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Abstract. For a class of self-similar measures defined by iterated function system on the line
with equal equal probability weights, the absolute continuity has been proved by using a tech-
nique of polynomial. This extends a result of Garsia on infinite Bernulli convolution. Also, this
result provides examples of absolutely continuous self-similar measure without weak separa-
tion condition.
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1 Introduction

Let S; : R? — R?(j =1,2,---,m) be contractive maps on the d-dimensional Euclidian space R, i.e.,
|Sj(z) — Sj(y)| < rjlz —y|, forall z,y € RY,

where 0 < 7; < 1and |- |is a metric. We call the family {S;}7"; an iterated function system (IFS). By
making use of the contraction mapping principle, Hutchinson proved the following well known existence
and uniqueness theorem [1]: There exists a unique non-empty compact subset K C R? such that

K= G S;(K).
j=1

Furthermore, if we associate the family with a set of probability weight {pj}g”’zl (e, pj > 0,5 =
1,2,--- ,m and Z;n:1 pj = 1), then there exists a unique probability measure |1 supported on K satis-

Sying

m
p=> pjpnoS;t
7j=1

We call K the invariant set (or attractor) of the IFS, 11 the invariant measure with respect to {p; };”:1

The first systematic account of IFS seems to be that of Hutchinson [1]. The name of IFS is from Barnsley
and Demko [2].

A classical case of IFS is provided in R by the maps

Si(x) = pz, Sa(x) = p(z +1). (L.1)

with 0 < p < 1. The self-similar measure, denoted by 1, associated with the weight % has been studied
extensively in the context of Bernoulli convolution ([3], [4], [5] and [6]). It is known thatif 0 < p < %, then

H4p 1s a Cantor-type measure with Hausdorff dimension

In2

dimyg(p,) := inf{dimyg () : p,(E) =1} = “Inp
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If p = %, then 41, is the uniform distribution on [0, l%p] For % < p < 1, the situation is completely

different: it was a conjecture in the 1930’s that such y, should be absolutely continuous. This was disproved

by Erdos in [3]; it is then known that if p = 2k, k = 2, 3, ---, or for almost all p in [%, 1), pp is
absolutely continuous ([7], [8]). More fascinate results are known if § = p_l is an algebraic integer: Let
B1, B2, -+, B denote the algebraic conjugates of 3, then

(a) fisaP.V.number (ie., |#| > 1land |3;| < 1,57 =1, 2, ---, s)if and only if /1,(§) 4 0 as { — oo,

where [i, is the Fourier’s transform of y,. In particular i, is singular [6].

(b) If B]]jg,>1 8 = 2. then p, is absolutely continuous. Note that in this case [3;] > 1, j =
1, 2, -+, s, necessarily [4].

Lau ([5]) introduced a concept, F-number, which is equivalent to that the IFS (1.1) satisfies the finite
type condition ([9], [10]). Assuming 3=p~! to be an F-number, Lau studied the a-mean quadratic variation
(m.q.v.) of u,, and proved that y,, is singular.

For other related topics, please see [11], [12], [13] and [14].

Our main purpose in this paper is to extend the idea of [4] to the IFS

SJ(IE):p($+]), ]:Ov 17"'7m_]~a LEGR, O<p<]~a (12)

and the self-similar measure defined by

—

p() = i) %no S; (). (1.3)

j=0

If we let {e,, },>0 be a sequence of identically and independently distributed (i.i.d.) random variables with
the common distribution P(g; = k) = % k=0,1, ---, m— 1. Then p is the distribution of the random

variable
x
Ve
n=1

so we will consider p as a probability distribution of Y. Let

k
Ykzzgnpna k:1727"'7N7"'
n=1
and let Dy, = {y,};, y,%, s y,iv *1 be the set of all distinct possible values of Y.

Our main theorem is

Theorem 1.1 If p=' € (1, m) is an algebraic integer with minimal polynomial p(z) such that p(0) = m
and all conjugates of p~* are larger than one in modular, then the 1 defined in (1.3) is absolutely continuous

with a density bounded by
(m—1)°
S

I1(13:1 = 1)

i=1

where {31, B2, -+, Bs} is the set of conjugates of p~*.

2 The Proof Of The Theorem

We first give a sufficient condition for i to be absolutely continuous with a bounded density.

Lemma 2.1 [fthere is a constant ¢ > 0 and ng such that

P(Yn, =y,) <cinf |y} — vl (2.1)
JiF#i

foralli e {1, 2, ---, N,}andn > ng. Then u is absolutely continuous with a density bounded by c.
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Proof. Since K = [0, @] is an interval, it has non singleton. Hence lim inf;.; |y} — yh| = 0 and
14 n—-+oo

SO
lim P(Y, =y')=0, Vi. (2.2)

n—-+0o

For any given interval (a, 0], let
a<y,i1 <yff <'~<yif§b.
be the set of all the possible values of Y;, belonging to (a, b]. Then the assumption (2.1) implies
c(b—a) >e(yi? =y ™) eyl —yl )+ ey — i)

>P(Y,=yl) + P(Ya =yl ™) + - + P(Yy, = yi2)
ZP(YnSb)_P(YnSCL)_P(Yn:y;l)'

Let n — 400, then (2.2) and the above inequality imply
c(b—a) = p((a, b])) =0,

therefore 1 is absolutely continuous with a density bounded by c. U

Lemma 2.2 Let
An = {(al, ag, -, an) IS {0, :|:1, SR :I:(m— 1)}},

mn(p) = min{|za’jpj‘ : (al’ az, -+, a’n) € An\{(07 0, -, 0)}}
j=1

If

lim inf my,(p)m™ =c >0,
n—-4o0o

then y is absolutely continuous with a density bounded by ¢

Proof. For any constant 6 € (0, ¢), the assumption implies that there exist ng such that
mn(p) > m~ "0, Y n > ng.

This means that Y;, has m™ distinct possible values and any two distinct possible values y,, and y,, of the
random variable Y;, satisfy

|[Yn — y;},’ >m™"6 = 0P(Yy =yn) = 0P(Y, = y;)
when n > ng. From Lemma 2.1, we see that 1 is absolutely continuous with a density bounded by § 1.
Therefore, 11 is absolutely continuous with a density bounded by ¢~ 1. 0
p(m=1)

Remark. Since all possible values of Y, are in [0, = ) and Y;, has at most m”™ deferent possible
values. Note the definition of m,,(p), we see that

m"my(p) < plm = 1) < 400.
I—p
In the following, we will prove Theorem 1.1 by several lemmas.
We first prove some results about algebraic integers. For a polynomial p(z) = Z?:o ajxj , we call
max{|a;|} the height of p(x). Let 3 be an algebraic integer greater than one, 31, (2, ---, (s denote the
conjugates of 3 and o denote the number of ¢ such that | 3;| = 1. Then we have the following lemma.
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Lemma 2.3 Foran algebraic integer 3 > 1, if 3 is not a root of any polynomial with heightl € {1, 2, --- , m—
1}, then
. wlgé [13:] — 1]
3| A1
mp(=) > . (2.3)
(3= w3 1T B - 1
18i1>1
Proof. First we prove a result about integral polynomials. Let
Im=z0+x1+---+ x5
Ty = Z TiTj
0<i<j<s
Ts+1 = LoT1 " Ts
Claim. If an integral polynomial f(zg, z1, --- , x5) is symmetric, then it is also an integral polynomial

Of7'1, T2, ***y Tg+1-

Proof of the claim. For the case s = 0, it is obviously true. Assume that it is true when s < r. We
consider the case s = 7.

If f has degree zero, it is obviously true. Assume it is true when f has degree less than q. Consider
the case that f has degree ¢q. Let x5 = 0, then the inductive assumption implies that there exists an integral
polynomial g; such that

f(xo, x1, -+, Ts—1, 0) = g1(T1, 0, 72,0, ***, Ts,0),

where 7; o = 7|4, —0. Let

fi(zo, z1, 22, -+, T5) = f(z0, 21, -+, T5) — qu(T1, T2, o+, Ts),
then fi, which may be zero, is a symmetric polynomial of zg, x1, ---, xs with degree at most ¢ and
fi(zo, 1, -+, xs—1, 0) = 0,1i.e. fi(xo, x1, -+, x5) has a factor xs. The fact that f1(zg, 1, ---, )
is symmetric ensures that fi(xg, =1, =2, -+, xs) has a factor 7541. Let f1(xo, z1, 2, -+, Ts) =
Ts+1f2(xo, 1, -++, Ts), then fo(xo, 1, T2, -+, x) is also a symmetric integral polynomial of zg, x1,
T9,--- ,xs With degree less than q. Hence our inductive assumption implies that there exists an integral
polynomial g5 of 71, 79, -+, Ts4+1 such that
fo(@o, z1, -+, @) = galT1, T2, -+, Tot1)-
Therefore
f(IL’(), L1, =y xS) :gl(T17 T2, "t T8+1) +f1(l'(), L1, " xS)
:gl(T17 T2, "ty TS+1) +TS+192(T17 T2, " TS+1)

is an integral polynomial of 71, 72, - -, T,4+1. The claim is proven.

For any a1, ag, -+, ap € {0, £1, ---, £(m — 1)}, let p(x) = Z?Zlajx”ﬂ and 3 = 3y. Since
o(zo, 1, -+, x5)=p(xo)p(z1) - - - p(xs) is a symmetric integral polynomial, so the above claim indicates

S

that o(B1, B2, -+, Bs) is an integral polynomial of }_ i, > BifBj, -+, BoPr -+ Ps.

i=0  0<i<j<s
On the other hand, the minimal polynomial of 3 is []7_,(z — 3;), its coefficients are 5y + 31 + - - - + s,
Y. BiBj. -+, PP Os, respectively. Hence 8o + B1+ -+ Bs, >, Bifj, -+, Bof -+ Bs are

0<i<j<s 0<i<j<s

all integers. Therefore
©(Bo, Br, -+, Bs)=p(Bo)p(B1) - - - p(Bs)
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is an integer. Using the assumption gives that p(3y) # 0 and p(3;) # 0, so

1p(Bo)p(B1) - - p(Bs)| > 1. (2.4)

For every (3;, we always have

()| <(m—1)(1+ \@-r o BT

m —
ll if |5 <1
\ﬁz!
< < —1)if ] =1
(m—1) |Gi|" .
———if |G| > 1
8i] =1 124
Combining the above inequality and (2.4) gives that
WTI& [13i] — 1]
1|1
p(B) > - 5
n?( I 1B:l)"(m —1)
18i[>1
Therefore
1 .
mn(ﬁ) = 67" min{p(B)}
IT 118 = 1]
8] #1
n?(B II 18" (m —1)%’
‘Bi‘>1
the lemma follows. O

Proof of Theorem 1.1

Let p(z) be the minimal polynomial of 3. Since p(0) = m, 3 is not a root of any polynomial with height
less than m. Hence Lemma 2.3 implies that the inequality (2.3) holds for all n.

Since all conjugates of p~! are larger than one in modular, i.e. |3;| > 1 for all 4, so

L fLesi-y

B_m)

Therefore, Lemma 2.2 implies that y is absolutely continuous with a density bounded by % U
(‘/87.‘ 1)
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