ACADIMIC ISSN 1749-3889 (print), 1749-3897 (online)
ii = International Journal of Nonlinear Science
— Vol.5(2008) No.2,pp.170-177

On the Well-posedness of the Degasperis-Procesi Equation with the
Dispersive Term

Shu Wen! *, Wenbin Zhang?, Caiyin Niu!
! Department of Computing Science, Huaiyin Institute of Technology
Huaian, Jiangsu,223002 ,P.R.China
2Taizhou Institute of Science and Technology.NJUST
Taizhou, Jiangsu, 225300, P.R.China
(Received 8 July 2007, accepted 4 September 2007)

Abstract: We investigate well-posedness in classes of discontinuous functions for the nonlinear
and third order dispersive Degasperis-Procesi equation:

Oy — 8{?u + Opu — O3

Trxr

u + 4udypu = 30,ud2,u + udd,u (DP)

This equation can be regarded as a model for shallow water dynamics and its asymptotic ac-
curacy is the same as for the Camassa-Holm equation (one order more accurate than the KdV
equation). We prove existence and L' stability (uniqueness) results for entropy weak solutions
belonging to the class L' N BV, while existence of at least one weak solution, satisfying a
restricted set of entropy inequalities, is proved in the class L2 N L*.
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1 Introduction

Our aim is to investigate well-posedness in classes of discontinuous functions for the Degasperis-Procesi
equation[1]

Opu — Oyt + Ot — 02

rxrxr

u+ 4udypu = 30,ud2,u +udi v,  (t,z) €ERy xR (1)

Txrxr =

with an initial condition ug:
u(0,2) = ug (z) € L (R) N BV (R) (2)
2 Viscous approximation and a priori estimates

We will prove existence of a solution to the Cauthy problem (1), (2) by analyzing the limiting behavior of a
sequence of smooth functions {u.} ., where each function w. solves the following viscous problem:

Opuie — O3 e + Optie + 03 ue + du0pu.
= 30,u02 ue + u 02, ue + 0% ue — €04 ue, (t,z) € Ry xR, 3)
ue (0,2) = up e (2), zeR
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This problem can be stated equivalently as a parabolic-elliptic system:

2
Orte + Oy <u28) + Ogue + 0, P. = 58£$u5, (t,z) € Ry xR,

~92,P. + P. = qu (t,z) € Ry x R, “)
ue (0,2) = upe (), r€eR
Observe that we have an explicit expression for F; in terms of wu.:
P. (t,x) = P" (t,z) = Gy * <2u2> (t,z) = z/R eI (ug (¢, ) dy
To begin with, we assume in this section that
up € L* (R), (5)
and
uoe € H' (R), 1> 2, [uoell p2my < luoll 2y s woe — uo € L (R). (6)

We will impose additional condition on the initial data as we make progress .
We begin by stating a lemma as which shows that the viscous problem (3) is well-posed for each fixed
e > 0.

Lemma 2.1 Assume (5) and (6) hold, and fix any € > 0, then there exists a unique global smooth solution
ue = . (t,z) to the Cauchy Problem (4) belonging to C ([0,00) ; H' (R)).

Proof. We omit the proof since it is similar to the one found in [4, Theorem 2.3] m

2.1 L? estimates and some consequences

Next we prove a uniform of L? bound on the approximate solution u., which reinforces the whole analysis
in this paper.

Lemma 2.2 (Energy estimate)Assume (5) and (6) hold, and fix any € > 0, then the following bounds hold
foranyt > 0:

lue (8 ) p2ry < 2V2 uoll2my s VE0utell p2r, xry < 2 luoll 2wy

For the proof of this Lemma we introduce the quantity v. = v, (f,x):

Ve (t,x) = (G *ug) = / e eyl (t,y)dy, t >0, z € R.
R

Since Gy (x) = e~21*l is Green’s function of operator 4 — &2

- .» we see that v, also satisfies the equation

—9% v +4v. =u, in Ry xR @)

The use of the quantity v, is motivated by the fact that fR (u — ugzy)dz is a conserved quantity, where
4v. — 92, ve = ue and u solves (1) (see [3, 6, 8]).
To prove Lemma 2.2 we shall need the following estimates on v,:

Lemma 2.3 Assume (5) and (6) hold, and fix any € > 0, then the following identity holds for any t > 0:

2
Ha:%xva (ta ')HLQ(R) +5 ”aﬂ@v& (tv )H%Q(R) +4 HU€ (t7 )”%Q(R)

t
+2¢ ( /0 (162ave (7o )72y ) + 5 1020 (72 )2y + 4 rwazvairi2<R>) dr

2
= Hangs (0’ ')HLQ(R) +5 ”8931)8 (Oa ')H%?(R) +4 HUE (Oa ')H%Q(R) ®)
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Proof. Multiplying the first equation of (4) by v. — 92, v. and integrating over R, we get

/ Orute (vg — (ﬁmvE) dr + / Ople (va — 8§xvg)dx — 5/ 8293 (va — 8§wv5)dm
R R R

)
= —/ U DUz (v‘E — &%xvg)dx — / Oy P- (v‘E — &%xvg)dx
R R
For the left-hand side of this identity, using (7), we have
/ O (ve — 85961}5) dr + / dpue (ve — Gg%xve)dx — z-:/ 92, (ve — angs)dx
R R R
= / (40,0 — Opypve) (ve — O2,02) dx + / (4v: — 92,02 (ve — O2pv:)da
— 5/ (43533115 — aﬁmxvg) (va — agzve)dx
R
1d 2 2
=5 (41},% +5 (8xv€)2 + (({ﬁxvg)) dr +e¢ /R (4 (Ozve) 245 ((933:1)5) + ((ﬁ’mvg) )dm
For the right-hand side of (9), we calculate
— / U DUz (va — 8§xv€)dx — / O P- (va — anga)dx
R R
= —/ Ue OpUg (vs — 6%xv€)dw - / (P6 — (ﬁng) (v6 — 83xv5)d:):

= —/ U O U (4115 — ngvg)dx
R

= —/ ugaxugd:c =0
R

Substituting (10) and (11) into (9) yields

4 (4v§ 45 (9y.)2 + (agmus)) dx + 25/

2 2
7 . (4 (0p0:) 2 45 (agrvs) + (32_”1)5) )daz =0

Integrating this inequality over [0, t| we obtain (8). m
We conclude this subsection with some bounds on the nonlocal term P, which all are consequences of
the L2 bound in Lemma 2.2.

Lemma 2.4 Assume (5) and (6) hold, and fix any € > 0, then
P. >0, (12)
1P (8, )| 1 gy » 192 P (£ ) pry < 12 luollZ2qgy >0, (13)

1Pl oo ey ey » 10 Pell gy ey < 6 lluollzry

Hagcpe (t, ')HLl(R) <24 HUOH%?(R) ; 20

2.2 L' estimate

As a bounded consequence of L? in Lemma 2.2, we can bound . in L', as long as we assume, in additions
to (5) and (6),
wo,u0e € LV(R), (ol gy < ol ooy - (14)

Lemma 2.5 (L'-estimate ). Assume (5), (6), and (14) hold, and fix any € > 0, then

lue (8 M prry < luoll gy + 12 luollZ2gy > 0. (15)
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Proof. Let € C? (R) and ¢ : R — R be such that ¢ (u) = uq’ (u) . By multiplying the first equation in
(4) with using the chain rule, we get

O (ue) + 0zn (ue) + 9zq (ue) + 77, (ue) OxP: = 5833:77 (ue) — 77,, (u:) (3:1:“5)2 (16)

Choosing 1 (u) = |u| (modulo an approximation argument) and then integrating the resulting equation over

R yield
d
/ |u€|dm§/sign(u5)8xped:r
dt Jr R
By (13),
[ sign (w0 Pude < 0. (4 )y < 12 oy
R
and hence J
e (6 Moy < 12 ey (1)

Integrating (17) over [0, t] we can obtain (15).

2.3 BV and L* estimates

In this subsection we derive supplementary a priori estimate for the viscous approximations, which also are
consequences of the L2 bound in Lemma 2.2. In particular,we prove that the sequence {u.} <0 1s bounded
in BV, which yields strong compactness of this sequence. To this end,we need to assume, in addition to (5)
and (6),

up, Upe € BV (R) s ‘uoaff’BV(R) < |UO‘BV(R) . (18)

Lemma 2.6 (BV estimate in space ). Assume (5), (6), and (18) hold, and fix any € > 0, then
19zt (8, )l 1(ry < luol gy ry + 24t uollZawy ¢ = 0. (19)
Proof. Set q. := 0,u.. Then g, satisfies the equation
Orge + Onge + u0pqe + @ + 07,pe = €05,4e.
Ifn € C?(R)and ¢ : R — R satisfies ¢’ (u) = ug’ (u), then by the chain rule
0 (g=) + 021 (q=) + O (ueq (ue)) — g (g2) + ' (¢2) G2
i (ue) Oy Pe = 02,1 (ge) — 1" (¢e) (D)

Choosing 7 (u) = |u| (module an approximation argument ) and then integrating the resulting equation over
R yield

/ sign (q:) 8 Pedr < H HLI(R) < 24 HUOHL2 (R)
R
and hence p
e (8 ) sy < 24 oy (20)

Integrating (20) over [0, t] we get (19). m
Lemma 2.7 (L°°-estimate[7]). Assume (5), (6), (18) hold, and fix any € > 0, then
e (£, ) ooy < luolpyry + 24 luollzay, > 0. @b
Lemma 2.8 (BV estimate in time ). Assume (5), (6), and (18) hold , and fix any € > 0, then
10sue (& g1y < Cry £20.

2
where the constant Cy := (]uO\BV(R) + 24t HUOHQLQ(R)) + (|u0\BV(R) + 24t HUOH%Q(RO +12 HUOH%Q(R)
is independent of € but dependent on t.
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Proof. We have, by (21), (19), and (12),
[0kue (8, ) L1 (ry < / |0z ue|dx +/ |ueOpue|da + / Oy P-dzx
R R R
< ue (¢, )| gy + lue (¢ ) oo (ry lue (¢ ) gy + 0P (8 )l 1wy < Cre

Lemma 2.9 . Assume (5), (6), and (18) hold, and fix any € > 0. Then

3 2
|02, P (t, M ooy <6 luol|72(m) + 3 (’UO\BV(R) + 24t HuOHQLQ(R)) ;

foranyt > Q.

2.4 L*-estimate and Oleinik type estimate

Next we prove that the viscous approximation are uniformly bounded in L?, a fact that we use later to
prove the existence of at least one weak solution to (1), (2) under the mere assumption that ug € L? (R)N
L* (R)holds. For this purpose, we need to assume, in addition to (5) and (6),

Uup, Uo,e € L (R), HUO,8”L4(R) < ||U0HL4(R)- (22)
Lemma 2.10 (L* - estimate). Assume (5), (6), and (22) hold, and fix any € > 0, then
e () Eaqry < €520 o[y + 8 oy (212200 — 1)
foranyt > 0.

Lemma 2.11 (Oleinik type estimate ). Assume (5), (6), and (18) hold, and fix any € > 0, then for each
t € (0, T], with T > 0 being fixed,

1
Optie (t, ) < n + Ky, z€R,
) , 911/2
where K1 := [6 ||U0HL2(R) + % <|U0’BV(R) + 24T H“0”L2(R)) ]

3  Well-posedness in L' N BV

Relying on the a priori estimate derive in Section 2, we prove existence, uniqueness, and L !stability of
entropy weak solutions to (1), (2), under the L ! N BV assumption ug € L'(R) N BV (R).

Theorem 3.1 (well-posedness ).Suppose ug € L*(R) N BV (R), then there exists an entropy weak solution
to the Cauchy problem (1), (2). Fix any T > 0, and let u,v : R4 X R — R be two entropy weak solutions
to (1), (2) with initial data ug,vo € L* (R) N BV (R), respectively.

Then for any t € (0,T)

lu(t) = v (&) gy < € fluo = voll 1y

where

3
My = 5 ([l oryamy) + 0l oy amy < o0

Consequently, there exists at most one entropy weak solution to (1), (2).
The entropy weak solution u satisfies the following estimates for any t € (0,T) :

e (8, Mo gy < Mol gy + 12¢ N2 gy 23)
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[ (8 ) gy ry e (8 ) | ooy < [0l gy ry + 24 [[uoll72r 24)
ot gy < €520 gl +8 ol (6”””’””“) -1). 25)

Furthermore,
Ju(te, ) —ults, Mpwy < Crlta —ta|, Vi1, t2 € [0,1], (26)

2
where Cr : (|[uoll s gy + 12T ol aqry )+ (luoll ey + 127 ol zqey ) + 12 1ol ey
Finally, the following Oleinik type estimate holds for a.e. (t,x) € (0,T] x R,

Oru (t,x) < % + K, 27)

, , 911/2
where Kp = [6 [woll72(r) + 3 (‘UO’BV(R) + 24T HUOHLQ(R)) ] :

This theorem is an immediate consequence of Theorems 3.2, 3.3 and Corollary 3.1.

Theorem 3.2 (Existence of entropy weak solutions) Suppose (2) holds, then there exists at least one entropy
weak solution to (1), (2).

Proof. We assume that the approximating sequence {u075}8>0 is chosen such that (5), (6), and (14) hold.
Then, in view of the a priori estimates obtained in Section 2, it takes a standard argument to see that there
exists a sequence of strictly positive numbers {e},~ ; tending to zero such that ,u.;, — u a.e. while k — oo
inRy xR, andhence us — uin Lfoc (R4 x R) forall p € [1,00) . Thanks to (15) and (21), there also
holds ue, — win L} ((0,T) xR) VT >0, Vpe[l,00).

The a priori estimates in Section 2 imply immediately that the limit function u satisfied (23)-(27).

Let us now prove that as k — 00, p.p — pY, Oyper — Oxp” in LP ((0,7) xR), VI >0, VpE€
[17 OO) Iy

Which following from the following calculation:

Hpsk Pu”Lp (0,T)xR) Haﬂﬂp&k O Pu” ((0,T)xR)

(i) //HT< e yl) uer (t,9))* = (u (t, y))Q‘dy>pdxdt

() / /H( A - <t,y>>2\dy>pdmt
)

3

2

IN

( //HT ( |z~ yldy)p1 x (/R o~y )(Usk (t9))? — (u (2, y))glpdy> o
( > //HT‘ uek (t,y)) _(U(t,y))2‘pdydt_>0

// luek (t,y) — u (t,y)[Pdydt - 0 as k — oo
IIr

IN

\ /\

where I[Ir := (0,7) xR. m

Theorem 3.3 (L' stability). Let u and v be two entropy weak solution of (1) with initial data u (0, ) = ug
and v (0, ) = vy satisfying (2). Fixany T > 0, then

Ju(t,) —vt)lpm < M lug — vollpmy, t€(0,T),
We omit the proof since it is similar to the one of found in [2, Theorem3.3].

Corollary 3.1 (Uniqueness)Suppose uy € L'(R) N BV (R), then the Cauchy problem (1), (2) admits at
most one entropy weak solution.

This is an immediate consequence of Theorem 3.3.
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4 Existence in L2 N L*

In this section we prove that there exists at least one weak solution to (1), (2) under assumption ug €
L? (R) N L* (R), in which case we are outside the BV /L> framework considered in Section 3. Since no
L bound is available we can only prove that this weak solution satisfies the entropy inequality for convex
C? entropies possessing a bounded second order derivative. Be that as it may, we are not able to prove L'
stability/uniqueness based on this restricted class of entropies.

Our main result is the following theorem:

Theorem 4.1 (Existence)Suppose ug € L? (R)NL* (R) holds, then there exists a functionu € L> (R+;
N L*>® (07 T:L* (R)) for any T > 0, which solves the Cauchy problem (1), (2) in D' ([0,T) x R).

To avoid strict convexity of the flux function, we will use a refinement of Coclite ’s method found in [3].

Lemma 4.1 Let Q be a bounded open subset of Ry x R. Let f € C2 (R) satisfy | f (v)| < C'|ul*** for
(w)] < C'lul’ for u € R. for some s > 0, and

meas{uER 7 ( —0}—0
Define function 1;, f;, F; : R — R as follow:

L eC*R), |L(u)|<|ul foru€eR, ‘Il/ (u)| <2 foru€eR,
| (w)| < |u|  for |u| <1, IL;(u)=0 for |ul>2I,

and fl fO I/ dCa E f() fl C) dC

Suppose {“n}nzl C L2(5+1) (Q) is such that the two sequences

{atll (un) + 3fo (un)x}zo:1 ) {atfl (un) + a Fl (un)}n 1

of distributions belong to a compact subset of H l;i (Q), for each fixed | > 0.
Then there exists a subsequence of {uy},- , that converges to a limit function u € L2(s+1) (Q) strongly
in L" (Q) forany1 <r <2(s+1).

Lemma 4.2 Let Q be a bounded open subset of RYN, N > 2. Suppose the sequence {Ln};2 | of distribu-
tions is bounded in W1 (Q). Suppose also that

L,=1L}+ L2

where {Ll } | lies in a compact subset of H loc ( ) and {L2 } | lies in a bounded subset of M. (Q).
Then {L}, } lles in compact subset ole (Q) (see [5,9]).

Lemma 4.3 Suppose ug € L? (R) N L* (R) holds. Then there exists a subsequence {ucy,}r of {uc}.~
and a limit function

u € L™ (Ry; L? (R)) N L™ (0,75 L* (R)) VT >0

such that
ugp —u € LP((0,T)xR) VI >0, Vpe][2,4]. (28)

If, in addition, ug € L" (R), then
uep —u in LP((0,T)xR) VI >0, Vpe][l4)
Lemma 4.4 Suppose ug € L? (R) N L* (R) holds, then
Py —P* in LP(0,T; W' (R)) VI' >0, VYpe([l,2), (29)

where the sequence {cy,} -, and the function u are constructed in Lemma 4.3.
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Proof. Observe that Lemma 4.3 implies u 2 — u? in LP ((0,T) x R) forall T > 0 and for all p € [1,2).
Using this fact and arguing as in the proof of theorem 3.2, we find that

HPek—P“Hi (0,T)xR) 102 Py, — 8Pu”m ((0,T)xR)
3 p pT
<(3) [ ] Jwar? - e[ e~ 0 a5 k.
0 R

Lemma 4.5 Suppose ug € L? (R) N L* (R) holds, then the limit u from Lemma 4.3 is a weak solution of
(1), (2). Moreover, u € L (O,T; L* (R)) for each T > 0. Finally, if ug also belongs to L' (R), then
u € L> (0,T; L (R)) for each T > 0.

Lemma 4.6 Suppose ug € L? (R) N L* (R) holds, then the weak solution u from Lemma 4.5 satisfies the
entropy inequality for any convex C? entropy nn : R — R with 1’ bounded and corresponding entropy flux
q : R — Rdefined by ¢ (u) =n' (u)u

Proof. Let (7, ¢) be as in the lemma. By (16),
0in (k) + 0en (uek) + Onq (uek) + 1 (uek) OpPop, < 40,1 (uek) in D' ([0,00) x R).  (30)
Observing that
@l =o(+u?), [1@w|=0l+u), lg()=o(l+’),

|
We can use (28) and (29) when sending £ — oo in (30). Then result is

Om (u) + 0,n (u) + Opq (u) +1' (u) 9 P* <0 in D' ([0,00) x R),
Proof of Theorem 4.1. This follows form Lemma 4.5 and 4.6.
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