Observe that the coefti@ére2** in (32) has the dominant behavior
Bsin (%2) when) < 2%~ and has the dominant behavie3e* =21 sin (272) when\ > - > ast — oco.
Further, picking up the dommant behaviors {as o) of the coefficients of @*t, e~ in (32) gives (10)
om?
when\ < 5.
One may attempt a Fourier sine series of the form

(32)

nnx

u(z,t) = X021 An(t) sin(T). (33)
A substitution of this into (1) gives a system of ordinaryfeliéntial equations for the functions, (¢), As(t),
As(t).... The difficulty here is that every equation consists of allnmkns A, (t), As(t), As(t)....
Observe the complication of solving this. However, with éorm (12), we can solve one by one i.e.,

f1, f2, f3,... respectively. It may be pointed out that truncating theesef83) and solving the equations
numerically, is the method of finitely reproducing nonlirigas (see Bazley [8], Mittal and Singhal [9]).
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3 Numerical study

In this section, we solve numerically the generalized Breggjuation (1) with\ = 0.2, § = 0.08 subject
to each of the initial conditions

2z fo<z<=Z
u(z,0) = T =T=w (34)
2(1-2), ifI<a<m,
= if0<z<7,
3 1-= ) if 75 <z< Ea
u(z,0) = jﬂf v " 1 _ 3 (35)
3 TS << -,
41-2%),  ifZT<a<m,
u(z,0) = sinz, (36)
with the boundary conditions
u(0,t) = u(m,t) =0, ¢t>0. (37)

We chose/At = 0.0001, Az = 0.0062 and used Dawson [10]'s scheme for finding the numerical molut
of plane Burgers equation with the initial-boundary coiotis. Comparing with the exact solution (2) of
plane Burgers equation, we see an accuracy of four decimegplat ~ 55 when we take the initial profiles
(34), (35) and (36).

As the initial profile evolves in time under the generalizegrders equation (1), for sufficiently large
time the solution behaves like a solution (3) of the lineadizquation (4). We comput%gl%e(”é/m,
wherez,, .. is the value ofr whenw attains its maximum value,,,.,. on (0, 7), at different times and chose
the converged value fot. Convergence off means that the nonlinear terms are negligible, i.e., wehezhc
the linear regime. Table 1 gives the old age constants ftardift times and different initial profiles. Table 2

compares the numerical solutiom,,,,) of (1), subject to the initial-boundary conditions (347) and the
analytical solution 4,,) computed using (32). Similarly, Table 3 corresponds tosiblation of (1), (35),
(37) and Table 4 to (1), (36), (37). The agreement betweereniaad and analytical solutions is very good.

Table 1:

whenu attains its maximum value,,,,., on (0, ), is evaluated
for different times for different initial profiles.

SIN(Tmax

%e(”é/ 2t wherez,,,. is the value ofr

t

old age constant
corresponding
to the solution

of (1), (34), (37)

old age constant
corresponding
to the solution

of (1), (35), (37)

of (1), (36), (37)

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80

1.2923
0.6665
0.5143
0.4639
0.4460
0.4398
0.4376
0.4369
0.4367
0.4367
0.4366
0.4366
0.4367
0.4367
0.4367
0.4367

1.6052
0.8036
0.6062
0.5406
0.5175
0.5094
0.5065
0.5057
0.5054
0.5053
0.5053
0.5053
0.5053
0.5053
0.5053
0.5053

1.5124
0.7496
0.5709
0.5118
0.4904
0.4830
0.4805
0.4797
0.4794
0.4793
0.4793
0.4793
0.4793
0.4793
0.4793
0.4793

Table 2:

Numerical solu-
tion, wnum, Of (1) subject to
(34), (37) and analytical so-
old age constaf¢tion (32) att = 20 with
corresponding A = 0.2, 0 = 0.08, old age
to the solution constant 0.4367 andl = .

x Unym, Uagna
0.1855 0.0005 0.0004
0.3742 0.0010 0.0009
0.5629 0.0015 0.0014
0.7516 0.0020 0.0019
0.9403 0.0025 0.0024
1.1290 0.0029 0.0028
1.3176 0.0032 0.0033
1.5063 0.0035 0.0036
1.6950 0.0036 0.0038
1.8837 0.0037 0.0038
2.0724 0.0036 0.0036
2.2611 0.0033 0.0033
2.4498 0.0028 0.0028
2.6384 0.0022 0.0021
2.8271 0.0015 0.0014
3.0158 0.0006 0.0006
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Table 3: Numerical solutiony,,,,, of (1) subject to
(35), (37) and analytical solution (32) at= 20 with
A = 0.2, 0 = 0.08, old age constant 0.5053 and

l=m.
€ Unym, Uagna
0.1855 0.0006 0.0005
0.3742 0.0012 0.0009
0.5629 0.0017 0.0015
0.7516 0.0023 0.0020
0.9403 0.0028 0.0026
1.1290 0.0033 0.0032
1.3176 0.0037 0.0038
1.5063 0.0040 0.0042
1.6950 0.0042 0.0044
1.8837 0.0043 0.0045
2.0724 0.0042 0.0043
2.2611 0.0038 0.0039
2.4498 0.0033 0.0033
2.6384 0.0026 0.0025
2.8271 0.0017 0.0016
3.0158 0.0007 0.0006

Table 4. Numerical solutioni,,,, of (1)
subject to (36), (37) and analytical solution
(32) att = 20 with A = 0.2, § = 0.08, old

age constant 0.4793 andl = .

x Unum Uana
0.1855 0.0006 0.0004
0.3742 0.0011 0.0009
0.5629 0.0017 0.0014
0.7516 0.0022 0.0020
0.9403 0.0027 0.0025
1.1290 0.0031 0.0031
1.3176 0.0035 0.0036
1.5063 0.0038 0.0040
1.6950 0.0040 0.0042
1.8837 0.0040 0.0042
2.0724 0.0039 0.0040
2.2611 0.0036 0.0036
2.4498 0.0031 0.0031
2.6384 0.0024 0.0023
2.8271 0.0016 0.0015
3.0158 0.0007 0.0006

The following figures show the analytical solution (32), rarinal solution of generalized Burgers equa-
tion (1), and the solution (3) of linearized form (4) at vaisaimes. We observe that our analytical solution
agrees well much before the linear regime.

001,

0,005,

(e)

()

(©)

Figure 1: Numerical (dashed), analytical (solid) and Im@ashdotted) solutions of (1) subject to (34), (37)

with A = 0.2, § = 0.08 at timest = 0, 10, 15, 20, 25, 30, 35, 40 respectively.
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Figure 2: Numerical (dashed), analytical (solid) and Im@ashdotted) solutions of (1) subject to (35), (37)
with A = 0.2, 6 = 0.08 at timest = 0, 10, 15, 20, 25, 30, 55, 40, 45 respectively.
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Figure 3: Numerical (dashed), analytical (solid) and Im@ashdotted) solutions of (1) subject to (36), (37)
with A = 0.2, § = 0.08 at timest = 0, 10, 15, 20, 25, 30, 35, 40 respectively.
4 Conclusions

In this article, we constructed periodic solutions for aeratized burgers equations with damping. These
asymptotic solutions are compared with numerical solstioiotained by Dawson [10]'s scheme. The agree-
ment between these two solutions is found to be very good.
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