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Abstract: This paper is concerned with several aspects of the Cauchy problem and the local
well-posedness for the Degasperis-Procesi equation with the dispersive term.
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1 Introduction

Our aim is to study the Cauchy problem and the local well-posedness of the D-P equation with the dispersive
term:

∂tu− ∂3
txxu + ∂3

xxxu− ∂5
xxxxxu + 4u∂xu = 3∂xu∂2

xxu + u∂3
xxxu (1.1)

with an initial data u(x, 0) = u0.
For the existence and uniqueness of the Cauchy problem of (1.1), [5,6] used the method introduced

by Bourgain to deal with the periodic KdV equation and the Schödinger equation; Kenig, Ponce and Vega
improved this method [7,8]to deal with the non-periodic case.

2 Preliminaries

As above and henceforth, we denote the convolution by ∗ . We write f̂ as the Fourier transform of f . ψ, σ ∈
C∞

0 (R), supp ψ ∈ (−1, 1) and ψ = 1 in [−1/2, 1/2], σ = 1 in supp ψ and supp σ ∈ (−1, 1), 0 < σ < 1.
‖ · ‖s stand for the norm in the classical Sobolev space. Let ξ ∈ R, 〈ξ〉 = 1 + |ξ|, Xs,b denotes as the
completion of the Schwartz space with respect to the norm:

‖f‖2
Xs,b =

∫

R

∫

R
〈τ − ξ3〉2b〈ξ〉2s|f̂(ξ, τ)|2dξdτ (2.1)

Rewrite D-P equation {
∂tu + ∂3

xxxu + p = 0
u(x, 0) = u0

(2.2)

where the nonlinear term p is given by:

p =
1
2
∂x

(
u2

)
+

(
1− ∂2

xx

)−1
(

∂x

(
3
2
u2

))
(2.3)

First we consider the corresponding homogeneous linear equation
{

∂tv + ∂3
xxxv = 0, x, t ∈ R

v(x, 0) = v0
(2.4)
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W (t) denotes the corresponding unitary group; the solution of (2.4) can be represented by:

v (x, t) = W (t) v0 (x) = St ∗ v0 (x) ,

where St(·) is defined as the oscillatory integral equation:

St(x) = c

∫
eixξeitξ3

dξ

Then (2.2) is equivalent to the integral equation:

u (x, t) = W (t) u0 (x)−
∫ t

0
W

(
t− t′

)
g

(
x, t′

)
dt′

We briefly collect the needed results from [2] in order to pursue our goal.

Lemma 2.1 Let Ĥρ (ξ, τ) = h(ξ,τ)
〈τ〉ρ . There for ρ > 1/2, ‖Hρ‖L2

xL∞t ≤ C‖h‖L2
ξL2

τ
.

Lemma 2.2 Let F̂ρ (ξ, τ) = λ(ξ)F̂ρ (ξ, τ), where F̂ρ (ξ, τ) = f(ξ,τ)
〈τ−ξ3〉ρ , λ ∈ C∞

0 (R), λ(ξ) = 1 if |ξ| > 1,
λ(ξ) = 0 if |ξ| > 2. Then for ρ < 1/2, ‖Fρ‖L2

xL∞t ≤ C‖f‖L2
ξL2

τ
.

Lemma 2.3 If |ξ| > 3/8, 0 < θ < 1/8, then ‖Dθ
xFρ‖L4

xL4
t
≤ C‖f‖L2

ξL2
τ
.

Lemma 2.4 If ρ > 5/12, then ‖Fρ‖L4
xL6

t
≤ C‖f‖L2

ξL2
τ
.

Lemma 2.5 If ρ > θ/12, where θ ∈ [0, 1], then ‖Dθ
xFρ‖L

2/(1−θ)
x L2

t
≤ C‖f‖L2

ξL2
τ
.

Lemma 2.6 If ρ > 1/3, then ‖D1/4
x Fρ‖L4

xL3
t
≤ C‖f‖L2

ξL2
τ
.

Lemma 2.7 ‖ψ (
δ−1t

)
W (t)u0‖Xs,t ≤ C0δ

(1−2b)/2‖u0‖Hs .

Lemma 2.8 If 1/2 < b < 1, then ‖ψ (
δ−1t

)
h‖Xs,t ≤ C0δ

(1−2b)/2‖h‖Xs,b .

Lemma 2.9 If 1/2 < b < 1, then ‖ψ (
δ−1t

) ∫ t
0 W (t− t′)ω(t′)‖Xs,b ≤ Cδ(1−2b)/2‖ω‖Xs,b−1 .

Lemma 2.10 ‖ψ (
δ−1t

) ∫ t
0 W (t− t′)ω(t′)‖Hs ≤ Cδ(1−2b)/2‖ω‖Xs,b−1 .

3 Nonlinear estimates

We now describe an estimate needed to handle the nonlinear term in the KP equation. We first recall from
some [3, 4] the following statement:

Lemma 3.1 (3, Lemma 3.4) Let q (x, t) = σ2
(
δ−1t

) (
1− ∂2

xx

)−1
∂x

(
(∂xu(x, t))2

)
. Suppose





1/2 < ε < 5/8, 1/2 < b < 7/12, b ≤ ε, ε + b ≤ 9/8,

γ0/4b + 1− 2b = θ0, whereγ0 = 1/2− β0,

3/8 < β0 < 1/2.

then ‖q‖X−ε,b−1 ≤ Cδθ0‖u‖2
X−ε,b .

Lemma 3.2 (4, Theorem 3.1) Assume




3/8 < s < 1/2, 1/2 < b < 7/12, 0 < b− s ≤ 1/8,,

γ0/4b + 1− 2b = θ0 > 0, whereγ0 = 1/2− β0,

3/8 < β0 < 1/2.

then ‖q‖Xs,b−1 ≤ Cδθ0‖u‖2
Xs,b .
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Theorem 3.1 Let P1(x, t) = σ2(δ−1t)∂x

(
u2(x, t)

)
. Suppose s ≥ 0, 1/2 < b < 7/12, then there exists

θ0 > 0, such that ‖p1‖Xs,b−1 ≤ Cδθ0‖u‖2
Xs,b .

Proof. Set v(x, t) = σ
(
δ−1t

)
u (x, t). Then we have

p̂1 (ξ, τ) = ξ

∫ ∫
v̂ (ξ − ξ1, τ − τ1) dξ1dτ1 = ξv̂ ∗ v̂(ξ, τ).

Let h (ξ, τ) = 〈τ − ξ〉b−1〈ξ〉sp̂1 (ξ, τ), then ‖p1‖Xs,b−1 ≤ ‖h‖L2
ξL2

τ
. For g ≥ 0 with ‖g‖L2

ξL2
τ
≤ 1

‖h‖L2
ξL2

τ
= sup

g

∣∣∣∣
∫ ∫

g(ξ, τ)〈τξ3〉b−1〈s〉sξv̂ ∗ v̂ (ξ, τ) dξdτ

∣∣∣∣

Let f(ξ, τ) = 〈τ − ξ3〉b〈ξ〉sv̂(ξ, τ).

‖p1‖Xs,b−1 = sup
g

∣∣∣∣
∫

R4

g(ξ, τ)ξ〈ξ〉s
〈τ − ξ3〉1−b

f(ξ1, τ1)
〈τ1 − ξ3

1〉b〈ξ1〉s
f(ξ − ξ1, τ − τ1)

〈τ − τ1 − (ξ − ξ1)3〉b〈ξ − ξ1〉s dµ

∣∣∣∣

where dµ = dξdτdξ1dτ1. Let

X =
∣∣∣∣
∫

R4

g(ξ, τ)ξ〈ξ〉s
〈τ − ξ3〉1−b

f(ξ1, τ1)
〈τ1 − ξ3

1〉b〈ξ1〉s
f(ξ − ξ1, τ − τ1)

〈τ − τ1 − (ξ − ξ1)3〉b〈ξ − ξ1〉s dµ

∣∣∣∣

Since 〈ξ〉s+ε ≤ 〈ξ1〉s+ε〈ξ − ξ1〉s+ε, where ε satisfies Proposition 3.1,

X ≤
∫

g(ξ, τ)|ξ|
〈τ − ξ3〉1−b〈ξ〉ε

|f(ξ1, τ1)| 〈ξ1〉ε
〈τ1 − ξ3

1〉b
|f(ξ − ξ1, τ − τ1)| 〈ξ − ξ1〉ε
〈τ − τ1 − (ξ − ξ1)3〉b dµ

By Lemma 3.1, X ≤ Cδθ0‖u‖X−ε,b , we have

‖p1‖Xs,b−1 ≤ Cδθ0‖u‖2
X−ε,b ≤ Cδθ0‖u‖2

Xs,b

Theorem 3.2 Let p2(x, t) = σ2
(
δ−1t

) (
1− ∂2

xx

)−1
∂x

(
u2(x, t)

)
. Suppose s ≥ 0, 1/2 < b < 7/12, then

there exists θ0 > 0, such that ‖p2‖Xs,b−1 ≤ Cδθ0‖u‖2
Xs,b .

Proof.

|p̂2(ξ, τ)| = |ξ|
1 + ξ2

|v̂ ∗ v̂(ξ, τ)| ≤ |ξ| |v̂ ∗ v̂(ξ, τ)| = |p̂1(ξ, τ)| ,

and then proceed as in the proof of Theorem 3.1.

Proposition 3.1 (4, Corollary 3.1) Given s ∈ (1/4, 3/8], there exists b ∈ (1/2, 1), such that, for b′ ∈
(1/2, b) satisfying b− b′ ≤ min{1/4 + s/3, s− 1/6}, then

‖B(F, F )‖Xs,b−1 ≤ ‖F‖Xs,b′ ,

where constant C depends on ρ, b and b− b′.

Proposition 3.2 (4, Theorem 3.5) For s ≥ 0, b ∈ (1/2, 3/4), b′ ∈ (1/2, b), there exists c > 0, such that

‖∂x(p2)‖Xs,b−1 ≤ C‖P‖2
Xs,b

and
‖ (

1− ∂2
xx

)−1
∂x(p2)‖Xs,b−1 ≤ C‖P‖2

Xs,b
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4 Results

Theorem 4.1 Let s ≥ 0 , then there exists b > 1
2 such that, for any u0 ∈ Hs(R), there are T =

T (‖u0‖Hs(R)) > 0 and a unique solution u(t) of (2.4) in the time interval [0, T ], satisfying

u ∈ C ([0, T ];Hs (R)) , (4.1)

u ∈ Xs,b, (4.2)

∂x(u2), (1− ∂2
xx)−1(∂x(∂xu)2) ∈ Xs,b−1,

∂tu ∈ Xs−3,b−1.

Moreover, for any T ′ ∈ (0, T ), there exists a neighborhood V of u0 in Hs(R), such that the map, ũ0 → ũ(t)
from V into the class defined by (4.1) and (4.2) with T̃ instead of T , is Lipschitz.

Proof. Let u0 ∈ Hs(R), s ∈ (3/8, 1/2). For p ∈ Xs,b−1 , we define a map

Φu0(p) = Φ(p) = ψ(δ−1t)W (t− t′)u0 − ψ(δ−1t)
∫ t

0
W (t− t′)p(t′)dt′

= ψ(δ−1t)W (t− t′)u0 − ψ(δ−1t)
∫ t

0
W (t− t′)σ2(δ−1t′)p(t′)dt′

Let p be defined by (2.3). It suffices to prove Γ(u) = Φ(p) is a contraction in B:

B = {u ∈ Xs,b : ‖u‖Xs,b ≤ 2c0δ
(1−2b)/2‖u0‖Hs}.

We have

‖Γ(u)‖Xs,b = ‖Φ(p)‖Xs,b

≤ ‖φ(δ−1·)W (·)u0‖Xs,b

+c‖φ(δ−1t)
∫ t

0
W (t− t′)σ2(t′)∂x(u2(t′)dt′‖Xs,b

+c‖φ(δ−1t)
∫ t

0
W (t− t′)σ2(t′)(1− ∂2

xx)−1∂x(u2(t′))dt′‖Xs,b

≤ c0δ
(1−2b)/2‖u0‖Hs + cδ(1−2b)/2‖p1‖Xs,b−1 + cδ(1−2b)/2‖p2‖Xs,b−1

≤ c0δ
(1−2b)/2‖u0‖Hs + cδ(1−2b)/2δθ0‖u‖2

Xs,b

≤ c0δ
(1−2b)/2‖u0‖Hs + 4c2

0cδ
(1−2b)/2δθ0δ(1−2b)‖u‖2

Hs

≤ c0δ
(1−2b)/2‖u0‖Hs + 4c2

0cδ
(1−2b)/2δr0‖u‖2

Hs

follows from Lemma 2.7, Lemma 2.9, Theorem 3.1 and Theorem 3.2, where r0 = θ0 + (1 − 2b) > 0.
Choosing δ sufficiently small, such that 4c0cδ

r0‖u‖Hs < 1
2 , then

‖Γ(u)‖Xs,b ≤ 3
2
δ(1−2b)/2‖u0‖Hs

so Γ(B) ⊂ B. By same arguments as in Section 3 we have

‖Γ(u)− Γ(ũ)‖Xs,b

≤ cδ(1−2b)/2(‖σ2(δ−1t)∂x(u2)‖Xs,b−1

+‖σ2(δ−1t)(1− ∂2
xx)−1∂x(u2)‖Xs,b−1 ≤ cδ(1−2b)/2δθ0‖u + ũ‖Xs,b‖u− ũ‖Xs,b

≤ cδ(1−2b)/2δθ04c0δ
(1−2b)‖u0‖Hs‖u− ũ‖Xs,b

= 4cc0δ
r0‖u0‖Hs‖u− ũ‖Xs,b

≤ 1
2
‖u− ũ‖Xs,b
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Γ is a contraction on B, so there exists u ∈ B such that

u(t) = ψ(δ−1t)W (t)u0(x)− ψ(δ−1t)
∫ t

0
W (t− t′)σ2(δ−1t′)p(t′)dt′

By the definition of ψ and σ, for t ∈ [−δ/2, δ/2], i.e. T = δ
2 , we have ,

u(t) = W (t)u0 −
∫ t

0
W (t− t′)p(t′)dt′

where δ depends only on ‖u0‖Hs . Let u and ũ be solutions corresponding to the initial u0 and ũ0, respec-
tively. By similar arguments, we have

‖u− ũ)|Xs,b ≤ c‖u0 + ũ0‖Xs,b +
1
2
‖u− ũ‖Xs,b

so
‖u− ũ)|Xs,b ≤ c‖u0 + ũ0‖Xs,b

Now we prove u ∈ C([−T, T ];Hs(R)). For 0 ≤ t̃ < t < T, t− t̃ < ∆t, by

u(x, t) = ψ(δ−1t)W (t− t̃)u(x, t̃)− ψ(δ−1t)
∫ t

t̃
W (t− t′)σ2(δ−1t′)p(t′)dt′

and the definition of σ, we have

‖Γ(t)− Γ(t̃)‖Hs

≤ ‖W (t− t̃)u(t̃)‖Hs + ‖ψ(δ−1t)
∫ t

t̃
W (t− t′)σ2(δ−1t′)p(t′)dt′‖Hs

≤ ‖W (t− t̃)u(t̃)‖Hs + ‖ψ(δ−1t)
∫ t

t̃
W (t− t′)σ2(

t′ − t̃

2∆t
)p(t′)dt′‖Hs

≤ ‖W (t− t̃)u(t̃)‖Hs + c‖σ2(
· − t̃

2∆t
)p‖Xs,b−1

≤ ‖W (t− t̃)u(t̃)‖Hs + c(∆t)θ0‖u‖2
Xs,b

so when ∆t → 0 , we have ‖u(t)− u(t̃)‖ → 0 , which completes the proof of the theorem.

Theorem 4.2 Let s ∈ (1/4, 3/8] , then there exists b > 1/2 , for any u0 ∈ Hs(R) , whose norm is
sufficiently small, and then the Cauchy problem (2.2) has a unique solution u(t) in (0,1) satisfying

u ∈ BC((0, 1);Hs(R)),

u ∈ Xs,b,

∂x(u2), (1− ∂2
xx)−1(∂x(∂xu)2) ∈ Xs,b−1,

∂tu ∈ Xs−3,b−1.

Proof. For u0 ∈ Hs(R), s ∈ (1/4, 1) , and ‖u0‖Hs = r sufficiently small, define a map

Φu0(p) = Φ(p) = ψ(t)W (t− t′)u0 − ψ(t)
∫ t

0
W (t− t′)σ2(t′)p(t′)dt′

where p = p(t) is given by (2.3). Let Γ(u) = Φ(p) . Now we prove that Γ is a contraction on B(2c0r) =
{u ∈ Xs,b : ‖u‖Xs,b ≤ 2c0r} . By Lemma 2.7, Proposition 3.1-3.2, we have

‖Γ(u)‖Xs,b ≤ ‖φ(t)W (t)u0‖Xs,b

+‖φ(t)
∫ t

0
W (t− t′)σ2(t′)(

1
2
∂x(u2(t′) + (1− ∂2

xx)−1∂x(
3
2
u2(t′)dt′‖Xs,b

≤ c0‖u0‖s
H + c‖φ(t)u‖Xs,b

≤ c0r + c(2c0r)2.
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Choosing r satisfying 4c0cr < 1, then ‖Γ(u)‖Xs,b ≤ 2c0r. By the same argument, letting u, ũ ∈ B(2c0r),
we have

‖Γ(u)− Γ(ũ)‖Xs,b

≤ 1
2
‖φ(t)

∫ t

0
W (t− t′)σ2(t′)∂x(u2(t′)− ũ2(t′))dt′‖Xs,b

+
3
2
‖φ(t)

∫ t

0
W (t− t′)σ2(t′)(1− ∂2

xx)−1∂x(u2(t′)− ũ2(t′))dt′‖Xs,b

≤ c‖u + ũ‖Xs,b‖u− ũ‖Xs,b

≤ 4c0cr‖u− ũ‖Xs,b .

Γ is is a contraction on B(2c0c), so there exists a unique u ∈ B(2c0c) such that

u(t) = ψ(t)W (t)u0 − ψ(t)
∫ t

0
W (t− t′)σ2(t′)p(t′)dt′

By the definition of ψ, σ, we have ,on [−1/2, 1/2],

u(t) = W (t)u0 −
∫ t

0
W (t− t′)σ2(t′)p(t′)dt′

where p = p (u) is given by (2.3).
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