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Abstract: This paper is concerned with a class of partial nonlocal neutral functional differential
and integrodifferential equations with bounded delay in Banach spaces, which are more general
than those models been studied. Some existence results of mild solutions to such problems are
obtained under the conditions in respect of the Hausdorff’s measure of noncompactness.
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1 Introduction

The purpose of this paper is to study the existence of mild solutions to partial neutral functional differential
equation with nonlocal condition

%(w(t)—kg(t,x(t),mt)) :A:C(t)—{—f(t,l‘(t),l‘t), te [O7b]v (L.1)

z0 = ¢ + h(z) (1.2)

and functional integrodifferential equation

%(w(t) +g(t,z(t), x1)) = Ax(t) —i—/o K(t,s)f(s,x(s),zs)ds,t € [0,b], (1.3)

zo = ¢ + h(z) (1.4)

where A is the infinitesimal generator of an analytic semigroup {7'(¢t) : ¢ > 0} of linear operators defined
on a Banach space X, z € C([0,0]; X), and x; : [—q,0] — X defined by x4(0) = x(t + 0) for § € [—q, 0];
fy9:00,b) x X xC([—¢,0]; X) — X, K : [0,b] x [0,b] — (0,400) and h : C([0,0]; X) — C([—¢,0]; X)
are appropriate functions; b, ¢ > 0 are constants.

The theory of differential and functional differential equations with nonlocal conditions has been exten-
sively studied in the literature. Some results on the existence, uniqueness, and stability of solutions are given
by Byzewski [8], Byzewski and Alca [9], Balachandran and Chandrasekaran [3] and Byszewski and Laksh-
mikantham [10]. Recently Bahuguna [1] obtained existence and regularity results for functional differential
equation with nonlocal condition using semigroup theorey. Fan et al. [12] discussed semilinear differential
equations with nonlocal condition using measure of noncompacness. Xue [24] proved the existence results
for nonlinear nonlocal Cauchy problem. Tian and Li [22] considered a kind of nonlinear dispersive shal-
low water wave equations by using viscous approximations and prior estimates, and Ding and Gou [11]
considered the quasi-linear evolution equations.
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Neutral differential equations arise in many areas of applied mathematics and for this reason these equa-
tions have received much attention in the last decades, see, for example, Herndndez and Henriquez [17, 18],
Hernandez [16], Balachandran and Sakthivel [5] and references therein. Herndndez [15] established the
existence results for partial neutral functional differential equations with nonlocal conditions modelled as

%(u(t) + F(t,u)) = Au(t) + G(t,ue), 0<t<T,

up = ¢+q(ut17ut27'” ,Utn) S Q7

Hernédndez, Rabello and Henriquez [19] also studied a class of impulsive neutral functional differential
equations. Bahuguna and Agarwal [2] studied the approximation of solution to a partial neutral functional
differential equation with nonlocal history condition

%(u(t) +g(t,u(t),u(t — 1)) + Au(t) = f(t,u(t),u(t —12)), t>0,

h(w) =6, onl-7,0],

in a separable Hilbert space, where 7 = max{7y, 72}, 71,72 > 0. Benchohra and Ntouyas [4] studied the
neutral functional differential inclusion with nonlocal condition

%[y(t) - f(t7yt)] € Ay(t) + F(t7yt)7 a.e.t e [07 b}

y(t) + (EWYtrs - ys,))(8) = ¢(1), ¢ € [=r,0]

and neutral functional integrodifferential inclusion of the form

d

a[y(t) - f(tvyt)] € Ay(t) +/0 K(ta S)F(Svys)d‘s)t € [Ov b]

y(t> + (S(yﬁ? e 7ytp))<t) - (b(t)’ le [—7“, 0]

where £ : [C([-7,0]; X)]P — C(]—r,0]; X) is completely continuous and uniformly bounded and the
semigroup {7'(t) : t > 0} generated by A is compact.

In this paper, we consider the partial neutral functional differential equations with nonlocal condition
(1.1)-(1.2) and integrodifferential equations (1.3)-(1.4), which is more general than those mentioned above.
We give the existence of mild solution of the system (1.1)-(1.2) and (1.3)-(1.4) under the conditions in
respect of the Hausdorff’s measure of noncompactness. Neither the semigroup {7°(¢) : ¢ > 0} nor the
function f is needed to be compact in our result. Hence we extend and improve some previous results.

2 Preliminaries

Throughout this paper X will represent a Banach space with norm || - ||. As usual, C([a, b]; X') denotes the
Banach space of all continuous X -valued functions defined on [a, b] with norm [|z|4,5) = supseap) ll2(5)]|
for x € C([a, b]; X).

Let A: D(A) C X — X be the infinitesimal generator of an uniformly bounded analytic semigroup
of linear operators {7T'(t) : t > 0} on X such that 0 € p(A) and we always assume that ||T'(¢)|| < M for
every t € [0, b]. Under these conditions it is possible to define the fractional power (—A4)*, 0 < a < 1,asa
closed linear operator on its domain D((—A)®). Furthermore, D((—A)®) is dense in X and the expression
|z|lo = ||(—=A)*z|| defines a norm on D((—A)%). If X, is the space D((—A)“) endowed with the norm
|| - ||a» then the following properties hold ([23], pp.74).

Lemma 2.1 Let 0 < a < 8 < 1. Then the following properties hold:

(i) Xg is a Banach space and Xg — X, is continuous.

(ii) The function s — (—A)*T (s) is continuous in the uniform operator topology on (0, c0) and there
exists a positive constant Cy, such that ||(—A)*T(t)|| < %for every t > 0.
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For more details of the semigroup theory we refer the readers to [23].

The Hausdorf f's measure of noncompactness yy is defined by xy (B) = inf{r > 0,B can be
covered by finite number of balls with radii r} for bounded set B in any Banach space Y.

Lemma 2.2 ([6]): Let Y be a real Banach space and B,C C'Y be bounded,the following properties are
satisfied :

(1). B is pre-compact if and only if xy (B) =0 ;

(2). xy(B) = xy(B) = xy(convB) where B and convB mean the closure and convex hull of B
respectively;

(3). xy(B) < xy(C) when B C C;

(4). xy(B+C) <xy(B)+ xy(C)where B+ C ={z+y;z € B,y € C};

(5). xy (BUC) <maz{xy(B),xy(C)};

(6). xy (AB) = |A[xy (B) for any A € R;

(7). If themap Q : D(Q) CY — Z is Lipschitz continuous with constant k then x z(QB) < kxy (B)
for any bounded subset B C D(Q),where Z be a Banach space;

(8). xv(B) = inf{dy (B,C);C CY be precompact} = inf{dy (B,C);C C Y be finite valued},
where dy (B, C ) means the nonsymmetric (or symmetric) Hausdor f f distance between B and C'in'Y.

(9). If {W ] is a decreasing sequence of bounded closed nonempty subsets of Y and lim,,_, oo Xy (W)
= 0,then ﬂn: W is nonempty and compact in'Y .

Themap @ : W C Y — Y is said to be a xy — contraction if there exists a positive constant k < 1
such that yy (Q(C)) < kxy (C) for any bounded closed subset C C W where Y is a Banach space.

Lemma 2.3 ([6]):(Darbo-Sadovskii) If W C Y is bounded closed and convex ,the continuous map Q :
W — W is a xy —contraction,then the map Q) has at least one fixed point in W.

In this paper we denote x by the Hausdor f f's measure of noncompactness of X and denote x. by the
Hausdor f f's measure of noncompactness of C([0, b]; X ). To discuss the existence we need the following
lemmas in this paper.

Lemma 2.4 ([6]): If W C C([0,b]; X) is bounded , then

X(W(t)) < xe(W)

forallt € [0,b],where W(t) = {u(t);u € W} C X.Fouthermore if W is equicontinuous on [0,b], then
X (W (t)) is continuous on [0, b] and

XC(W) = sup{x(W(t)), te [07 b]}

Lemma 2.5 ([14, 20]): If {u,}2; C L*(a,b; X) is uniformly integrable, then x({u,(t)}2
able and

o0 1) is measur-

[ wdsz) <€ [ )z

where § = 1 if {u,,} is equicontinuous and § = 2 if {u,, } is not equicontinuous.

Lemma 2.6 (/6]): If W C C(]0,b]; X) is bounded and equicontinuous , then x (W (s)) is continuous and

/ W(s)ds) / x(W(s))ds

forallt € [0,b], where fo s)ds = {fo s)ds:x € W}

The Cy semigroup 7'(¢) is said to be equicontinuous if t — {T'(t)x : € B} is equicontinuous for
t > 0 for all bounded set B in X. It is known that the analytic semigroup is equicontinuous. The following
lemma is obvious.

Lemma 2.7 : Ifthe semigroup T'(t) is equicontinuous and n € L(0,b; R™), then the set
{fo (t — s)u(s)ds, ||u(s)|| < n(s) fora.e. s € [0,b]} is equicontinuous for t € [0, b].
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3 Existence results for neutral functional differential equations

In order to define the concept of mild solution for (1.1)-(1.2), by comparison with the abstract Cauchy initial
value problem
d

ax(t) = Az(t) + f(t), =(0)=a

whose properties are well known [23], we associate (1.1)-(1.2) to the integral equation

x(t) = T(t)(¢(0) + h(z)(0) + g(0,8(0) + h(z)(0), ¢ + h(z)))
—g(t z(t), fot AT(t — 8)g(s, z(s), zs)ds (3.1)
—l—fo (t —s)f(s,x(s),zs)ds, te]0,b].

Definition 3.1 A continuous function x : [—q, b] — X is said to be a mild solution to the nonlocal neutral
problem (1.1)-(1.2) if xy = ¢ + h(x), for each t € [0,b] the function s — AT(t — s)g(s,x(s),zs) is
integrable on [0, t], and the integral equation (3.1) is satisfied.

In this section by using the usual techniques of the Hausdorff measure of noncompactnes and its appli-
cations in differential equations in Banach spaces (see,e.g. [6], [21]) we give some existence results of the
nonlocal neutral problem (1.1)-(1.2). Here we list the following hypotheses.

(HO(1): f:[0,b] x X xC(]—q,0]; X) — X satisfies the Carathéodory-type condition, i.e.,f(-, z, ¢) :
[0,6] — X is measurable for all (z,¢) € X x C([—¢,0]; X) and f(¢,-) : X x C([—q,0; X) — X is
continuous for a.e. t € [0, b];

(2): There exists an integrable function « : [0,b] — [0,+00) and a continuous nondecreasing function
2:[0,400) — [0,400) such that

1F (2, o) < a®)Q[z ]| + I#ll1—q.0)
for all (¢,x,¢) € [0,b] x X x C([—q,0]; X);
(3): There exists an integrable functlon n : [0,b] — [0,400) such that:

X(T(5)f(t, Dy, D2)) < n(t)(x(D1) + _:3£<0X(D2(9)))

fora.e. t, s € [0, b] and any bounded subset D; C X and Dy C C([—q,0]; X), where Dy(6) = {v(0) : v €
Dy}

(Hg): There exists 0 < 3 < 1 such that g is X g-valued, (—A)Pg(.) is continuous and there exist positive
constants cq, ¢z and L4 such that

(=) g(t, 2, )|l < er(llzl| + 18]l —q01) + 2
and
1(=A)°g(t, 1, 61) — (—A) g(t, 22, ¢2)|| < Lg(|1 — 22| + |61 — d2l[—g0))
forallt € [0,b], z, 21,22 € X and ¢, ¢1, P2 € C([—¢,0]; X).

(Hh)(1): h : C([0,b]; X) — C([—gq, 0]; X) is Lipschitz continuous in the following sense: there exists a
positive constants Ly, such that

1h(2) = h()ll(—g,0) < Lnllz = yllo

forall z,y € C([0,b]; X);
(2): h is uniformly bounded, i.e., there is a positive constant Nsuch that

1A (@) [{—q0) < NV
forall z € C([0,b]; X).

(Ho): 21 (| (~A) 7| + S + M [ afs)dsliminfy oo 22 < 1.

Now, we are prepared to state and prove our main theorem of this section.

IJNS homepage:http://www.nonlinearscience.org.uk/



144 International Journal of Nonlinear Science,Vol.5(2008),No.2,pp. 140-151

Theorem 3.2 Assume the hypotheses (Hf), (Hg), (Hh) and (Hc) are satisfied. Then for every ¢ € C([—q,0]; X),
the nonlocal neutral problem (1.1)-(1.2) has at least one mild solution if

b
Ly —|—2/ n(t)dt < 1,
0

g
where Lo = MLy(1+2Lq|| (= A) P + 2L (I|(~=4) || + 7).
Proof. For each k € N (the set of all positive integers) we denote by By, = B, (C([—q,b]; X)) = {z €
C([~q,0; X) : |lz(s)|| < k, s € [~q,b]}. Foreach z € By, the restriction of z on [0, b] x| 5 is an element
of Bi(C([0,b]; X)). For simplicity, we also write h(z|g ) as h(z).

Define I' : C([—q,b]; X) — C([—q,b]; X) by I' =T'; 4 I'9, where

() h(z)(t), t € [—q,0],
Liz(t) = § T(t)[6(0) + h(x)(0) + g(0, #(0) + h(x)(0), ¢ + h(z))]
—g(t,x(t), z¢) — fo AT(t — s)g(s,x(s), xs)ds, t €10,b],
t € [—q,0],
Dox(t) = {fo T(t—s)f(s,x(s),xs)ds, te€[0,b].

Since the function g satisfies (Hg), from the continuity of the function s — AT'(¢t — s) in the uniform
operator topology on (0, t) and the estimate

[(=A)T(t — s)g(s,z(s), zs)|l
(=) PT(t = 5)(=A) (s, x(s), z5)|
&%(20115 + ¢2),

it follows that AT (t — s)g(s, z(s), xs) is integrable on (0, t), for every ¢t € (0, b] and z € By. Therefore I is
well-defined and with values in C'([—¢, b]; X ). In addition, I" is continuous by the usual technique involving
the hypotheses (Hf), (Hg), (Hh) and Lebesgue’s dominate convergence theorem.

It is easily seen that the fixed point of I' is the mild solution of the equation (1.1)-(1.2). We shall show
that T is a continuous x.-contraction on some bounded closed convex subset By, C C'([—¢,b]; X). And then
by using Darbo-Sadovskii’s fixed point theorem we get a fixed point of I".

We first show that there is a k£ € N such that I'(Bj,) C By. Suppose contrary that for each k € N there
is ¥ € By, and t* € [0, b] such that ||Tz*(tF)| > k. If t* € [—¢, 0], then

k< |[Ta™(#%)|| < lo(t") + h(z")(t")]]
< |ollj—gop + N

<

and if t* € [0, b] we have

k< [T ()| < Taab ()] + [Taz®(eh)]
< M{I(0)] + 1) (0)]
190, $(0) + h(*)(0), & + h(a*))]]
lg(e®, 2 (#4), k)|
tk k — S S z‘k S .’Ek S
+/0 JAT(t* — s)g(s,2%(s), 2%) |
" /0 1T — 5)f(s,2%(s), 2%)l|ds
< MO + N + [(~A) @1 (16l gy + N) + c2)]
16}
U2 + L2 ek + )
b
+MQ(2k)/O a(s)ds.
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Denote by Ly, the right hand side of the above inequality, then we get that
k < max(||@lj—q,0 + N, L), (3.2)
Divided by k on both sides of (3.2) and then take liminf as £ — oo we have

Q(2k)

Cy_gb?
2¢1(/|(—=A) 7" + 1; +M/ s)ds lim inf > 1,

k—oo

which contradicts the hypotheses (Hc). Therefore, there is a k € N such that I'(By) C Bj. From now on
we will restrict I' on such Bj.

Below we will verify that I is a .-contraction. To this end, we first show that I'; is Lipschitzian with
Lipschitz constant Lg. In fact, take = and y in By. By the hypotheses (Hg), (Hh) and Lemma 2.1 we have

[T1z(t) — Tay ()]l [P (2)(t) = h(y) @]
1P (2) = h(y)ll—q,0)

Lpllz — ylljo,

VARRVANNVAN

fort € [—¢, 0] and

IT12(t) — Tay(8)]]
M(|[2(2)(0) = h(y)(0)]]
+119(0,¢(0) + h()(0), ¢ + h(x)) = g(0,¢(0) + h(y)(0), ¢ + h(y))I])
Hlgt, 2(t) 21) = gt y(®), vl
(s

+ Jo IAT(t — 5)(g(s, 2(s), 25) — (s, y(5), ys) | ds
MLp(1 +2[|(=A)~ 5|!Lg)||fﬂ—y||[ 0.t
+2Lg II( A) P lllz =yl

+f0 (t— 5_1 B -2L ||$ y”[ qb]ds

C bP
[M Ly (1 + 2Lg|[(=A) 7P| + 2Lg (I(=A) [ + =5z = yll =g
Lol — yll[—q,

IN

IN

fort € [0, b]. It follows that
IT12 = T1yll—g < Lollz — yllj—q.)-
This means that I'; is Lipschitzian with Lipschitz constant Ly.

On the other hand, since the analytic semigroup {7'(¢) : ¢ > 0} generated by A is equicontinuous, from
Lemma 2.4, 2.6, 2.7 and (Hf)(3) we have

Xe(l2W) = 7§gtgbx(F2W(t))
= Osjfng(FZW(t))
< Oit;gbx(fo T(t—s)f(s,W(s), Ws)ds)
< oiqubfg X(T(t—s)f(s,W(s), Ws))ds
< Sup, Jo (X(W(S))+q81;§bx(W(S+9)))ds
< os<7“f]<)bf° (X(W(S))+0iEQSX(W( 7)))ds
< 2x.(W fo n(s)ds

for every bounded subset W C C([—q,b]; X), where W (t) = {z(t) :x € W} C X and W} = {ay : z €
W} C C([=q,0}; X).
From Lemma 2.2 we obtain that

XC(FW) XC(P1W) + XC(P2W)

<
< LO +2 fo dS)XC(W)
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for each bounded subset W C C([—q, b]; X). Since Lo +2 fé’ n(s)ds < 1, we get that I' is a y.-contraction.
By Lemma 2.3 (Darbo-Sadovskii’s fixed point theorem), there is a fixed point = of I' on By, which is a mild
solution of the equation (1.1)-(1.2), and the proof is complete. m

Remark 3.3 If the semigroup {T'(t) : t > 0} or the function f is compact (see, e.g.,[4], [13] and [25]),
then (Hf)(3) is automatically satisfied.

Remark 3.4 In [17] and [19], the authors suppose that {T(t) : t > 0} and f satisfies the conditions which
is similar to the following condition (a):

(a) For every r > 0 and all € > 0, there is a compact set U, C X such that T (e) f(s,z,$) C Ue, for
every (s,,6) € [0,6] x By(X) x Bo(C([-q,0]: X)).

Since for each t € (0,b] and e € (0,t), T(t) = T(e)T(t — €), it is easily to see that condition (a) is a
special case of (Hf)(3).

If we replace the condition (Hf)(3) of Theorem 3.2 by

(Hf)(3)': There is an integrable function 7 : [0, 5] — [0, 4+c0) such that
x(f(t, D1, D2)) < n(t)(x(D1) + SE£><OX(D2(9)))

for a.e. t € [0, b] and any bounded subset D; C X and Dy C C([—g¢,0]; X),

then we can get the obvious result:

Theorem 3.5 Assume the hypotheses (Hf)(1), (2) (3)/, (Hg), (Hh) and (Hc) are satisfied. Then for every
¢ € C(]—q,0]; X), the nonlocal neutral problem (1.1)-(1.2) has at least one mild solution if

b
Lo+ 2M/ n(t)dt < 1.
0

In some of the early related results in references and the two results above, it is supposed that the map
h is uniformly bounded. We indicate here that this condition can be released. Indeed, the fact that h is
Lipschitzian implies that / is bounded on bounded subset. Thus we have

Theorem 3.6 Assume the hypotheses (Hf), (Hg), and (Hh)(1) are satisfied. Then for every ¢ € C([—q,0]; X),
the nonlocal neutral problem (1.1)-(1.2) has at least one mild solution if

b
Lo +2/ n(t)dt < 1,
0

Cy_pb?

5 )

Q(2k)
k

Favala i) <

b
+ M lim inf(/ a(s)ds
0

k—o0
where 1(r) = sup{|h(2)_q0 : = € C((0,8; X). 2] 0 < 7}

Proof. Proceeding as in the proof of Theorem 3.1 we only need to prove that there is a £k € N such that
I'(By) C By. To do this we need to modify the estimate of ||I';z*(#¥)]|. In fact, in this case,

ITaa® (@) < MIe0)]| + 1A(2) - g0
(=A@l g0 + 17(@)]—g0) + c2)]
HI(=A) Nl 2er[lllo ) + c2)

ML+ e (=A) 7|y (k)

+M[||6ll—q01 (1 + erl|(=A)77|]) + ¢2]
HI(=4)7ll(2e1k + c2).

IN
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Then we can complete the proof similar to the proof of Theorem 3.2. m

4 Existence results for neutral functional integrodifferential equations

In this section we consider the existence results of the problem (1.3)-(1.4). We define the mild solution for
problem (1.3)-(1.4) by the integral equation

x(t) =T(t)(¢(0)+h( )(0) +9(0,6(0) + 7(x)(0), ¢ + 1))

—g(t,z(t), fo AT t - s)g(s,z( ), ws)ds 4.1)
—i—fot (t—s fo ,x(r),z,)drds, t€[0,b].
Definition 4.1 A continuous function x : [—q,b] — X is said to be a mild solution to the nonlocal neutral

problem (1.3)-(1.4) if zo = ¢ + h(x), for each t € [0,b] the function s — AT(t — s)g(s,z(s),xs) is
integrable on [0,t], and the integral equation (4.1) is satisfied.

Let us list the following hypotheses:
(HK): (1) For each t € (0,b], K(t,-) is measurable on [0, ¢], and

K(t) = esssup{|K(t,s)|: 0 < s <t}

is bounded on [0, b].
(2) The map ¢ — K3 is continuous from [0, b] to L>(0, b; R"), here K;(s) = K(t, ).

(He)': 2¢1(||(—A)~ ﬁH—i—Cl L )+bKMf0 s)dsliminfg_, o (Izk) < 1, where K = supg<;<;, K(t).

Now we are in the position to state our main result of this section.

Theorem 4.2 Assume that the hypotheses (Hf)(1), (2), (3)/, (Hg), (Hh), (HK) and (Hc)/ are satisfied. Then
for every ¢ € C([—q,0]; X), the problem (1.3)-(1.4) has at least one mild solution provided

Lo+8bMK/ s)ds < 1.

Proof. Consider the map I" : C'([—¢, b]; X) — C([—q,b]; X) defined by I" = I'; 4 I'9, where

o(t) + h(z)(t), t € [—q,0],
Tiz(t) = § T()[6(0) + h(z)(0) + g(0, 4(0) + h(x)(0), ¢ + h(z))]
—g(t,z(t), z¢) — fo AT (t — s)g(s,z(s),zs)ds, t €[0,0],

0
Dox(t) =< i
) {fo T(t—s) o K(s,7)f(r,x(r),z,)drds, t€[0,0].

As in the proof of Theorem 3.2, we can verify (with some obvious modifications) that I' is a continuous
Xc-contraction, and that there is a £ € N such that I' maps By, into itself. Thus Darbo-Sadovskii’s fixed
point theorem can be used to get a fixed point of I', which is a mild solution of (1.3)-(1.4).

Here we only need to prove that there is a & € N such that I'(By) C B and to estimate x.I'2(W) for
every bounded subset W C C([—q, b]; X).

Suppose for each k € N there is % € By, and t* € [—q, b] such that || T2 (¢¥)|| > k, then if t* € [—¢, 0]
we have

k< D2 ()]| < [lo(tF) + h(*)(E9)]

4.2)
< ¢ll—qo + NV
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and if t* € [0, b] we have

k< [ITa®(t5)] < Tz ()] + [T2z® ()]
< M[[l¢(0)] + [n(z*)(0)]
+9(0,6(0) + A(a")(0), & + A(z"))]l]

ko kiky ok
+lg (", 27(t7), 235 )|

tk
4 / JAT(#* — s)g(s, 2" (s), ")l ds
0

t’C S % &
" /0 M /O K ()1 (r, 2% (r), %) | drds

< MIISO) ]+ N + 1~ A) @Il g + N) + )]
HA 182 ek 1 )
+MK// Q(2k)drds

< MIISO)]+ N + 1(=A) eIl g0 + N) + )]

+<||<—A>—ﬁ||01‘;b><2cm o)

+OM K /t a(s)ds - Q(2k).
0

Denote by Ly, the right hand side of the above inequality, then we have
k< D" (%) < max(|@ll—q,0) + N, L),

Divided by & on both sides of inequality (4.2) and then take liminf as £ — oo we have

Cy_pb?
2e1(|(=A) 7P| + —=F HbKM/ s)dslim inf
B k—o0 k
which contradicts the hypotheses (Hc)’. Hence there is a k € N such that I'(By) C Bg.

Now, for every bounded subset W C C([—g, b]; X) and any € > 0, we can take a sequence {x,,}5° , C
W such that x.(W) < 2x.({zn}52) + € (see, e.g., [7] pp.125 ). From (Hf)(2) and (HK) we know that
{K(s,)f(-,xn(-), zn.) }72 is uniformly integrable on [0, s] for s € (0, b]. By using Lemma 2.2, Lemma
2.4-2.7, (Hf)(3)" and (HK), we have

Xc(FZW)

IN

2xc(To{zn}) + ¢

= 92 7Sl<l¥)<b x(To{zn(t)}) +¢

= 2 sup x(To{zn(t)}) +¢
0<t<b

2 sup x { T(t—s) / K(s,7)f(r,x,(r), zp,)drds}) +
0<t<b

2M sup / X({/O K(s,r)f(r,xn(r), xpne)dr})ds + e

0<t<b JO

IN
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< 4M sup / /s|K(s,7")\x({f(r,xn(r),xm)})drds—i—e

0<t<b

< UMK / / X({n(MD) +_sup x({anr +0))))drds +2
< UMK / / -2 s x({ra(r)}drds + ¢
< 8MKx.({xn}) / / r)drds + e

< SbMKXC(W)/ n(s)ds + ¢.
0

As € is an arbitrary positive number, we get that
b
W) < IR ) [ a)ds.
0

Since Lo+8bM K fo s)ds < Tand xo(TW) < xo(ThW)4+xc(T2W) < (Lo+8bM K fo s)ds)xc(W),
we obtain that I" is a .- contractlon. Using Lemma2.2, we get a fixed point z of I', which is a mild solution
of (1.3)-(1.4). The proof is complete. m

From the proof Theorem 4.2, we can see that the condition (HK)(1) can be replaced by
(HK)(1)": For eacht € (0,b], K(t,-) is measurable on [0,t], and

K(t) = esssup{|K(t,s)| : 0 < s <t}
is integrable on [0, D],
which is slightly weaker than (HK)(1). Denote by K; = fo t)dt, then we get the following obvious
result:
Theorem 4.3 Assume that the hypotheses (Hf)(1), (2), (3)/, (Hg), (Hh), and (HK)(I)/, (2) are satisfied.
Then for every ¢ € C([—q,0]; X), the problem (1.3)-(1.4) has at least one mild solution if

b
L0+8MK1/ n(s)ds < 1.
0

and

Q(2k)

< 1.

k—o0

Cy_gbP
2¢1(||(—A )BH"‘ 1; )+K1M/ )ds lim inf

We can also remove the restriction that the map h is uniformly bounded.

Theorem 4.4 Assume the hypotheses (Hf)(1), (2), (3)/, (Hg), (HK) and (Hh)(1) are satisfied. Then for every
¢ € C(]—q,0]; X), the nonlocal neutral problem (1.3)-(1.4) has at least one mild solution if

Lo+8bMK/ t)dt < 1,

and

Cy_gb? v(k)

k

2e1([|(=4) 77| + ) <L

b
)+ Mtmint( [ a(o)as ™ + (14 el (-4) 7))

Acknowledgements

This work was financially supported by the National Natural Science Foundation of China (10571150), the
project of Ph.D. scientific research innovation, Jiangsu Province of China and the Natural Science Founda-
tion of Jiangsu Education Committee of China (07KJB110131).

IJNS homepage:http://www.nonlinearscience.org.uk/



150 International Journal of Nonlinear Science,Vol.5(2008),No.2,pp. 140-151

References

[1] D. Bahuguna: Existence, uniqueness and regularity of solutions to semilinear nonlocal functional
differential problems. Nonlinear Anal. 57:1021-1028(2004)

[2] D. Bahuguna, S. Agarwal: Approximations of solutions to neutral functional differential equations
with nonlocal history conditions. J. Math. Anal. Appl. 317:583-602(2006)

[3] K. Balachandran, M. Chandrasekaran: Existence of solutions of a delay differential equation with
nonlocal condition. Indian J. Pure. Appl. Math. 27:443-449(1996)

[4] M.Benchohra, S.K.Ntouyas: Nonlocal Cauchy problems for neutral functional Differential and inte-
grodifferential inclusions. J. Math. Anal. Appl. 258:573-590(2001)

[5] K. Balachandran, R. Sakthivel: Existence of solutions of neutral functional integrodifferential equa-
tionin Banach space. Proc. Indian Acad. Sci. Math.Sci. 109:325-332(1999)

[6] J.Banas, Goebel,K.: Measure of noncompactness in Banach spaces. Lecture Notes in Pure and Applied
Math. 60, Dekker, New York (1980)

[7] D.Bothe: Multivalued perturbations of m-accretive differential inclusions. Isreal J. Math.. 108:109-
138(1998)

[8] L. Byszewski: Theorems about the existence and uniqueness of solutions of a semilinear evolution
nonlocal Cauchy problem. J. Math. Anal. appl. 162:497-505(1991)

[9] L.Byszewski, H. Alca: Existence of solutions of a semilinear functional-differential evolution nonlocal
problem. Nonlinear Anal. 34:65-72(1998)

[10] L. Byszewski, V. Lakshmikantham: Theorem about the existence and uniqueness of a solution of a
nonlocal abstract Cauchy problem in a Banach space. Appl. Anal. 40:11-19(1990)

[11] D.Ding, Z.Guo On the problem for a nonlinear dispersive wave equation, International J. Nonlinear
Science. 4(3): 221-226(2007).

[12] Z.Fan, Q.Dong, G.Li Semilinear differential equations with nonlocal conditions in Banach spaces,
International J. Nonlinear Science. 2(3): 131-139(2006).

[13] X. Fu, K. Ezzinbi: Existence of solutions for neutral functional differential evolution equations with
nonlocal conditions. Nonlinear Anal. 54: 215-227(2003)

[14] H.P. Heinz: On the behavior of measure of noncompactness with respect to differentiation and integra-
tion of vector-valued functions. Nonlinear Anal. TMA. 7: 1351-1371(1983)

[15] E.Herndndez: Existence results for partial neutral functional differential equations with nonlocal con-
ditions. Cadenos De Mathemdtica 02:239-250(2001)

[16] E.Hernindez: Existence results for a class of semi-linear evolution equations. Electron. J. Differential
Equations 2001:1-14(2001)

[17] E.Hernidndez, H.R. Henriquez: Existence results for partial neutral functional differential equations
with unbounded delay. J. Math. Anal. Appl. 221:452-475(1998)

[18] E.Hernandez, H.R. Henriquez: Existence of periodic solutions of partial neutral functional differential
equations with unbounded delay. J. Math. Anal. Appl. 221: 499-522(1998)

[19] E.Herndndez, M. Rabello, H.R. Henriquez: Existence of solutions for impulsive partial neutral func-
tional differential equations. J. Math. Anal. Appl. 331: 1135-1158(2007)

IJNS email for contribution: editor @nonlinearscience.org.uk



Q. Dong, Z. Fan, G. Li: Existence of Solutions to Nonlocal Neutral Equations- - - 151

[20] M. Kamenskii, V. Obukhovskii, P. Zecca: Condensing multivalued maps and semilinear differential
inclusions in Banach spaces, De Gruyter Ser. Nonlinear Anal. Appl., Vol.7, de Gruyter, Berlin(2001)

[21] M.Kisielewicz: Multivalued differential equations in separable Banach spaces. J. Optim. Theory Appl.
37:231-249(1982)

[22] L.Tian, X.Li: Well-posedness for a new completely integrable shallow water wave equation, Interna-
tional J. Nonlinear Science. 4(2):83-91(2007).

[23] A. Pazy: Semigroups of linear operators and applications to partial differential equations. Springer-
Verlag, New York(1983)

[24] X. Xue: Nonlinear differential equations with nonlocal conditions in Banach spaces. Nonlinear Anal.
63:575-586(2005)

[25] X. Xue: Existence of solutions for semilinear nonlocal Cauchy problems in Banach spaces. Elec. J. D.
E. 64: 1-7(2005)

IJNS homepage:http://www.nonlinearscience.org.uk/



