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Abstract: This paper is concerned with several aspects of the Cauchy problem and the local
well-posedness for the Degasperis-Procesi equation with the dispersive term.
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1 Introduction

Our aim is to study the Cauchy problem and the local well-posedness of the D-P equation with the dispersive
term:
Ou — Ot + 92t — 02yt + 4upu = 30,udzpu + oy, u

trxx rxa W TTTTT zzzl (1 . 1)

with an initial data u(z,0) = ug.

For the existence and uniqueness of the Cauchy problem of (1.1), [5,6] used the method introduced
by Bourgain to deal with the periodic KdV equation and the Schodinger equation; Kenig, Ponce and Vega
improved this method [7,8]to deal with the non-periodic case.

2 Preliminaries

As above and henceforth, we denote the convolution by * . We write fas the Fourier transform of f. ¢, 0 €
C°(R), supp ¢ € (—1,1)and ¢ = 1in [-1/2,1/2],0 = linsupp ¢ and supp o € (—1,1),0 < o < 1.
|| - ||s stand for the norm in the classical Sobolev space. Let £ € R, (¢) = 1 + |¢|, X®° denotes as the
completion of the Schwartz space with respect to the norm:

HfHXsb—// ()| e, ) Pdedr @.1)

Rewrite D-P equation

{ ou+ 02 u+p=0 22)

u(z,0) = ug

where the nonlinear term p is given by:

—50- () + (-2 (0 (502)) 23)

First we consider the corresponding homogeneous linear equation

{ o + 92,0 =0, r,tER 2.4

(13, O) = Vo
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W (t) denotes the corresponding unitary group; the solution of (2.4) can be represented by:
v(x,t) =W (t)vg (z) = S *x vg (),
where Sy(-) is defined as the oscillatory integral equation:
Si(z) = c/eméeitfsd&
Then (2.2) is equivalent to the integral equation:
u(z,t) =W (t)up (x) — /OtW (t—t") g (z,t)dt

We briefly collect the needed results from [2] in order to pursue our goal.

Lemma 2.1 Letﬁ[ (& r)=" >)
Lemma 2.2 Let 7, (¢,7) = M&)F, (&,7), where F, (6,7) = L555, A € C§° (R), M) = 1iflg] > 1,
A& =01

Lemma 2.3 If || > 3/8,0 < 0 < 1/8, then | D§.Z,||pars < Clifllzzrs-

Lemma 2.5 If p > 0/12, where 0 € [0, 1], then HDszHLi/(lfe)L? < Cllfllzzre-

Lemma 2.6 If p > 1/3, then || Dy *Fy|| ja 15 < ClIfl 2z

Lemma 2.7 |[¢ (071) W (t)uo|| xst < Cod720/2|[ug]| .

Lemma 2.8 I[f1/2 < b < 1, then ||¢) (67 1¢) h||xse < Cod1=2)/2||h| o0

Lemma 2.9 [f1/2 < b < 1, then || (§'t) [ W(t — t)w(t')|| xs0 < CS=2/2||w|| o1

Lemma 2.10 [[¢) (57'¢) [ W(t — t)w(t')||ms < COT2/2||w| xap1.

3 Nonlinear estimates

We now describe an estimate needed to handle the nonlinear term in the KP equation. We first recall from
some [3, 4] the following statement:

Lemma 3.1 (3, Lemma 3.4) Let g (z,t) = 02 (6 1t) (1 — 8336)71 O ((Qvu(a:, t))2>. Suppose

1/2<e<5/81/2<b<T/12,b<e,c+b<9/8,
Y0/4b + 1 — 2b = by, whereyy = 1/2 — [y,
3/8 < fo < 1/2.

then ||q|| x -1 < C’5‘9°Hu\|§(,57b.
Lemma 3.2 (4, Theorem 3.1) Assume

3/8<s5<1/2,1/2<b<7/12,0<b—5<1/8,,
Y0/4b + 1 —2b = 0y > 0, whereyy = 1/2 — [y,
3/8 < By < 1/2.

then ] xes-s < CF %
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Theorem 3.1 Let Pi(z,t) = 02(67 )0, (u*(x,t)). Suppose s > 0,1/2 < b < 7/12, then there exists
0o > 0, such that ||p1]| xsp-1 < CéeOHuHis,b.

Proof. Set v(xz,t) = o (6~ ¢) u(x, ). Then we have

B (6,7) =s//a(sgl,7n)d51dn = 05 D(E 7).

Let h (&, 7) = (T = §)"7H&)*P1 (§, ), then [pal o1 < (7]l p2p2. For g > 0 with [lg|| 272 < 1

/ / g€, )TN s) €0+ D (€, 7) dedr

Hh”Lng = Slglp

Let f(&,7) = (1 — £)2(&)*D(E, 7).

/ 9(§, 7)EE)°  f(&,m) fl€—&,7—n) du‘
re (T =)0 (= E)P (&) (T — 1 — (€ —&)3)E —&)®

Ip1llxs.0-1 = sup
g
where dy = dédrd&1dm. Let

[ deneier 6, oo )
R AT = V70 = E9)P (&) (7 — 1 — (£ = &) - &)
Since (£)57¢ < (&)51e(€ — &)1, where ¢ satisfies Proposition 3.1,
!5\ \f(élﬁl)! ()7 If€—&,7—m)[(€—&)°
Y oo ey e e I
By Lemma 3.1, X < C6%||ul| y--.», we have

X =

p1ll 01 < C8%[lull 3o < C%[lul e

Theorem 3.2 Let py(xz,t) = o2 (67 1t) (1 — 8%,3)71 9y (u?(z,t)). Suppose s > 0,1/2 < b < 7/12, then
there exists 0y > 0, such that ||pa| xs.0-1 < C6%|ull%.,.

Proof.

[0, )| < [l o+ o(E,7)| = [pr(&, 7l

and then proceed as in the proof of Theorem 3.1. m

Proposition 3.1 (4, Corollary 3.1) Given s € (1/4,3/8], there exists b € (1/2,1), such that, for b’ €
(1/2,0) satisfying b — b’ < min{1/4 + s/3,s — 1/6}, then

IB(E, F)||xs0-1 < [1F xors

where constant C depends on p,band b — V.
Proposition 3.2 (4, Theorem 3.5) For s > 0,b € (1/2,3/4),0" € (1/2,b), there exists ¢ > 0, such that

102 (")l xs0-1 < ClIPIXe

and
-1
I(1=02,) 9u(@)lxse-1 < CIP|5an
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4 Results

Theorem 4.1 Let s > 0, then there exists b > % such that, for any ug € H*(R), there are T =

T(|luoll s ry) > 0 and a unique solution u(t) of (2.4) in the time interval [0, T|, satisfying
ue C([0,T]; H® (R)), 4.1)
ue X (4.2)
0s(u?), (1 = 02,) ™ (90(0pu)?) € X*071,
O € X530,

Moreover, for any T' € (0,T'), there exists a neighborhood G of ug in H*(R), such that the map, iy — u(t)
fromV into the class defined by (4.1) and (4.2) with T instead of T, is Lipschitz.

Proof. Let ug € H*(R),s € (3/8,1/2). For p € X**~1  we define a map
Bu, () = B(p) = V(W (¢~ g — Y571 / Wt~ o)
= (0 HW(t —t) 6 1t) / Wt —t)a? (6~ )p(t)dt
Let p be defined by (2.3). It suffices to prove I'(u) = ®(p) is a contraction in A:
B = {ue X ||ull xor < 26080 |lug| s}

‘We have

IT ()] x50 = [19(p) ]| =0
< [l¢(8 )W (Juol xor

t
+c||¢(5—1t)/0 W(t — "o (t) 0y (u*(t')dt'|| s

t
+c\|¢>(5‘1t)/ W(t —t")o? (") (1 — 92,) 0 (uP(t'))dt! || xo0
0
< o622 |lug || s + 69722 py || on—1 + 682 po | yrsns
S C05(172b)/2||uOHHS +C(5(172b)/2500||u”§(&b
< o8N 2 g || s + 4o 2012690 (1720 12,

< o622 fug| s + dcGes 202670 Jul |3
follows from Lemma 2.7, Lemma 2.9, Theorem 3.1 and Theorem 3.2, where ro = 6y + (1 — 2b) > 0.
Choosing 4 sufficiently small, such that 4¢ocd™ ||ul|gs < 3 , then

3
IT@)llxes < 5007272 lug] s

so I'(#) C 2. By same arguments as in Section 3 we have
IT(w) = T(@) xs0
< 8022 ([l02(57 1), (u) | o
o261 = 02,) " Ba(u®) | o1 < e6UT2V26% w4 @) o [l — @l o0
< ed0120)/25% 46050720 || ug || s || w — @] o0

= 4decod™ Juol[ms[lu — @l xs0

< Lju—a
=3 u u Xs:b
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I" is a contraction on 4, so there exists u € 4 such that
t
u(®) = (5 W (ua(e) = w(57'0) [ Wit = )06 Dol it
0

By the definition of ¢ and o, for t € [-6/2,9/2],i.e. T = g, we have ,

u(t) = W (tug — /0 Wt — 1 )p(t)dt!

where 0 depends only on ||[ugl||zs. Let u and @ be solutions corresponding to the initial ug and iy, respec-
tively. By similar arguments, we have

_ _ 1 -
Hu — u)|Xs,b < CHUQ + ’LL()HXs,b + §Hu — UHXs,b

SO
Hu — 'l])‘Xs,b < C||U0 + ﬂo”Xs,b

Now we prove u € C([-T,T]; H*(R)). For0 <t <t < T,t —t < At, by
t
u(z,t) = Y6 OW(t — tu(z,t) — (671t / Wt —t)a? (6~ )p(t))dt
t

and the definition of o, we have

() = L)l ms

< Wt — Bu@)l|ge + [0(6~') / Wt — )02 (6~ )p(t" )t

t ! F
<IW = D@l + [667) [ W= )0 G w0
< [W (e~ D@l + ello? G el et

< Wt = Du@®|lms + (A" |[ull %

so when At — 0, we have ||u(t) — u(t)|| — 0, which completes the proof of the theorem. m

Theorem 4.2 Let s € (1/4,3/8], then there exists b > 1/2, for any ug € H*(R) , whose norm is
sufficiently small, and then the Cauchy problem (2.2) has a unique solution u(t) in (0,1) satisfying

u € BC((0,1); H*(R)),

uwe X5,

Dy (u?), (1 — 8%,) 71 (0,(0,u)?) € X501,
Opu € X530 1,

Proof. For uy € H*(R),s € (1/4,1) , and ||ug|| gz= = r sufficiently small, define a map

Buy(p) = 2p) = BOW(t — VYo — 000 | Wt — )02 (et

where p = p(t) is given by (2.3). Let I'(u) = ®(p) . Now we prove that I" is a contraction on A(2cyr) =
{u € X®b : |jul| xs» < 2cor} . By Lemma 2.7, Proposition 3.1-3.2, we have

1P (u)llxs0 < [|@(E)W () uol| xs
’ AP 1 204/ 2 \—1 3 204/ /
() [ W =)o) GO EE) + (1= 2) 7 205U W) o
< colluollzr + cllo(®)ull x=»
< cor + ¢(2¢r).
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Choosing r satisfying 4cocr < 1, then ||I'(w)|| xs» < 2cor. By the same argument, letting u, 4 € Z(2cor),
we have

1T (w) — L(@)]| xs0
/Wt—t ()0 (W2 () — T2())dt | s

<

L\DM—A

*ch( )/ W(t = t)o*(#)(1 = 02,) 7 0a(u?(¥') — @*(¥))dt’ | x

< cllu+ @l xon||u — G| xsb

< Acoer||u — | xs..

I is is a contraction on Z(2cyc), so there exists a unique u € A(2coc) such that

u(t) = V(W (E)uo — / Wt — )02 ()p(t))dt’

By the definition of ¢, o, we have ,on [-1/2,1/2],

u(t) = W (t)ug —/O W(t —t)o?(tp(t")dt

where p = p (u) is given by (2.3). m
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