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Abstract: This paper firstly introduces the chaotic system (Newton–Leipnik system) which
possesses two strange attractors. And then the backstepping design control approach is used
to control Newton–Leipnik system to a steady state as well as tracking of a desire trajectory.
The proposed controller is obtained by a systematic design approach and consists in recursive
procedures that interlace the choice of a Lyapunov function according to the design of active
control. Numerical simulations are provided to verify the feasibility and effectiveness, so the
result of the control is mutually verified with the theoretical analyses and numerical simulations.
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1 Introduction

Since the seminal work of Ott, Grebogi and Yorke (OGY)[1], there has been an increasing interest in the
study of controlling chaotic systems in physics, mathematics and engineering community, etc. in recent
years. Different techniques and methods[2-7] have been proposed over the last decade to achieve the con-
trol, stabilization and synchronization of chaotic systems. Moreover, some of these methods have been
successfully applied to experimental systems. Therefore, controlling chaos and synchronization have been
very important goals and subjects of current researches.

In recent years, backstepping design[8-9] and active control [10 -13] have been widely recognized as two
powerful design methods to control and synchronize chaos. Active control technique gives the flexibility to
construct a control law so that it can be used widely to control and synchronize various nonlinear systems,
including chaotic systems.

In this paper, Newton–Leipnik system is controlled with backstepping design method. At the same time,
we use the same method to enable stabilization of chaotic motion to a steady state as well as tracking of a
desired trajectory to be achieved in a systematic way. Computer simulation is also given for the purpose of
illustration and verification.

2 Controlling Newton–Leipnik system

The Newton–Leipnik system is described by




ẋ = −ax + y + 10yz
ẏ = −x− 0.4y + 5xz
ż = bz − 5xy

(1)
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where a, b are positive parameters. The Newton–Leipnik system is a chaotic system with two strange
attractors. For the system parameter a = 0.4 , b = 0.175 , and initial states (0.349, 0,−0.160) and
(0.349, 0,−0.180) , we can obtain the two strange attractors which are demonstrated in Fig.1 and Fig.2.

Figure 1: Chaotic attractor of Newton-Leipnik
system, the initial point in (0.349,0,-0.160).

Figure 2: Chaotic attractor of Newton-Leipnik
system, the initial point in (0.349,0,-0.180).

We will use backstepping design to construct a controller. In order to control Newton–Leipnik system,
we add a control input u1 to the third equation of system (1). Then the controlled Newton–Leipnik system
is 




ẋ = −ax + y + 10yz
ẏ = −x− 0.4y + 5xz
ż = bz − 5xy + u1

(2)

Our objective is to find a control law u1 for stabilizing the state of the controlled system (2) at a bounded
point.

Starting from the first equation, a stabilizing function has to be designed for the virtual control y in order
to make the derivative of V1 = x2

2 , i.e., V̇1(x) = −ax2 + xy + 10xyz be negative definite. Assume that
α1(x) = 0 , and define an error variable

ȳ = y − α1(x) (3)

Then we obtain the (x, ȳ) -subsystem
{

ẋ = −ax + ȳ + 10ȳz
˙̄y = −x− 0.4ȳ + 5xz

(4)

We can construct a Lyapunov function as follows:

V2(x, ȳ) = V1(x) +
1
2
ȳ2

Calculating the time derivative of V2(x, ȳ) along with system (4), we have

V̇2 = −ax2 − 0.4ȳ2 + 15zxȳ

We can choose z = α2(x, ȳ) = 0
Apparently, V̇2 is negative definite. Similarly, let

z̄ = z − α2(x, ȳ) (5)

Then we get the following system in the (x, ȳ, z̄) coordinates




ẋ = −ax + ȳ + 10ȳz̄
˙̄y = −x− 0.4ȳ + 5xz̄
˙̄z = bz̄ − 5xȳ + u1

(6)
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We can construct a Lyapunov function as follows:

V3(x, ȳ, z̄) = V2(x, ȳ) +
1
2
z̄2

Calculating the time derivative of V3 = (x, ȳ, z̄) along with system (2), we have

V̇3 = −ax2 − 0.4ȳ2 + (u1 + 5xȳ + bz̄)z̄

It is clear that V̇3 becomes negative definite by choosing the control input u1 as follows:

u1 = −5xȳ − bz̄ (7)

Therefore we have proved that the system (2) has been stabilized at the origin point (0, 0, 0) . The system
(2) has been stabilized at the point (0, 0, α2) .

In order to control Newton–Leipnik to the origin point (0, 0, 0) , we add a control input u2 to the second
equation of system (1). Thus the controlled system becomes:





ẋ = −ax + y + 10yz
ẏ = −x− 0.4y + 5xz + u2

ż = bz − 5xy
(8)

For the virtual control y , we design a stabilizing function α1(x) to make the derivative of V1(x) = x2/2,
i.e. v̇1(x) = −ax2 +xy +10xyz be negative definite as y = α1(x) . We can choose α 1(x) = 0 and define
an error variable

ȳ = y − α1(x) (9)

Then we can obtain the following (x, ȳ) -subsystem:
{

ẋ = −ax + ȳ + 10ȳz
˙̄y = −x− 0.4ȳ + 5xz + u2

(10)

We can construct a Lyapunov function as follows:

V2(x, ȳ) = V1(x) +
1
2
ȳ2

Calculating the time derivative of V2(x, ȳ) along with system (6), we have

V̇2 = −ax2 − 0.4ȳ2 + (u2 + 15xz)ȳ (11)

In order to make (7) negative definite, choose

u2 = −15xz

Therefore we have proved that in the (x, ȳ) coordinates the equilibrium (0, 0) of the subsystem (6) is as-
ymptotically stable. According to (5), α1(x) = 0 , x → 0 , ȳ → 0 , and the third equation of system (4),
we get that (x, y, z) in controlled system (4)tends to (0, 0, 0) as t → ∞ when choosing the control input
u2 = −15xz .

3 Tracking any desired trajectory

In this section, we will find a control law u(t) so that a scalar output x(t) of Newton–Leipnik system can
track the desired trajectory r(t) = sin(t) .

Step 1. Assume that x̄ = x− r , then we can obtain its derivative

˙̄x = −a(x̄ + r) + y + 10yz + u1 − ṙ (12)

Where y = α1(x̄) is regarded as a virtual control input.
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For the design of α1(x̄) to stabilize x̄ -subsystem (7), we can choose the Lyapunov function

V1 =
x̄2

2

The derivative of V1 is

V̇1 = −ax̄2 + (−ar + α1 + 10α1z + u1 − ṙ)x̄

Here we choose

α1 = 0 and u1 = ar + ṙ (13)

Then the derivative V̇1 is negative definite. This implies that the x̄ -subsystem (7) is asymptotically stable
.Since the virtual control function α1(x̄) is estimative, define an error variable

ȳ = y − α1

We can obtain the following (x̄, ȳ) -subsystem:

{
˙̄x = −ax̄ + ȳ + 10ȳz
˙̄y = −(x̄ + r)− 0.4ȳ + 5(x̄ + r)z + u2

(14)

Where z = α2(x̄, ȳ) is regarded as a virtual controller.
Step2.In order to stabilize the (x̄, ȳ) -subsystem (9), we can choose a Lyapunov function V2 as follows

V2 = V1 +
1
2
ȳ2

Its derivative is given by

V̇2 = −ax̄2 − 0.4ȳ2 + (u2 − r)ȳ + (15x̄ + 5ȳ)ȳα2 (15)

If α2 = 0 and u2 = r then V̇2 = −ax̄2 − 0.4ȳ2 < 0 makes (x̄,ȳ) -subsystem (9) is asymptotically stable.
Similarly, assume that z̄ = z − α2





˙̄x = −ax̄ + ȳ + 10ȳz̄
˙̄y = −ẋ− 0.4ȳ + 5(x̄ + r)z
˙̄z = bz̄ − 5(x̄ + r)ȳ + u3

(16)

In order to stabilize the (x̄, ȳ, z̄) -subsystem (11), we can choose a Lyapunov function V3 as follows

V3 = V2 +
1
2
z̄2

Its derivative is given by

V̇3 = −ax̄2 − 0.4ȳ2 + (10x̄ȳ + bz̄ + u3)z̄

If we choose

u3 = −bz̄ − 10x̄ȳ (17)

then V̇3 = −ax̄2 − 0.4ȳ2 < 0 , therefore (x̄, ȳ, z̄) -subsystem (13) is asymptotically stable. Since V̇3 is
negative definite, then the equilibrium (0, 0, 0) is asymptotically stable. In view of x̄ = x − r, ȳ = y − α1

and z̄ = z−α2 , this implies that the output trajectory x(t) of the controlled u(t) asymptotically approaches
the target trajectory r(t) .
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4 Numerical simulations

We have introduced the novel active backstepping control approach for controlling and tracking of Newton–
Leipnik system. As follows, numerical simulations are given to verify the effectiveness of the control
approach. In addition, a time step size 0.01 is employed. We select the parameters of Newton–Leipnik
system as a = 0.4 , b = 0.175 so that Newton–Leipnik system exhibits a chaotic behavior if no control is
applied. The initial states of the controlled Newton–Leipnik system (2) and (4) are x0(0) = 10 , y0(0) =
−10, z0(0) = 10 .Fig.3 shows that Newton–Leipnik system can be stabilized with the control u1 to the point
(0, 0, α2) . Fig.4 shows that the Newton–Leipnik system can be stabilized with the control law u2 to the
origin point (0, 0, 0) .Fig.5 shows that the scalar output x(t) can track the desired trajectory r(t) = sin(t)
with the control input u3 = −bz̄ − 10x̄ȳ .

3(a) The time series of x(t) 3(b) The time series of y(t)

3(c) The time series of z(t) 3(d) Stable fixed point (0,0,α2 )

Figure 3: The NewtonCLeipnik system is stabilized with the control to the point
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4(a) The time series of x(t) 4(b) The time series of y(t)

4(c) The time series of z(t) 4(d) Stable fixed point (0,0,α2 )

Figure 4: The NewtonCLeipnik system is stabilized with the control law to the origin point

Figure 5: Output x(t) of the Newton–Leipnik system track the trajectory r(t) = sin(t). The control is
activated at t = 20
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5 Conclusion

This work demonstrates that chaos control of Newton–Leipnik systems using backstepping design is achieved.
At the same time we used the same method to enable stabilization of chaotic motion to a steady state as well
as tracking of a desired trajectory to be achieved in a systematic way. The Newton–Leipnik is stabilized to
a bounded point and to the origin point. Numerical simulations are used to verify the effectiveness of the
proposed chaos control technique.
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