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Abstract: In this paper a new discrete isospectral problem is constructed, from which a new
Lax integrable discrete equation is generated and obtain its hierarchy structure. The Hamil-
tonian structures for the hierarchy of the Lax integrable discrete equation is established by
using the trace identity which was proposed by Tu.
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1 Introduction

As is well known, the solitary theory is a powerful tool used for explaining and describing the nonlinear phe-
nomena such as nonlinear optics, plasma physics, cellular automata, fluid mechanics, solid state physics and
so on. In the solitary theory, two important subjects are to search for the new Lax integrable lattice equations
and to study their Hamiltonian structure such as KdV equation, Toda equation, Camassa-Holm equation, etc
[1-6]. The theory of continuous integrable systems has extensively and actively been developed in the past
twenty years, and Tu scheme is one of the effective methods in studying continuous integrable systems[7-9].
In recent years, the nonlinear integrable discrete equations have become the focus of common concern in the
theory of integrable systems. The mathematical structures and physical applications of the discrete lattice
systems, such as the bi-Hamiltonian structures , integrable symplectic maps, Backlund transformations, non-
linear superposition formulae, soliton solutions, mater symmetries and so on, were investigated in [10–13].
The method of Lax pairs is an important way to generate the new Lax integrable discrete lattice equations.
The Hamiltonian structure for a hierarchy of Lax integrable discrete lattice equation may be established by
the trace identity which was proposed by Tu [14]. In this paper we introduce a new isospecial problem and
obtain a hierarchy of lattice equation , give its Hamiltonian structure by using Tu scheme.

This paper is organized as follows: In Section 2, we recall briefly some notation from the discrete inte-
grable systems. In Section 3, a new discrete Lax integrable equation is constructed. In Section 4, we give
the Hamiltonian structure of this new discrete Lax integrable equation by using Tu scheme.

2 The Lax pair of discrete lattice equation

2.1 Concepts and notations

The shift operator E and the difference operator D are defined as follows :

(Ef)(n) = f(n + 1) ≡ f1(n), Ekf = f (k)

(Df)(n) = f(n + 1)− f(n) = (E − 1)f(n)
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For a given function f = f(n), if there exists a function such as f = Dh, then we call f ∼ 0(mod), i.e.
f ∼ 0(modD) ⇔ exist h, such as f = Dh.

For the vector function f(u), its gradient (∇f)(u) is defined as

(∇f, v) = (d/dε)f(u + εv)|ε=0,

where
u = (u1, . . . , up),

v = (v1, . . . , vp)T ,

∇f = ((∇f)1, . . . , (∇f)p)

and
(∇f)i =

δf

δui
=

∑

nεZ
E−n(

∂f

∂u
(n)
i

)

The Poisson bracket for arbitrary funtions f and g are defined as

{f, g} = (J∇f,∇g) =
∑

mεZ

p∑

i=1

(J
δf

δui
)(

δg

δui
)

If
{f, g} = −{g, f},

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0

then J is called the Hamiltonian operator.
A discrete integrable system utn = J δHn

δu is called Liouville integrable, if there are infinitely conserva-
tion law {Hn}∞n=1,which satisfy {Hn,Hm} = 0,m, n ≥ 0

2.2 Discrete Lax pair

Given a properly discrete isospectral problem and its auxiliary problem

EΨn = Un(u, λ)Ψn (2.1)

∂Ψn/∂t = Vn(u, λ)Ψn (2.2)

with λ being the spectral parameter for λt = 0, where Un and Vn are N × N matrixs. The compatibility
condition of system (2.1) and (2.2) is

∂

∂t
EΨn = E

∂

t
Ψn (2.3).

From (2.1) and (2.2) we have

∂

∂t
EΨn =

∂

∂t
(UnΨn) =

∂Un

∂t
Ψn + Un

∂Ψn

∂t
=

∂Un

∂t
Ψn + UnVnΨn (2.4)

and
E

∂Ψn

∂t
= E(VnΨn = E(Vn)E(Ψn) = Vn+1UnΨn (2.5)

Thus, the compatibility condition (2.3) leads to

∂Un

∂t
= Vn+1Un − UnVn (2.6)

Equation (2.6) is called discrete Lax pair or discrete zero curvature equation.
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3 A new discrete Lax integrable equation

Consider the following isospectral problem

Eφ = Uφ,U =
(

0 1
Ar2+Br

r λ + s

)
(3.1)

where r = r(n, t), s = s(n, t) are potential functions and λt = 0.

To deduce a discrete Lax integrable hierarchy of equation (3.1), letting Γ =
(

a b
c −a

)
, solving the

discrete stationary zero curvature equation

(EΓ)− UΓ = 0 (3.2).

yield that 



rb(1) − c
Ar2+Br

= 0
a(1)+a

Ar2+Br
+ sb(1) + λb(1) = 0

r(a(1) + a) + sc + λc = 0
c(1)

Ar2+Br
− rb− s(a(1) − a)− λ(a(1) − a) = 0.

(3.3)

Substituting
a =

∑

m≥0

amλ−m, b =
∑

m≥0

bmλ−m, c =
∑

m≥0

cmλ−m (3.4)

into (3.3) and giving rise to




r
∑

m≥0 b
(1)
m −

P
m≥0 cmλ−m

= 0
P

m≥0(a
(1)
m +am)λ−m

Ar2+Br
+ s

∑
m≥0 b

(1)
m λ−m + λ

∑
m≥0 b

(1)
m λ−m = 0

r
∑

m≥0(a
(1)
m + amλ−m + s

∑
m≥0 cmλ−m + λ

∑
m≥0 cmλ−m) = 0

P
m≥0 c

(1)
m λ−m

Ar2+Br
− r

∑
m≥0 bmλ−m − s

∑
m≥0(a

(1)
m − am)λ−m − λ

∑
m≥0(a

(1)
m − am)λ−m = 0.

(3.5)
Then we have the following identities





a
(1)
m +am

Ar2+Br
+ sb

(1)
m + b

(1)
m+1 = 0

rb
(1)
m − cm

Ar2+Br
= 0

r(a(1)
m + am) + scm + cm+1 = 0

c
(1)
m

Ar2+Br
− s(a(1)

m − am)− (a(1)
m+1 − am+1) = 0, (m ≥ 1)

(3.6)

From (3.6) we have b0 = c0 = 0. If we take a0 = −1
2 as the initial values, and assume am|u=0 = 0(m ≥

1), bm|u=0 = 0(m ≥ 0) and cm|u=0 = 0(m ≥ 0), then ai, bi and ci can be uniquely determined by (3.6).
For example, when i = 0, 1, 2, we have

a0 =
1
2
, b0 = 0, c0 = 0;

a1 = 0, b1 =
1

A(r(−1))2 + Br(−1)
, c1 = r;

and

a2 =
r

E−1(Ar2 + Br)
=

r

A(r(−1))2 + Br(−1)
, b2 = − s(−1)

A(r(−1))2 + Br(−1)
, c2 = −sr

Letting h =
∑

m∈Z hmλm, and noting h+ =
∑

m≥0 hmλm, we have

(Γλm)+ =
( ∑m

i=0 aiλ
m−i

∑m
i=0 biλ

m−i
∑m

i=0 ciλ
m−i −∑m

i=0 aiλ
m−i

)
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It is easy to check

(E(Γλm)+)U − U(Γλm)+ =

(
0 b

(1)
m+1

cm+1 a
(1)
m+1 − am+1

)
(3.7)

Taking V m = (Γλm)m, gives rise to zero-curvature equation

Utm = (EV (m))U − UV (m). (3.8)

Then we obtain discrete nonlinear systems of Lax integrable
{

rtm = cm+1

stm = a
(1)
m+1 − am+1

(3.9)

where m ≥ 0. Especially, when m = 0, 1, we have




rt0 = c1 = r, st0 = a
(1)
1 − a1 = 0

rt1 = c2 = −sr

st1 = r(1)

Ar2+Br
− r

A(r(−1))2+Br(−1)

4 The Hamiltonian Structure of Discrete Equations

In this section, we will discuss Hamiltonian structure of nonlinear discrete equations (3.9). Take

V = ΓU−1 =
(

(Ar + B)[−a(λ + s) + br] a
r

(Ar + B)[−c(λ + s)− ar] c
r

)
.

If C and D are the same order matrix, we define

〈A,B〉 = Tr(AB)

Because

Uλ =
∂U

∂λ
=

(
0 0
0 1

)
, Us =

∂u

∂s
=

(
0 0
0 1

)

and

Ur =
∂U

∂r
=

(
0 − 2Ar+B

(Ar2+Br)2

1 0

)

then we have
〈V, Uλ〉 =

c

r
, 〈V, Us〉 =

c

r
,

and

〈V, Ur〉 =
a

r
(1 +

2Ar + B

Ar + B
) +

(2Ar + B)(λ + s)c
r2(Ar + B)

.

Using the trace identity

δ

δu
〈V, Uλ〉 = (λ−τ ∂

∂λ
λτ )[< V, Ur >,< V,Us >]T

we have
δ

δu

c

r
= (λ−τ ∂

∂λ
λτ )

(
a
r (1 + 2Ar+B

Ar+B ) + (2Ar+B)(λ+s)c
r2(Ar+B)

c
r

)
. (4.1)

Comparing the coefficients of λ−m−1 on both side of (4.1) , lead to

δ

δu

cm+1

r
= (τ −m)

(
am−a

(1)
m

r − Aa
(1)
m

Ar+B
cm
r

)
(4.2)

IJNS homepage:http://www.nonlinearscience.org.uk/



168 International Journal of Nonlinear Science,Vol.5(2008),No.2,pp. 164-169

To determine constant τ , we take m = 0 in (4.2) and obtain τ = 0. Then we have

δ

δu
Hm =

δ

δu

cm+1

(−mr)
=

(
am−a

(1)
m

r − Aa
(1)
m

Ar+B
cm
r

)
(4.3)

where Hm = cm+1

−mr .
To discuss Hamiltonian structure of (4.3), we observe the following

(
0 x

−x 0

) (
cm

a
(1)
m − am

)
=

(
am−a

(1)
m

r − Aa
(1)
m

Ar+B
cm
r

)
(4.4)

Clearly, (4.4) holds if and only if A = 0 and B 6= 0. If A = 0 and B 6= 0, we have the following by (4.4)

δ

δu
Hm =

(
am−a

(1)
m

r
cm
r

)
=

(
0 −1

r
1
r 0

) (
cm

a
(1)
m − am

)
(4.5)

So when A = 0, Hamiltonian structure of discrete nonlinear equations (3.9) is

utm = J
δ

δu
Hm = J

(
am+1−a

(1)
m+1

r
cm+1

r

)
= JLm

(
0
1

)
(4.6)

where J =
(

0 r
−r 0

)
is the Hamiltonian operator, and

L =
( −s − 1

r2 Er + E(−1) 1
r

−(E + 1)(1− E)−1s −s

)
.
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